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PREFACE   TO   FIRST   EDITION. 


(  ibe  following  work  I  have  endeavoured  to  give  an 
wunt  of  the  fundamental  principles  of  the  Mathematical 
lory  of  Electricity  and  Magnetism  and  their  more 
>rtant  applications,  using  only  simple  mathematics. 
1  ibe  exception  of  a  few  paragraphs  do  more  advanced 
ntathcmatical  knowledge  is  required  from  the  reader  than 
an  acquaintance  with  the  Elementary  principles  of  the 
I>ilferential  Calculus. 

It  is  not  at  all  necessary  to  make  use  of  advanced 

analysis  to  establish  the  existence  of  some  of  the  most 

^importaDt  electromagnetic  phenomena.     There  ai'e  always 

^^■pne  cases  which  will  yield  to  very  simple  mathematical 

^^■BBtment   and   yet  which   establish   and   illustrate   the 

^^pfaysica)  phenomena  as  well  as  the  solution  by  the  most 

elaborate  analysis  of  the  most  general  cases  which  could 

be  given. 

Thw  study  of  those  simple  caaea  would,  I  think,  often 

r  Etdvantago  even  to  students  whose  mathematical 

inmeots  are  sufficient  to  enable  them  to  follow  the 

I  of  the  more  general  cases.     For  in  these  simple 

a  absence  of  analytical  difficulties  allows  attention 
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to  be  more  easily  concentrated  on  the  physical  aspects  of 
the  question,  and  thus  gives  the  student  a  more  vivid 
idea  and  a  more  manageable  grasp  of  the  subject  than  he 
would  be  likely  to  attain  if  he  merely  regarded  electrical 
phenomena  through  a  cloud  of  analjrtical  symbols. 

I  have  received  many  valuable  suggestions  and  much 
help  in  the  preparation  of  this  book  from  my  friends  Mr 
H.  F.  Newall  of  Trinity  College  and  Mr  G.  F.  C.  Searle  of 
Peterhouse  who  have  been  kind  enough  to  read  the  proo&. 
I  have  also  to  thank  Mr  W.  Hayles  of  the  Cavendish 
Laboratory  who  has  prepared  many  of  the  illustrations. 

J.  J.  THOMSON. 

Cavendish  Laboratobt, 

Cambbioob. 

September  3,  1895. 


PREFACE  TO  THE  SECOND  EDITION. 

In  this  Edition  I  have  through  the  kindness  of  several 
correspondents  been  able  to  correct  a  considerable  number 
of  misprints.  I  have  also  made  a  few  verbal  alterations 
in  the  hope  of  making  the  argument  clearer  in  places 
where  experience  has  shown  that  students  found  unusual 
difficulties. 

J.  J.  THOMSON. 

Cavendish  Labobatobt, 

Cahbbidoe. 

November,  1897. 


^ 


TABLE  OF  CONTENTS. 

CHAPTER  I. 

PAOB8 

Qeneral  Principles  of  Electrostatics       ....  1 — 59 

CHAPTER  11. 
Lines  of  Fopoe 60—83 

CHAPTER  IIL 
Capacity  of  Conductors.    Condensers     .  .84—112 

CHAPTER  IV. 
Specific  Inductive  Capacity 113—137 

CHAPTER  V. 
Electrical  Images  and  Inyersion 138—183 

CHAPTER  VI. 
Magnetism 184—224 

CHAPTER  VII. 
Temetrial  Magnetism 225—238 


VUl  TABLE  OF  OONTENTS. 

CHAPTER  VIIL 

PAOBS 

Magnetic  Induction 239 — 275 

CHAPTER  IX. 

Electric  Currents 276 — 319 

CHAPTER  X. 

Magnetic  Force  due  to  Currents 320 — 373 

CHAPTER  XL 

Electromagnetic  Induction 374    441 

CHAPTER  XIL 

Electrical  Units 442->466 

CHAPTER  XIIL 

Dielectric  Currents  and  the  Electromagnetic  Theory  of 

Light 466—491 

CHAPTER  XIV. 

Thermoelectric  Currents 492 — 504 


<*  • 


ERRATA. 

Page  281,  line  18,  Jw  -118  read,   1118. 
„     482,  line  16,  }w  right  rtad  left. 

„     460,  line  1.  fw  /i-*A/*L-lr"^  fead  /4-*Af*L-*r-\ 


LLEMENTS  OF  THE  MATHEMATICAL 

THEORY  OF 

ELECTRICITY   AND   MAGNETISM. 


CHAPTEK  1. 

General  Prixciples  of  Electrostatics, 

1.  Example  of  Electric  Pheaomena.  Electri- 
fication. Electric  Field.  A  stick  ut' seating-wax  a-fler 
beiiig  rubbed  with  a  well  dried  piece  of  Haiincl  attnicta 
light  bodies  such  a»  ainall  pieces  of  paper  or  pith  balls 
covered  with  gold  leaf  If  such  a  ball  be  suspended  by 
a  silk  etriDg  it  will  be  attiucted  towards  the  sealing-wax, 
and  if  the  silk  thread  is  long  enough  the  ball  will  move 
towordx  the  wax  until  it  strikes  against  it.  When  it  has 
ibia,  however,  it  immediately  flies  away  from  the 
and  the  pith  hall  is  now  repelled  from  the  wnx 
tbst'eftd  of  being  iittracted  towards  it  as  it  was  before  the 
two  bad  been  in  contact.  The  piece  of  tiannel  used  to  nib 
the  sealing-wax  also  exhibits  similar  attractions  for  the 
|)ith  l)alls,  and  these  atti-actioos  are  changed  into  re- 
r   the   balls  have  been  in  contact  with  the 


lOWOl 


The    effects   we   have   described   are  called  '  electric " 
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enormous  number  of  eflfects  of  the  most  varied  kind.  The 
example  we  have  selected,  where  electrification  is  pro- 
duced by  rubbing  two  dissimilar  bodies  against  each  other, 
is  the  oldest  electrical  experiment  known  to  science. 

The  sealing-wax  and  the  flannel  are  said  to  be  elecbri- 
fied,  or  to  be  in  a  state  of  electrification,  or  to  be  charged 
with  electricity ;  and  the  region  in  which  the  attractions 
and  repulsions  are  observed  is  called  the  electric  field. 

2.    Poiitiye  and  Negative  Electrification.    If  we 

take  two  pith  balls  A  and  By  coated  with  gold  leaf  and 
suspended  by  silk  strings,  and  let  them  strike  against  the 
stick  of  sealing-wax  which  has  been  rubbed  with  a  piece 
of  flannel,  they  will  be  found  to  be  repelled,  not  merely 
from  the  sealing-wax  but  also  from  each  other.  To 
observe  this  most  conveniently  remove  the  pith  balls  to 
such  a  distance  from  the  sealing-wax  and  the  flannel 
that  the  repulsions  due  to  these  are  inappreciable.  Now 
take  another  pair  of  similar  balls  C  and  D  and  let  these 
strike  against  the  flannel ;  G  and  D  will  be  found  to 
be  repelled  from  each  other  when  they  are  placed  close 
together.  Now  take  the  ball  A  and  place  it  near  (7; 
A  and  C  will  be  found  to  be  aUracted  towards  each  other. 
Thus  a  ball  which  has  touched  the  sealing-wax  is  repelled 
from  another  ball  which  has  been  similarly  treated,  but  is 
attracted  towards  a  ball  which  has  been  in  contact  with 
the  flannel.  The  electrification  on  the  balls  A  and  B  is 
thus  of  a  different  kind  from  that  on  the  balls  G  and  D, 
for  while  the  ball  A  is  repelled  from  5  it  is  attracted 
towards  D,  while  the  ball  G  is  attracted  towards  B  and 
repelled  from  D ;  thus  when  the  ball  A  is  attracted  the 
ball  G  is  repelled  and  vice  verml. 
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The  state  of  tbti  ball  which  has  touched  the  tiannel 
ia  said  to  be  one  of  positive  electrification,  or  the  ball  is 
said  to  be  positively  electnfied ;  the  atate  of  the  ball  wliich 
has  touched  the  sealing-wax  is  said  to  be  one  of  negative 
eiectrijicatioti,  or  the  ball  is  said  to  be  negatively  electri- 
fied. 

We  may  for  the  present  regard  '  positive '  and  '  nega- 
'  ive '  as  conventional  terms,  which  when  applied  to  electric 
-  henomena  denote  nothing  more  than  the  two  states  of 
1  li/ctrificatioD  described  above.  As  we  proceed  in  the 
etibject,  however,  we  shall  see  that  the  choice  of  these 
tcnns  is  justified,  since  the  properties  of  positive  and 
negative  electrification  are  over  a  wide  range  of  pheno- 
menn  contrasted  like  the  properties  of  the  signs  pins  and 
minus  in  Algebra. 

The  two  balls  ^  and  B  must  bo  in  similar  states  of 
li-«trification  since  they  have  been  similarly  treated ; 
in-  two  balls  C  and  D  will  also  for  the  same  reason  be 
ill  similar  states  of  electrification.  Now  A  and  B  are 
rvpeHcd  from  each  other,  as  are  also  0  and  D ;  heuce  wc 
sue  that  ivfo  bodies  in  a  similar  et-ate  of  electrificaiion  are 
repetUd  /ram  each  other;  while  since  one  of  the  pair  A,  li 
ts  attracted  towards  either  of  the  pair  G,  D,  we  sec  that 
hra  bodies,  tme  in  a  positive  state  of  electrification,  the  other 
in  a  ttegative  state  are  attracted  towards  each  other. 

lu  whatever  way  a  state  of  electrification  is  produced 
oil  a  body,  it  is  found  to  be  one  or  other  of  the  preceding 
K.tids;  i.e.  the  ball  A  is  either  repelled  from  the  electrified 
"Ay  or  attracted  towards  it.  In  the  former  case  the 
•  iectrification  is  positive,  in  the  latter  negative. 

A  method,  which  is  noraetimes  convenient,  of  detecting 
•both«T  ihii  iilwtrifi cation  of  a  body  is  positive  or  negative 
V-^1  I 
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is  to  dust  it  with  a  mixture  of  powdered  red  lead  and 
yellow  sulphur  which  has  been  well  shaken,  the  friction  of 
the  one  powder  against  the  other  electrifies  both  powders, 
the  sulphur  becoming  negatively,  the  red  lead  pocdtively 
electrified.  If  now  we  dust  a  negatively  electrified  sur&oe 
with  this  mixture,  the  positively  electrified  red  lead  will 
stick  to  the  surface,  while  the  negatively  electrified  sulphur 
will  be  easily  detached,  so  that  if  we  blow  on  the  powdered 
surface  the  sulphur  will  come  off  while  the  red  lead  will 
remain,  thus  the  surface  will  be  coloured  red :  if  a  posi- 
tively electrified  surface  is  treated  in  this  way  it  will  be- 
come yellow  in  consequence  of  the  sulphur  sticking  to  it 

3.  Electrification  by  Induction.  If  the  negatively 
electrified  stick  of  sealing-wax  used  in  the  preceding  ex- 
periments is  held  near  to  but  not  touching  one  end  of  an 
elongated  piece  of  metal  supported  entirely  on  glass  or 
ebonite  stems,  and  if  the  metal  is  dusted  over  with  the 
mixture  of  red  lead  and  sulphur  it  will  be  found  after 
blowing  off  the  loose  powder  that  the  end  of  the  metal 
nearest  to  the  sealing-wax  is  covered  with  the  yellow 
sulphur,  while  the  end  furthest  away  is  covered  with  red 
lead,  showing  that  the  end  of  the  metal  nearest  the 
negatively  electrified  stick  of  sealing-wax  is  positively, 
the  end  remote  from  it  negatively,  electrified.  In  this 
experiment  the  metal,  which  has  neither  been  rubbed 
nor  been  in  contact  with  an  electrified  body,  is  said  to 
be  electrified  by  induction;  the  electrification  on  the 
metal  is  said  to  be  indticed  by  the  electrification  on  the 
stick  of  sealing-wax.  The  electrification  on  the  part  of 
the  metal  nearest  the  wax  is  of  the  opposite  kind  to  that 
on  the  wax,  while  the  electrification  on  the  more  remote 
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parts  of  the  motal  is  of  the  same  kind  as  that  on  the 
wax.  The  electrification  od  the  metal  disappears  as  suon 
as  the  stick  of  sealing-wax  is  removed. 

4.  ElectroBcope.  An  instrumont  by  which  the 
presence  of  electrification  can  be  detected  ia  called  an 
dectroscope.  All  electroscopes  give  Bonie  indication  of  the 
amount  of  the  electrification,  but  if  accurate  measure- 
ments are  required  a  more  elaborate  instrument,  called  an 
electrometer  (Art.  60),  must  be  used. 

A  simple   form  of  electroscope,  called   the  gold  leaf 

electroscope,  ia  represented  in  Fig.   1.     It  consists  of  a 

I 

^^paes  ve.'isel  fitting  into  a  stand ;  a  metal  rod  with  a 
diac  of  metal  at  the  top  and  terminating  in  two  strips  of 
gold  leaf  patwes  through  the  neck  of  the  vessel,  the  rod 
being  inserted  in  a  hollow  glass  tube  covered  inside  and 

t  with  shellac  vai-nish  and  fitting  tightly  into  a  plug  in 

I  mouth  of  the  vessel. 
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When  the  gold  leaves  are  electrified  they  are  repelled 
from  each  other  and  diverge,  the  amount  of  the  divergence 
giving  some  indication  of  the  degree  of  electrification.  It 
is  desirable  to  protect  the  gold  leaves  from  the  influence 
of  electrified  bodies  which  may  happ^i  to  be  near  the 
electroscope,  and  from  any  electrification  there  may  be  on 
the  surface  of  the  glass.  To  do  this  we  take  advantage  of 
the  property  of  electrical  action  proved  in  Art.  33,  that  a 
closed  metallic  vessel  completely  protects  bodies  inside  it 
from  the  electrical  action  of  bodies  outside,  so  that  if  th6 
gold  leaves  could  be  completely  surrounded  by  a  metal 
vessel  they  would  be  perfectly  shielded  from  extraneous 
electrical  influence:  thLs  however  is  not  practicable,  as 
the  metal  case  would  hide  the  gold  leaves  from  obser- 
vation. In  practice  sufficient  protection  is  afforded  by  a 
cylinder  of  metal  gauze  connected  to  eai-th,  such  as  is  shown 
in  Fig.  1,  care  being  taken  that  the  top  of  the  gauze 
cylinder  reaches  above  the  gold  leaves. 

If  the  disc  of  the  electroscope  is  touched  by  an  electri- 
fied body,  part  of  the  electrification  will  go  to  the  gold 
leaves,  these  will  be  electrified  in  the  same  way,  and 
therefore  will  be  repelled  from  each  other.  In  this  case 
the  electrification  on  the  gold  leaves  is  of  the  same  sign 
as  that  on  the  electrified  body.  When  the  electrified 
body  does  not  touch  the  disc  but  is  held  near  to  it,  the 
metal  parts  of  the  electroscope  will  be  electrified  by  induc- 
tion ;  the  disc  being  the  part  nearest  the  electrified  body 
will  have  the  opposite  electrification  to  that  body,  while 
the  gold  leaves  being  the  places  furthest  from  the  elec- 
trified body  will  have  the  same  kind  of  electrification 
as  that  body,  and  will  repel  each  other.  This  repulsion 
will  cease  as  soon  as  the  electrified  body  is  removed. 
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If  wbea  the  elcctrifieil  body  ia  near  the  cl«ctrci3Cope 
e  disc  ifi  raonected  to  the  ground  by  a  tnetal  wire,  then 
•  inetai  of  the  electroscope,  the  wire  and  the  ground 
oorrespood  to  the  eluogatcd  piece  of  tuetal  in  the 
>enmeiit  described  iu  Art.  3.  Thus,  supposing  the  body 
negatively  electritied,  the  positive  electrification 
I  be  on  the  disc  while  the  oegiitive  goes  to  the  most 
remote  part  of  the  system  consisting  of  the  metal  of  the 
electroscope,  the  wire  and  the  ground,  i.e.  the  negative 
electrification  goes  to  the  ground  and  the  gold  leaves  are 
free  from  electrification.  They  cease  then  to  repel  each 
other  and  remain  closed.  If  the  wire  is  removed  firom 
the  disc  while  the  electrified  body  remaiiis  in  the  neigh- 
bourhood the  gold  leaves  will  remain  closed  aa  long  as  the 
electrified  body  ia  stationary,  but  if  this  is  removed  far 
away  from  the  electroscope  the  gold  leaves  diverge.  The 
aitive  electrification  which  when  the  electrified  body 
1  close  to  the  etectruecope  conceutratoil  itself  on  the 
B  to  be  as  near  the  electrified  body  as  possible, 
I  this  body  is  removed  spreads  to  the  gold  leaves  and 
B  them  to  diverge. 

when  the  elcctroscopo  is  charged  we  wish  to  deter- 
ine  whether  the  charge  is  positive  or  negative,  all  we 
B  to  do  is  to  bring  near  to  the  disc  of  the  electroscope 
i  of  sealing-wax  which  has  been  negatively  electrified 
|r  friction  with  fliuinel;  the  pi-oximity  of  the  negatively 
ed  wax  increases  in  consequence  of  the  induction 
I  the  negative  electrification  on  the  gold  leaves. 
I  if  the   presence  of  the  sealing-wax  increases  the 
ice  of  the  leaves  the  original  elecbrificatiou  was 
*,  if  it  diminishes  the  divcrf;eTice  the  original  elec- 
>n  was  positive. 
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0.    Otasrg*  tm  an  uhiLUM«d  be4r-    DaflnWo" 
of  vqaKl  etaargw.     PUce  on  the  disc  of  the  ekctro- 

w'<(|H<   n   tricUl   vi-ffiel  an  aeariy  closed  m  ponble,  tbe 
«i|M<tiiti|{  iHtinff  only  just  wide  enoogfa  to  allow  elecfaified 


1i>iiI|i:h  III  III'  |iliti'i<i|  iiiHttli',  'Dicii  intnxluGeiDto  this  vessel 
II  i:||itltli'il  liii'ly  ntia|it<iii|i«|  liy  imilk  thread,  and  let  it  sink 
ui;||  lidl.iw  (li'i  ii|i(iitiliK'  'I'Ik'  K"''1  lt>nvG8  of  the  electro- 
Miii|iii  will  ilivui'ijii,  Hiniu>  thi>y  will  bo  dectritied  by  in- 
diii:l'i>iii  (Hiiu  Ai'l»  II),  lint  tlio  iliviTgciico  will  remain  the 
Hiiiiiii  Imwtiviir  tliti  liiHly  Ih  irinviHl  iilxnit  in  the  vessel.  IF 
two  iir  iiiitrt<  ultHiliilliul  lHM)ii>H  an'-  pinned  in  the  vessel  the 
iiivi:r({i]iii!u  iif  thi>  ([1)1(1  li'iivc'H  IH  the  same  however  the 
cludtnfiuil  biHliim  aw  iikivmI  iilHmt  rulntivoly  to  each  other 
111-  ti»  tliu  vesBoI.  Tho  ilivt'i^nico  of  the  gold  leaves  thus 
iiiciutiii-eH  wjme  ))r«]»rty  of  tho  oloctrifiod  body  which 
I'lUiiHiiiH  nintiUiiil  however  the  body  is  moved  about. 
'I'liia  |iriijK)ity  is  callwl  tho  charge  on  the  body,  and  two 
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boditM  A  and  H  have  ei]nal  charges  when  the  divergooce 

of  the  gold  leaves  is  the  same  when  A  is  inside  the  veseol 

placed  on  the  disc  of  the  electroscope  and  Ji  far  away,  as 

when  B  ia  innide  and  A  far  away,     A   and  B  are  each 

tinpposed  to  be  suspended  by  dry  silk  threads,  for  such 

threads  do  not  allow  the  electricity  to  escape  along  them ; 

see  Art.  6.     Again,  the  charge  on  a  body  C  is  twice  that 

Hb  a  if  when  C  is  introduced  into  the  vessel  it  produces 

^Hte  same  eilcct  on  the  electroscope  as  that  produced  by 

^H  and  B  when  introduced  together.     B  is  &  body  whose 

charge  has  been  proved  equal  to  that  on  A   in  the  way 

just  described.     Proceeding  in  this  way  we  can  tost  what 

multiple  the  charge  on  any  given   electrified  body  is  of 

the  charge  on  another  body,  so  that  if  we  take  the  latter 

I'hargc  as  the  unit  charge  we  can  express  any  charge  in 

trine  of  this  unit, 

)  bodies  have  equal  and  opposite  charges  if  when 
■duced  simultaneously  into  the  metat  vessel  they  pro- 
lo  effect  on  the  divergence  of  the  gold  leaves. 

Xniulatora   and    Cooducton.     introduce   into 
i  vessel  described  in  the  preceding  experiment  an  elec- 
Ified  pith  ball  coated  with  gold  leaf  and  suspended  by  a 
IP  flilk  thread :  this  will  cause  the  gold  leaves  to  diverge. 
V  the  electrified  pith  ball  is  touched  with  a  stick  of 
g-wax,  au  ebonite  rod  or  a  dry  piece  of  glass  tube,  no 
iti  produced  ou  the  electroscope,  the  divei^'uce  of 
nld  leaves  is  the  same  atler  the  pith  ball  has  been 
ihed  ae  it  was  before.     If,  however,  the  pith  ball  is 
[  with  a  metal  wire  held  in  the  hand  or  by  the 
f,  the  gold  leaves  of  the  electroscope  immediately 
iter  and  remain  closed  after  the  wire  has  been 
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withdrawD  from  the  balL  Thus  the  pith  bmll  loees  its 
charge  when  touched  irith  a  metal  wire,  though  not  when 
touched  with  a  piece  of  sealing-wax.  We  may  thus  divide 
bodies  into  two  classes,  (1)  those  which  when  placed  in 
contact  with  a  charged  body  can  dischaige  the  elecUifica- 
tion,  these  are  called  conductors;  (2)  those  which  can  not 
discharge  the  electrification  of  a  chaiged  body  with  which 
they  are  in  contact,  these  are  called  itisulators.  The 
metals,  the  human  body,  solutions  of  salts  or  acids  are 
examples  of  conductors,  while  the  air,  dry  silk  threads, 
dry  glass,  ebonite,  sulphur,  paraffin  wax,  sealing-wax, 
shellac  are  examples  of  insulators. 

When  a  body  is  entirely  surrounded  by  insulators  it  is 
said  to  be  %n»vdaied, 

7.  When  electrification  is  excited  by  friction  or  hy  any 
oilier  process  ef{iial  charges  of  positive  and  negative  dec- 
tridty  are  ahuays  produced.  To  show  this  when  the 
electrification  is  excited  by  friction,  take  a  piece  of  sealing- 
wax  and  electrify  it  by  friction  with  a  piece  of  flannel ; 
then  though  both  the  wax  and  the  flannel  are  charged 
with  electricity  they  will  if  introduced  together  into  the 
metal  vessel  on  the  disc  of  the  electroscope  (Art.  5)  pro- 
duce no  effect  on  the  electroscope,  thus  showing  that  the 
charge  of  negative  electricity  on  the  wax  is  equal  to  the 
charge  of  positive  electricity  on  the  flannel.  This  can 
be  Hhown  in  a  more  striking  way  by  working  a  frictional 
electrical  machine,  insulated  and  placed  inside  a  large 
itiHtilated  metal  vessel  in  metallic  connection  with  the 
disc  of  an  electroHcopc,  then  although  the  most  vigorous 
electrical  effects  can  be  observed  near  the  machine  inside 
the  vessel,  the  leaves  of  the  electroscope  remain  unaffected^ 
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fowiug  lha.t  the  total  charge  inside  the  veesel  conaouted 
1  the  disc  has  not  been  altered  though  the  machine  has 
in  actiuu. 

»  show  that  when  a  body  is  electrified  by  iuduutiou 
]  charges  of  positive  and  negative  ulectrifi cation  aie 
«d:  take  an  electiiHed  body  suspended  by  a  siik 
.  lower  it  into  the  metal  vessel  on  the  tijp  of  the 
ctroBCope  and  observe  the  deflection  of  the  gold  leaves, 
I  take  a  piece  of  metal  suspended  from  a  silk  thread 
•  it  iutii  the   vessel   near   to  but  not  in  con- 
t  with  the  electrified  body;  no  alteration  in  the  divor- 
;o  of  the  gold  leaver  will  take  place,  showing  that  the 
I  charge  on  the  piece  of  metal   introduced  into  the 
»el  is  aero.     This  piece  of  metal  is  however  elGctriticd 
I*  induction,  so  that  its  charge  of  positive  electrification 
I  by  this  process  is  eijual  to  its  charge  of  negative 
electrification. 

Again,  when  two  charged  bodies  are  connected  by  a 
conductor  the  sum  of  the  charges  on  the  bodies  is  unaltered: 
i.e.  the  amount  of  positive  electrification  gained  by  one  is 
(spial  to  the  amount  of  positive  electrification  lost  by  the 
To  show  this,  take  two  electrified  metallic  bodies 
I  B  suspended  from  silk  threads,  introduce  A  into 
p  metal  vessel  and  note  the  deflection  of  the  gold  leaves ; 
1  introduce  B  into  thu  vessel  and  observe  the  deflection 
L  the  two  bodies  are  in  the  vessel  together:  now 
(  a  pioco  of  wire  wound  round  one  end  of  a  dry  glass 
i  holding  the  rod  by  the  other  end  place  the  wire 
utt  it  is  in  contact  with  A  and  B  siTuultanoously;  no 
ution  in  the  deflection  of  the  gold  leaves  will  be  pro- 
Y  thic  process,  showing  that  the  sum  of  the  charges 
{j1  (uid  B  is  unaltered.    Take  away  the  wire  and  remove 
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it  fruin  th^  vewol.  sod  now  agun  obserre  the  deflection  of 
ilic  Kukl  l*.«V(v:  it  will  not  (except  in  vei;  special  csMs) be 
ihe  BMiiie  «H  it  w»s  bef«Hie  B  wsf  pot  into  the  vcflBel ;  thus 
|m>viii)j  that  a  tnnvTereDce  of  electrification  between  A 
mihI  /I  h>u  IaWcd  place :  though  this  has  not  changed  the 
Miiti  Iff  thi;  chofx*^  **"  ^  ^*^  ^ 

6.  FoTM  b«tw««B  bodlca  tbrnx^A  wtOi  d«c- 
trtoltj.  WliSH  tvfo  charged  bodiet  an  at  a  diatance  r 
ii/Mirt,  r  deiiuj  very  targe  compared  m'lA  tie  greateat  Iwear 
dim^Hniin  of  either  of  the  bodiet ;  the  reputsifm  betufeen 
tliem  I*  firu/iiiiliuiiiil  to  the  product  of  tin'r  charges  tatd 
inverteli/  proportiotuit  to  the  square  of  the  distance  b 
them. 

TliiH  law  wuM  fintt  proved  by  Coulomb  by  direct  a 
iiHrrit  of  lh4!  frtrcw  boLwut-ii  electrified  bodies;  there  are, 
hitwf.visr,  ulher  inethtMlH  by  which  the  law  can  be  much 
irmni  riKoroimly  cHtubliMhed;  as  these  can  most  con- 
vKiijiiiitly  Im  i^iiiHidcrei)  when  we  have  investigated  the 
pni[)<>rtiiM«  of  thiH  law  of  force  we  shall  begin  by  assuming 
thu  truth  of  bhiH  kw  und  proceed  to  invest^te  some  of 
itM  conHCfjuonceH. 

I  9.  Unit  ohaiv**  We  have  wcu  in  ArL  5  how  the 
charges  on  electrified  bodies  can  be  compared  with  each 
other;  in  order,  however,  to  express  any  charge  it  is 
necessary  to  have  a  definite  unit  of  charge  to  which  the 
charge  can  be  referred. 

The  unit  charge  of  electricity  is  defined  to  be  such  a 
charge  that  two  bodies  each  having  this  charge,  when 
separated  by  unit  distance  in  air  are  repelled  from  each 
other  with    unit   force.  _T[ie   dinn-iiMiona  ot  the  cliarged 
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lies  arc  assumed  to  be  very  small  compare*!  with  the 

lit  distADcc. 

It  follows   from  this  defiDition  and  the  law  of  force 

t>reviously   enunciated   that   the   repulsion   between  two 

-mall   bodies  with   charges   e   and  e'  placed  in  air  tit  n 

li»taace  r  apart  is  equal  to 


The  expression  eejt^  will  express  the  force  between 
two  charged  bodies  whatever  the  sign  of  their  electrifica- 
tion if  we  agree  that  when  the  expression  hns  a  positive 
I  it  indicates  that  the  force  between  the  bodies  is  a 
>ulsioi),  and  that  when  this  expression  has  the  negative 
]  it  indicates  that  the  force  is  an  attraction.  When  the 
1  the  bodies  are  of  the  same  kind  ee'  is  positive, 
lie  force  is  then  repulsive;  when  the  charges  are  of 
Mit©  sign  ee'  is  negative,  the  foi-ce  between  the  bodies 
I  then  attractive. 

Eleotiic  Xntenilty.     The  electric  intensity  at  any 
be  force  acting  on  a  small  body  charged  with 
I  positive  charge  when  placed  at  the  point,  the  electri- 
I  of  the  re-st  of  the  system  being  supposed  to  be 
idisturbeil  by  the  preseoce  of  this  unit  charge. 

I  Normal  Electric  Induction  over  a  Surface. 
U  surface  drawn  anywhere  in  the  electric  field. 
I  lot  this  surface  be  completely  divided  up  as  in  the 
jure,  into  a  network  of  meshes,  each  mesh  being  so  small 
kt  the  electric  intensity  at  any  point  in  a  mesh  may  be 
xled   as   constant  over  the  mesh.     Take  a  point  in 
r  these  meshes  and  resolve  the  electric  intensity  at 
dnb  in  the  direction  of  the  outward  drawn  normal 
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to  tJiK  ^Mirtiict!  it  cba£    paint,  onii    nutiin^I;  tibu 
nnrnp'tiwor.  b;  the  area  of  the  mesh,  Ghe  aaam  -al  tbeae 


priy(n^.t«  fnr  aII  iKa  m^thes  <xl  the  sor&ce  is  defined  to  be 
thp  t"ti«l  nf^rmfti  ftl«ctric  indnctioo  over  tbe  sor&w.  This 
H  ftl^ehrftkally  ezpreflned  by  the  relattoD 

7  =  S.Vip. 
whnrp  /  in  th^  tMal  n'>rTnal  electric  uxlactioD,  JT  the  com- 
pr/ni-nt  Iff  th*^  flt^filnr.  intensity  resolved  »i<mg  the  cot  ward 
litHwti  rt'rrrnftl  Ui  thtt  fnirfacc  at  a  point  in  a  mesh,  «•  the 
ftrf'R  rrf  fht)  fnt-nh :  thft  Hymbri)  S  denotes  tlut  the  sum  of 
t.h(>  ytinhtfX  Nw  m  Ui  bo  taken  for  all  the  meshea  drnvm 

With  \A*i'  ri'itAl'i'm  of  tho  intej^TBl  calculua 

wb(>m  '/M  In  nri  nlcmdiit  of  lh<;  Hitrfncc,  the  integration  cx- 
l.pfi<li(ij;  All  (ftfr  tho  mtrfnco. 

10.  OauM'i  Thaormn.  Wo  can  prove  all  the  pro- 
|HF«iti*ini<  ftl«»iit  thn  foroon  Initwotin  olentrified  bodies  that 
w«<  Hhnll  ro[|iiirn  in  iho  following  dincussion  of  Electro- 
NtAtim  liy  tho  niil  of  n  thiwrom  due  to  Qausa  This 
thiHiroin  nmy  1h'  (ttatod  thiw:  (A«  toUd  normal  electric 
induction  tmr  my  eloatd   tut/aoe  dmwn  in  the  electric 
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field  is  ffual  to  4ir  timet  the  toUil  diarge  of  electricity 
ijtmie  tht  closed  surface. 

Wo  shall  firat  prove  this  theorem  when  the  electric 
field  is  that  dm.-  to  a  single  charged  hody. 

Let  0  (Fig.  4)  be  the  charged  body  whose  dimenBioDS 
Arc  supposed  to  be  so  small  compan^d  with  its  distances 


from  ihit  points  at  which  the  electric  iutonsity  is  measured 
■hat  it  may  Ik;  regarded  as  a  point.  Let  e  be  the  charge 
Li  this  body: 

Let  PQRS  be  one  of  the  small  meshes  drawn  on  the 
-  irfiicc,  the  area  being  so  small  that  PQRS  may  be  re- 
,  tfilud  as  pkne :  join  0  to  P,  Q,  R,  S,  let  a  plane  through 
!:  at  right  angles  to  OR  cut  OS.  OQ,  OP  respectively  in 
!■,«>:  with  centre  0  describe  a  sphere  of  unit  radius,  and 
It  the  linea  OP.  OQ.  OR,  OS  cut  the  surface  of  this  spbore 
[■  the  points  p,  q,  r,  a  respectively.  The  area  PQRS  is 
— unjtd  t()  be  HO  Miiall  that  tbi:  eloiTtrii-  intensity  may  be 
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regarded  as  constant  over  it ;  we  may  take  as  the  value  of 
the  electric  intensity  e/OR^,  which  is  the  value  it  has 
at  R 

The  component  contributed  by  this  mesh  to  the  total 
normal  induction  is  by  definition  equal  to 

area  PQRS  x  N, 

where  N  is  the  normal  component  of  the  electric  intensity 
at  it 

Now  ^~7yRi  ^  ^^^  ^' 

where  0  is  the  angle  between  the  normal  to  the  surface 
at  iJ,  and  OR  the  direction  of  the  electric  intensity. 
The  normal  to  the  surface  is  at  right  angles  to  PQRS, 
and  OR  is  at  right  angles  to  the  area  Ruvw,  hence  the 
angle  between  the  normal  to  the  surface  and  OR  is  equal 
to  the  angles  between  the  planes  PQRS  and  Ruvw, 

Hence 

area  PQRS  x  cos  tf  =  the  area  of   the   projection   of  the 

plane  PQRS  on  the  plane  Ruvw 
=  axeARuvw  (1). 

Consider  the  figures  Ruvw  and  pqrs.  Ru  is  parallel 
to  rs  since  they  are  in  the  same  plane  and  both  at  right 
angles  to  OR,  and  for  similar  reasons  Rv  is  parallel  to  rq, 
vw  to  pq,  uw  to  sp.  The  figure  Ruvw  is  thus  similar 
to  pqrs :  and  the  areas  of  similar  figures  are  proportional 
to  the  squares  of  their  homologous  sides.     Hence 

aiesiRuvw  :  area  p^r*  =  Uw'  :  r^ 

=  OR" :  or", 


b 
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,  area  Ruvw      area  mJS 

=  areap^r* (2), 

rincc  Or  is  oqiial  to  imity  by  construct  ion. 

The   contributii'ti   of  the   mesh  PQRS   to   tin;   total 
normal  induction  is  equal  to 


areaPQASx 


OH^ 


area  liitmo  ,  ,-      ,,, 

=  ex  — ^^ —  by  equation  (1) 

=  e  X  area  pqrs  by  equation  (2). 
Thus  the  contribution  of  the  mesh  to  the  total  normal 
induction  is  equal  to  e  timea  the  area  cut  off  a  sphere  of 
imlt  radius  with  it«  centre   at  0  by  a  cone  having  the 
mvah  for  a  base  and  ita  vertex  at  0. 

By  dividing  up  any  finite  portion  of  the  surface  into 

mesbcH  and  taking  the  sum  of  the  contributions  of  each 

mcsli,  wc  sec  that   the    total  normal  induction  over  the 

imriace  ie  equal  to  e  times  the  ai'ea  cut  off  a  sphere  of 

unit  radius  with  its  centre  at   0  by  a  cone  having  the 

lundary  of  the  surface  as  base  and  its  vertex  at  0. 

Let  us  now  apply  the  results  we  have  obtained  to  the 

of  a  closed  surface. 

First   take  the   case  when   0   is  inside   the  surface. 

Th«  tolAl  normal  induction  over  the  surface  is  equal  to  e 

ihe  Bum  of  the  areas  cut  off  the  unit  sphere  by 

with  theii-  bases  on  the  meshes  and  their  veHices  at 

and   since   the   meshes  c»jmplet^;ly  fill  up  the  closed 

the  Bum  of  the  arefla  cut  off  the  unit  sphere  by 

w  will  bv  the  area  of  the  sphere,  which  la  equal  to 
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47r,  since  its  radius  is  unity.  Thus  the  total  oonnal  in- 
duction over  the  closed  surface  is  4w«. 

Next  consider  the  case  when  0  is  outside  the  closed 
surface. 

Draw  a  cono  with  its  vertex  st  0  cutting  the  closed 
surface  in  the  areiis  PQRS,  P'Q'RS'.    Then  the  magni- 


tude of  the  whole  normal  induction  over  the  area  PQRS 
in  equal  to  that  over  the  area  P'Q'R'S',  since  they  are 
each  equal  to  e  times  the  area  cut  off  by  this  coue  from  a 
sphere  whose  radius  is  uuity  and  centre  at  0.  But  over 
the  surface  PQRS  the  electric  intensity  points  along  the 
outward  drawn  normal  so  that  the  sign  of  the  component 
resolved  along  the  outward  drawn  normal  is  positive; 
while  over  the  surface  P'Q'R'S"  the  electric  intensity  is  in 
the  direction  of  the  inward  drawn  normal  so  that  the  sign 
of  its  component  along  the  outward  drawn  normal  is 
negative.  Thus  the  total  normal  attraction  over  PQRS  is 
of  opposite  sign  to  that  over  P'Q'R'S",  and  since  they  are 
equal  in  magnitude  they  will  annul  each  other  as  far  as 
the  total  normal  induction  is  concerned.  Since  the  whole 
of  the  closed  surface  can  be  divided  up  in  this  way  by 
cones  with  their  vertices  at  0,  and  since  the  two  sections  of 
each  of  these  conea  neutralize  each  other,  the  total  normal 
induction  over  the  closed  surface  will  be  zero  in  this  case. 


GEHBRAt.   rarVelPLES  OF   RI.BCTROHTATICS. 

W©  ihiiB  fieu  that  when  the  electric  fit'kl  is  duo  to  a 
tunall  hudy  with  a  charge  e  the  total  iioi-mal  induction 
over  any  closed  sui-facc  enclosing  the  charge  is  iire,  while 
it  in  equal  to  zero  over  any  surface  not  eucloeiiig  the 
charge.  Wo  have  therefore  proved  Gauss's  theorem  when 
tho  lield  is  due  to  a  single  i^mall  electrified  body. 

We  can  easily  extend  it  to  the  general  case  when  the 
field  is  due  to  any  distribution  of  ciectrilicatiou.  For  we 
may  regard  this  )i^  arising  from  a  number  of  small  bodies 
having  chai'ges  ei,  e,,  e, ...  &c.  Let  N  be  the  component 
along  the  outward  drawn  normal  to  the  surface  of  the 
n^ultant   electric  intensity,   Ni    the   component   in   the 

Ijlirection  due  lo  Ci,  y^  that  due  to  e^  and  so  on ;  theu 
I  N  =  N,  +  N,  +  N,+  .... 

I  If  (0  is  the  area  of  the  mesh  at  which  the  normal 
i^Mtric  intensity  is  If,  the  total  normal  induction  over  the 
surface  is  SiV^w 

=  '^{N,+  N,  +  N,  +  ...)a> 

ikt  is,  the  total  normal  electric  induction  over  thf  rinrface 
!  to  the  field  ia  ec(ual  to  the  sum  of  the  normal  in- 
icttoos  due  to  the  small  charged  bodies  of  which  the 
I  ia  supposed  to  be  built  up.  But  we  have  just  seen 
;  the  Doruial  induction  over  a  closed  surface  due  to 
r  ODe  of  these  is  equal  to  ■iir  times  its  charge  if  the 
B  inside  the  surface,  and  is  zero  if  the  bo<iy  is  out- 
(  the  surface.  Hence  the  aum  of  the  normal  indue- 
|B«  due  to  the  seveml  charged  bodies,  i.e.  that  dtie  to  the 
lal  field,  is  iv  times  the  charge  of  electricity  inside 
I  clotKrd    surface  over  which    the   iiurnial    iuteuslty    is 
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It.     Btootrte    iBteBittr  "t   &   potat  a«Wd«  a 
ttnUbrmly  otaarc«d  qtlicra.— Let  as  now  ^iply  *^ 

liif<.nin   U)   fimi  the   elocuic  intensitjr  at  anj  point  in 
till'  rcjtidii  iniUidf  a  uphcrc  nnifonnly  charged  witli  elec- 

I<i-t  f*  Ik-  Ihf  centre  of  the  sphere,  P  a  point  outode 
the  «iih<-n'  III  which  the  electric  intensity-  is  reqoired. 

'riint»nh  /•  draw  a  sphonnil  snirftce  irith  its  centre 
itl  ".  I^-t  H  be  the  electric  intensity  at  P.  Since 
tliii  t')iurK<-<l  t«iihfre  is  iiuifonnly  electrified  the  direction 
«)'  Ihi:  iiilviihity  will  be  OP,  and  it  will  have  the  same 
votiiu  Jt  Hi  luiy  {Kiiiit  on  the  spherical  sur&ce  throngfaP 
willi  itij  (rcntro  nt  0.  Hence  since  at  each  point  oo  this 
MiiiiuM  thi!  iioriaitl  I'U-ctric  intensity  is  equal  to  £;  the 
UtUil  iitji'iiial  induction  over  the  sphere  through  P  is  equal 
L-,  /(  X  (BuifttWi  of  Ihi;  M|.herp),  i.e.  ^  x  4ir.  OP*.  By  Gaoas's 
Lln'oriini  ihiH  w  ei|iial  to  W  times  the  charge  endoeed  by 
Lhi:  njiliiti'ituil  Hurrjuu;,  thut  Ih  to  4ir  times  the  charge  on  tiie 
iiiiK^r  H[>li(;ri!.  Ife  in  thiH  chnrgu  wc  have  therefore 
Itx^OP'^ine, 


I|(iii<m;  ttio  intonxity  nb  a  point  outside  a  uniformly 
iiloclrifii'd  Hphitro  Ih  the  «»no  as  if  the  charge  on  the 
rtphi^ro  woro  cuiicuntrabcd  at  the  centre. 

12.  Bltotrlo  tnttnilty  at  a  point  Inilde  a  nnl* 
Cormlr  •laotrUlad  ipharioal  shell. — Let  Q  be  a  point 
intidu  the  tthell,  H  the  electric  intensity  at  that  point. 
1'hroiigh  Q  draw  a  spherical  surface,  centre  0 ;  then  as 
bufuru,  the  normal  electric  intensity  will  be  constant  all 


mix 
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over  this  surface.     The  total  norma!  inductiou  over  this 
therefore  R  x  area  of  sphere,  i.e. 
Rxiv.OQ'. 
By  Gauss's  thcoreiD   this  is  equal   to  iir  times  the 
■tiarge  of  electricity  iuaide  the  spherical  surface  passing 
hnjugh  Q,  hence  as  there  is  do  charge  inaide  this  surface, 
47rB  xO^  =  0. 
R^O. 

fflce  the  electric  intensity  at    any  point  inaide  a.  uni- 
tuly  electrified  spherical  shell  vanishes. 

13.    Infinite   Cylinder    unifbrmly    electrified. — 

shall  next  consider  the  cast-  of  an  infiuitL'ly  long 
rular  cylinder  uniforndy  tiloctrifiud.  Let  P  be  a  point 
I  the  cylinder  at  which  we  wish  to  find  the  electric 
aity.  Through  P  describe  a  circular  cylinder  coaxial 
the  electrified  one,  draw  two  planes  at  right 
8  to  the  axis  of  the  cylinder  at  unit  distance 
,  and  consider  the  total  normal  induction  over  the 
surface  formed  by  the  curved  surface  of  the 
iodttr  through  P  and  the  two  plane  ends.  Since  the 
wlrified  cylinder  ia  infinitely  long  and  is  symmetrical 
lOt  its  axis,  the  electric  intensity  at  all  points  at  the 
I  dUtance  from  the  axis  of  the  cylinder  will  be  the 
le,  and  will  by  symmetry  be  along  a  radius  drawn 
wgh  P  at  right  angles  to  the  axis  of  the  cylinder, 
~*hua  the  electric  iutensity  at  any  point  on  the  plane 
i  of  the  cylinder  will  be  in  the  plane  of  these  ends, 
therefore  have  no  component  at  right  angles 
I,  the  plane  ends  will  thei-cfore  cuntribiitc  nothing 
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to  the  total  normal  induction  over  the  surface;  at  each 
point  of  the  cylindrical  sur£stce  the  electric  intensity  is 
at  right  angles  to  the  curved  surface  and  equal  to  K 
The  total  normal  induction  over  the  surface  is  therefore 

R  X  (area  of  the  curved  surface  of  the  cylinder). 

But  since  the  length  of  the  curved  surface  is  unity 
its  area  is  equal  to  27rr  where  r  is  the  distance  of  P 
from  the  axis  of  the  cylinder.  If  E  is  the  charge  per 
unit  length  on  the  electrified  cylinder  then  by  Gauss's 
theorem  the  total  normal  induction  over  the  sur&ce  is 
equal  to  ^irE.  The  total  normal  induction  is  however 
equal  to  iJ  x  27rr,  hence 

R  X  2irr  =  ^irE, 

r 

Thus  in  the  case  of  the  cylinder  the  electric  intensity 
varies  inversely  as  the  distance  from  the  axis  of  the 
cylinder. 

We  can  prove  in  the  same  way  as  for  the  uniformly 
electrified  spherical  shell  that  the  electric  intensity  at 
any  point  inside  a  uniformly  electrified  cylindrical  shell 
vanishes. 

>1  14.  Uniformly  eleotrifl«d  Infinite  plane. — In  this 
case  we  see  by  symmetry  (I)  that  the  electric  intensity 
will  be  normal  to  the  plane,  (2)  that  the  electric  intensity 
will  be  constant  at  all  points  in  a  plane  parallel  to  the 
electrified  one.  Draw  a  cylinder  PQRS,  Fig.  6,  the 
axis  of  the  cylinder  being  at  right  angles  to  the  plane, 
the  ends  of  the  cylinder  being  planes  at  right  angles  to 


OEXERAL    I'RINCIPI^S    OF    ELECTROSTATICS.  23 

e  axis.    Since  this  cylinder  encloses  no  electriticatioD  the 
I  nurmat  iuduction  over  its  surface  is  zero  by  Gauss's 


'D' 


orem.     But  since  the  electric  intensity  is  parallel  to 

Axin  of  the  cylinder  the  normal  intensity  vanishes 

'  the  curved  surfece  of  the  cylinder.      Let  F  be  the 

ictric   intensity  at   a   point  on   the   face  PQ,   this  is 

Hong  the   outward-drawn   normai   if   the  electrification 

on  the  plane  is  positive,  F'   the  electric  intensity  at  a 

point  on  the  face  RS,  a  the  area  of  either  of  the  faces 

miPQ  or  RS,  then   the  total    normal    induction  over  the 

■hrface  PQRS  is  equal  to 

Bttd  since  thi^  vanishes  by  Gauss's  theorem 

^k  the  electric  intensity  at  any  point,  due  to  the  inGnite 
^fciformly  charged  plane,  is  iudependeut  of  the  distance 
^■tbti  point  from  the  plane.  It  is,  therefore,  constant  in 
^■ftgDitudc  at  all  points  in  the  field,  acting  upwards  in  the 
^^vion  above  the  plane,  downwards  in  the  region  below  it. 
^B  To  Bod  the  magnitude  of  the  intensity  at  P.  Draw 
^ftroiigh  P  (Fig.  7)  a  line  at  right  angles  to  the  plane  and 
^■rQlong  it  to  Q,  so  that  Q  is  as  much  below  the  plane  as  P 
^B  above  il.  With  PQ  as  axis  describe  a  right  circular 
^minder  bounded  by  pianos  through  P  and  Q  parallci  to 
^■b  electrified  plane.  Consider  now  the  total  normal 
^■dadjon  over  the  surface  of  this  cylinder,     The  electric 
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intensity  is  everywhere  parallel  to  the  axis  of  the  cylinder, 
and  has,  therefore,  no  normal  component  over  the  curved 


Fig.  7. 

surface  of  the  cylinder,  the  total  normal  intensity  over 
the  surface  thus  arises  entirely  from  the  flat  ends.  Let  R 
be  the  magnitude  of  the  electric  intensity  at  any  point  in 
the  field,  a>  the  area  of  either  of  the  flat  ends  of  the 
cylindrical  surface.  Then  the  part  of  the  total  normal 
induction  over  the  surfaces  PQRS  due  to  the  flat  end 
through  P  is  Ro).  The  part  due  to  the  flat  end  through 
Q  will  also  be  equal  to  this  and  will  be  of  the  same  sign, 
since  the  intensity  at  Q  is  along  the  outward-drawn 
normal.  Thus  since  the  normal  intensity  vanishes  over 
the  curved  surface  of  PQRS  the  total  normal  induction 
over  the  closed  surface  is  2i2a>.  If  a  is  the  quantity  of 
electricity  per  unit  area  of  the  plane  the  charge  of  elec- 
tricity inside  the  closed  surface  is  a-to ;  hence  by  Gauss's 
theorem 

2R<o  =  4nra<Of 


or 


R  =  27r<r. 


By  comparing  this  with  the  results  given  in  Arts.  11  and 
13  the  student  may  easily  prove  that  the  intensity  due 
to  the  charged  plane  surface  is  half  that  just  outside  a 
charged  spherical  or  cylindrical  surface  having  the  same 
charge  of  electricity  per  unit  area 


16] 
J 
IS. 

drawn 
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Iiines  of  Force.      A  line   of  force  is  a  curve 
ID  tht  t'k'Ctrie  tifli],  and  such  that  its  tangent  at 
point  is   parallel    to  the   electric   intensity  at  that 


16.  Electric  Potential.  This  is  de6ned  oh  follows : 
The  electric  potentitil  at  a  point  P  exceeds  that  at  Q  by 
the  work  done  by  the  electric  field  on  a  body  charged  with 
unit  of  electricity  when  the  latter  passes  from  F  toQ.  The 
path  by  which  the  unit  of  electricity  travels  from  P  to  Q 
i»  immaterial,  as  the  work  done  will  be  the  same  whatever 
ihe  nature  of  the  path.  Toprovethissnpposethat  the  work 
di^ne  on  the  nait  when  it  travels  along  the  path  PAQ  is 
alter  than  when  it  travels  along  the  path  PBQ.     Since 


^^ocater  thai 

L 


the  work  done  on  the  unit  of  electricity  when  it  goes  from 
/'  to  Q  along  the  path  PBQ  is  equal  to  the  work  which 
must  be  done  to  bring  the  unit  from  Q  to  P  along  QBP, 
we  see  that  if  we  make  the  unit  travel  round  the  closed 
curve  PAQBP  the  work  done  on  the  unit  when  it  tmvels 
along  PAQ  is  greater  than  the  work  spent  in  bringing  it 
biwk  from  Q  to  /*  along  the  path  QBP.  Thus  though  the 
unit  of  electricity  is  back  at  the  point  fn>m  which  it 
,  started,  and  if  the  field  is  entirely  due  to  charges  of 
jctricity,  evi'Vything  is  the  wune  aw  when  we  started,  we 
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have,  if  our  hypothesis  is  correct,  gained  work.  This  is 
not  in  accordance  with  the  principle  of  the  Conservation 
of  Energy,  and  we  therefore  conclude  that  the  hypothesis 
on  which  it  is  founded,  i.e.  that  the  work  done  on  unit 
electric  charge  when  it  travels  from  P  to  Q  depends  on 
the  path  by  which  it  travels  is  incorrect. 

Since  electric  phenomena  only  depend  upon  differences 
of  potential  it  is  immaterial  what  point  we  take  as  the 
one  at  which  we  call  the  potential  zero.  In  mathematical 
investigations  it  simplifies  the  expression  for  the  potential 
to  assume  as  the  point  of  zero  potential  one  at  an  infinite 
distance  from  all  the  electrified  bodies. 

If  P  and  Q  are  two  points  so  near  together  that  the 
electric  intensity  may  be  regarded  as  constant  over  the 
distance  PQ  then  the  work  done  on  unit  charge  when  it 
travels  fi:x)m  P  to  Q  is  P  x  PQ,  if  F  is  the  electric  intensity 
resolved  in  the  direction  PQ.  If  Vp,  Vq  denote  the 
potentials  at  P  and  Q  respectively,  then  since  by  definition 
Vp  —  Vq  is  the  work  done  on  unit  charge  when  it  goes 
from  P  to  Q  we  have 

Vp-Vq=^FxPQ, 
hence  if^Z^^Q (1), 

thus  the  electric  intensity  in  any  direction  is  equal  to  the 
rate  of  diminution  of  the  potential  in  that  direction. 

Hence  if  we  draw  a  surface  such  that  the  potential  is 
constant  over  the  surface  (a  surface  of  this  kind  ^s  called 
an  equipotential  surface)  the  electric  intensity  at  any 
point  on  the  surface  must  be  along  the  normal  For  since 
the  potential  does  not  vary  as  we  move  along  the  surfiftce, 
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^Bm  »ee  by  equation  I  that  the  component  of  tht-  electric 
■     intensity  tangential  to  the  suriace  vanishes. 

Conversely  a  surface  over  which  the  tangential  com- 
ponent of  the  intensity  is  everywhere  zero  will  be  an 
ei^uipotential  surface,  for  since  there  is  no  tangential  in- 
tensity HO  work  is  done  when  the  unit  charge  moves  along 
the  surface  from  one  point  to  another ;  that  is,  there  is  no 
difference  of  potential  between  points  on  the  surface. 

The  surface  of  a  conductor  placed  in  an  electric  field 
must  be  an  equipotential  surface  when  the  field  is  in 
equilibrium,  for  there  can  be  no  tangential  electric  in- 
tensity, otherwise  the  electricity  on  the  surface  would 
move  along  the  suHaco  and  there  could  not  be  equili- 
brium. It  is  this  fact  that  makes  the  conception  of  the 
potential  so  important  in  electrostatics,  for  the  surfaces  of 
all  bodies  made  of  metal  are  equipotential  surfaces. 

17.   Potential  due  to  a  uniformly  charged  sphere. 

3ie  potential  at  I'  is  the  work  done  by  the  electric  field 

Prben  unit  charge  ia  taken  from  P  to  an  infinite  distance. 

suppose  that  the  unit  charge  travels  from  P  to  an 

ifinite  distance  along  a  straight  line  passing  through  the 

jbtn;  of  the  sphere,     l-^it  QRST  ho  a  series  of  points 


-tttri 


f  near  together  along  this  line.  If  e  is  the  charge  on 
re,  0  its  centre,  the  electric  intensity  at  Q  is  ejOQ', 
9  thftt  at  it  is  e/OR':  as  Q  and  R  arc  very  neiir  together 
I  quADtiticH  an.'  very  nearly  equal,  and  we  may  take 
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the  average  electric  intensity  between  Q  and  12  as  equal 
to  ejOQ .  OR,  the  geometric  mean  of  the  intensities  at  Q 
and  R.  Hence  the  work  done  by  unit  charge  as  it  goes 
from  Q  to  i2  is  equal  to 


QR 


OQ.OR 


'OQ^OR' 

Similarly  the  work  done  by  the  charge  as  it  goes  from 
RtoSia 


OR 


e 
OS' 


as  it  goes  from  S  to  T 


OS 


e 
OT' 


and  so  on.  The  work  done  by  the  charge  as  it  goes  hova 
Q  to  r  is  the  sum  of  these  expressions,  and  this  sum  is 
equal  to 

_e e_ 

OQ     OT' 

and  we  sec  by  dividing  up  the  distance  between  the  points 
into  a  number  of  small  intervals  and  repeating  the  above 
process  that  this  expression  will  be  true  when  Q  and  T  are 
a  finite  distance  apart :  and  that  it  always  represents  the 
work  done  by  unit  charge  as  long  as  Q  and  T  are  two 
points  on  a  radius  of  the  sphere.     The  potential  at  P  is 
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I  work  done  when  the  unit  charge  goes  fnirn  P  i 
nnile  ilistiincc,  and  is  iherefuro  by  the  iirecuding  r 


OP- 
m  also  evidently  the  potential  at  /*  of  a  chaige  e 
d  at  0  if  the  dimensioiia  wf  the  body  over  which  the 
Wge  is  spread  are  infinilesimal  in  conipariwm  with  OP. 

18.  The  electric  Intensity  at  any  point  Inside 
t  doted  equipotentlal  lurfbce  irhich  does  not  en- 
cloee  any  electric  charge  vanishes.     Wc  shall  prove 

that  th«  potential  is  coiistiint  throughout  the  volume 
^pclosed  by  the  surface,  then  it  will  follow  by  equation 
1^  Art.  16,  that  the  electric  intensity  vanishes  through- 
^■t  this  volume. 

^K  For  if  the  potential  is  not  constant  it  will  be  possible 
^Bdraw  a  series  of  equipotcntial  surfaces  inside  the  given 
^Be;  lot  us  consider  the  equipotential  surface  for  which 
^Kb  potential  is  very  nearly,  but  not  quite,  the  same  as  for 
^Bb  given  surface ;  as  the  differcace  of  potential  between 
^Kb  and  the  outer  surface  is  very  small  the  two  surfaces 
^Hl  be  close  together,  and  they  cannot  cut  each  other,  for 
^■tboy  did  any  point  in  their  intersection  would  have  two 
^■ierent  potentials. 

^M  Suppose  for  a  moment  that  the  potential  at  the  inner 
^K&ce  is  gn^ter  than  ihnl  at  the  outer. 
^BLet  P  \}i.-  &  point  on  the  inner  surface,  Q  the  point 
^Hkitc  the  outward  drawo  normal  at  P  to  the  inner 
^Kjace  cuts  thci  outer  surface.  Then  since  the  electric 
^Bensity  from  P  to  Q  is  equal  to  {Vp  —  VqyPQ  we  sec 
^Bl  iiiuct!  by  hypothesis  Vp—  Vq  m  positive,  the  normal 


30  GENERAL   PRINCIPLES   OF    ELECTROSTATICS.       [CH.  I 

electric  intensity  over  the  second  sur&u^e  is  everywhere  in 
the  direction  of  the  outward-drawn  normal  to  the  surface, 
and  therefore  the  total  normal  electric  induction  over  the 
surface  will  be  positive,  hence  there  must  be  a  positive 
charge  inside  the  surface,  as  the  total  normal  induction 
over  the  surface  is  by  Gauss's  theorem  proportional  to  the 
charge  enclosed  by  the  surface.  Hence,  as  by  hypothesis 
there  is  no  charge  inside  the  surface,  we  see  that  the 
potential  over  the  inner  surface  cannot  be  greater  than 
that  at  the  outer  surface.  If  the  potential  at  the  inner 
surface  were  less  thtxa  that  at  the  outer  then  the  normal 
electric  intensity  would  be  everywhere  in  the  opposite 
direction,  and  we  can  show  by  Gauss's  theorem  as  before 
that  this  would  require  a  negative  charge  inside  the  surface. 
Hence  as  there  is  no  charge  either  positive  or  negative 
the  potential  at  the  inner  surface  can  neither  be  greater 
nor  less  than  at  the  outer  surface,  and  must  therefore  be 
equal  to  it.  In  this  way  we  see  that  the  potential  inside 
the  surface  must  have  the  same  value  as  at  the  surface, 
and  since  the  potential  is  constant  the  electric  intensity 
will  vanish  inside  the  surface. 

19.  It  follows  from  this  that  if  we  have  a  hollow, 
conducting  surface  there  will  be  no  electrification  on 
its  inner  closed  surface  unless  there  are  electrified  bodies 
inside  the  hollow.  Let  Fig.  10  represent  the  conductor 
with  a  cavity  inside  it.  To  prove  that  there  is  no  elec- 
trification at  P  a  point  on  the  surface,  take  any  closed 
surface  enclosing  a  small  portion  a  of  the  inner  surface 
near  P;  by  Gauss's  theorem  the  charge  on  a  is  pro- 
portional to  the  total  normal  electric  induction  over  the 
surface  surrounding  a.     The  electric  intensity  is  however 
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7J.TV  everywhere  over  this  surface.    It  is  zero  over  the  part 
of  the  surface  ouUiide  the  cavity  because  this  purt  of  the 


-iirfitce  is  in  a  conductor,  and  when  there  is  equilibrium 
I  tie  electric  intensity  is  zero  at  any  point  in  a  conductor : 
'  hiT  electric  intensity  is  zero  inside  the  cavity  because  the 
luner  surface  being  the  Hurface  of  a  conductor  is  an  equi- 
{Mitontial  surface,  and  aa  we  have  just  seen  the  electric 
intensity  inside  such  a  surfiice  is  zero  unless  the  surface 
encloses  electric  charges.  Thus  since  the  electric  in- 
u-naity  vunishes  at  each  point  on  the  surface  surrounding 
1,  the  charge  at  «  must  vanish;  in  this  way  we  can  see 
that  there  is  no  electrification  at  any  point  on  the  inner 
(■jirity.  The  elootritication  is  all  on  the  outer  surface  of 
the  conductor. 

20.  The  result  proved  in  Art.  18  that  when  the  force 
Iwtwuoh  two  charged  bodies  varies  inversely  as  the  square 
t  th(t  distance  between  them  the  electric  intensity 
>.iiiiHhi;!4  throughout  the  interior  of  an  eleetiifiod  con- 
ductor leads  to  the  most  rigorous  proof  of  the  truth  of 
thi.-<  law  by  experiment. 
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Let  US  for  simplicity  confine  our  attention  to  the  cas^ 
when  the  electrified  conductor  is  a  sphere  positively^ 
electrified. 


Fio.  11. 

Consider  the  state  of  things  at  a  point  P  inside  a 
sphere  whose  centre  is  0,  Fig.  11 :  through  P  draw  a 
plane  at  right  angles  to  OP.  The  electrification  on  the 
portion  of  the  sphere  above  this  plane  produces  an  electric 
intensity  in  the  direction  PO,  while  the  electrification  on 
the  portion  of  the  sphere  below  the  plane  produces  an 
electric  intensity  in  the  direction  OP.  When  the  law  of 
force  is  the  inverse  square  these  two  intensities  balance 
each  other,  the  greater  distance  from  P  of  the  electri- 
fication below  the  plane  being  compensated  by  the  lai^r 
electrified  area. 

Now  suppose  that  the  law  of  force  varies  as  r^,  then 
if  p  is  greater  than  2  the  force  diminishes  more  quickly 
as  the  distance  increases  than  when  the  law  of  force  is  the 
inverse  square,  so  that  if  the  larger  area  below  the  plane 
was  just  sufficient  to  compensate  for  the  greater  distance 
when  the  law  of  force  was  the  inverse  square  it  will  not 
be  sufficient  to  do  so  when  p  is  greater  than  2,  thus  the 
electrification  on  the  portion  of  the  sphere  above  the 
plane  will  gain  the  upper  hand  and  the  resultant  electric 
intensity  will  be  in  the  direction  PO.    Again,  H  p  ib  less 
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than  2  the  force  will  not  diminish  so  rapidly  when  the 
>liBLaDO(!  iQcreaseH  as  when  the  law  is  the  inverKe  s(]uare, 
«J  that  if  the  gi-eater  area  below  the  plane  is  sufficient 
lit  compensate  for  the  increiwcfl  diHtaiico  when  the  law  of 
I'lrce  is  the  inverse  square  it  will  he  more  than  sufficient 
'"  do  80  when  p  is  less  than  2;  in  this  case  the  electri- 
lication  below  the  plane  will  gain  the  upper  hand,  and 

i  the  electric  intensity  at  P  will  be  in  the  direction  OP. 
Now  suppose  wc  have  two  concentric  metal  spheres 
ronnected  by  a  wire,  and  that  we  electrify  the  outer  sphere 
I'j'itively,  then  if  p  =  2  there  will  be  no  electric  intensity 
I'li'ie  the  outer  sphere,  and  therefore  no  movement  of 
'  I'-i^tricity  on  the  inner  sphere  which  will  remain  un- 
i^lectrified.  If  p  is  greater  than  2  we  have  seen  that  the 
ulectric  intensity  due  to  the  positive  charge  on  the  oxiter 
fplicre  will  be  towards  the  centre  of  the  sphere,  i.e.  the 
f«ce  on  a  negative  charge  will  be  from  the  inner  sphere 
tmrards  the  outer.  Negative  electricity  will  therefore 
flow  from  the  inner  sphere,  which  will  be  left  with  a 
poKlive  charge. 

Next  suppose  that  p  is  less  than  2,  the  electric  in- 
due to  the  charge  on  the  outer  sphere  will  be  from 
itre  of  the  .sphere,  the  direction  of  the  force  acting 
IKiBitive  charge  will   therefore   be  from  the  inner 
to  the  outer,  positive  electricity  will  therefore  flow 
tie  inner  sphere   to  the  outer,  so  that  the  inner 
will  be  left  with  a  negative  chaige. 
IS  according  as  p  is  greater  than,  equal  to  or  leas 
the  charge  on  the  inner  sphere  will  he  positive, 
negative.     By  testing  the  state  uf  electrification 
sphere  we  can  therefore  tent  the  law  of  force. 
i  waa  done  by  Caveudish  lu  an  experiment 
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made  by  him,  and  which  goes  by  his  nama  The  following 
is  a  description  of  a  slight  modification  due  to  Harwell  of 
Cavendish's  original  experiment. 

The  apparatus  for  the  experiment  is  represented  in 
Fig.  12. 

B 


Fio.  12. 

The  outer  sphere  A,  made  up  of  two  tightly  fitting 
hemispheres,  is  fixed  on  an  insulating  stand,  and  the 
inner  sphere  fixed  concentrically  with  the  outer  one  by 
means  of  an  ebonite  ring.  Connection  between  the  inner 
and  outer  spheres  is  made  by  a  wire  fastened  to  a  small 
metal  disc  B  which  acts  as  a  lid  to  a  small  hole  in  the 
outer  sphere.  When  the  wire  and  the  disc  are  lifted 
up  by  a  silk  string  the  electrical  condition  of  the  inner 
sphere  can  be  tested  by  pushing  an  insulated  wire  con- 
nected to  an  electroscope  (or  preferably  to  a  quadrant 
electrometer,  see  Art.  60)  through  the  hole  until  it  is  in 
contact  with  the  inner  sphere.     The  experiment  is  made 
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as  follows:  when  the  two  spheres  are  in  coanectioQ  a 
i-liiirge  of  ek'ctricity  is  corumuoicaled  to  the  outer  sphere, 
I  lie  connection  between  the  spheres  is  then  broken  by 
liltiug  the  disc  by  means  of  the  silk  thread;  the  outer 
sphere  is  then  discharged  and  kept  counected  to  earth; 
the  testiug  wire  is  then  introduced  through  the  hole  and 
|iut  into  contact  with  the  inner  sphere.  Not  the  slightest 
utlcct  on  the  electroscope  can  be  detected,  showing  that 
if  theri!  is  any  charge  on  the  inner  sphere  it  is  too  small 
to  aflfect  the  electroscope.    To  doterniiae  the  aensitiveness 

•  if  the  electroscope  or  electrometer,  a  email  braas  ball  sua- 
IHnded  by  a  silk  thread  is  placed  at  a  considerable  di«tance 
Irom  the  two  spheres.  After  the  outer  sphere  is  charged 
(suppose  positively)  the  brass  ball  is  touched  and  then  left 
insulated ;  in  this  way  the  ball  gets  by  induction  a  negative 
charge  amounting  to  a  calculable  fraction,  say  o,  of  the 

■liginal  charge  communicated  to  the  outer  sphere.  Now 
■  iien  the  outer  sphere  is  connected  to  earth  this  negative 

■  Imrge  on  the  ball  will  induce  a  positive  charge  on  the 
titer  sphere  which  ia  a  calculable  fraction,  say  0,  of  the 
barge  on  the  ball.     If  we  disconnect  the  outer  sphere 

iruiii  the  earth  and  discharge  the  ball  this  positive  charge 

•  <u  the  outer  sphere  will  be  free  to  go  to  the  electroscope 
if  this  ia  connected  to  the  sphere.  When  the  ball  is  not 
loo  far  away  from  the  sphere  this  charge  is  sufficient  to 
deilect  the  electroscope,  i.e.  a  fraction  a/S  of  the  original 
rhiirgc  on  the  Sphere  is  sufficient  to  deflect  the  electro- 
ope,  allowing  that  the  charge  on  the  inner  sphere  in 

t.i;  Caveiidi;ih  e.xporimenl  could  not  have  amounted  to 
Tfi  of  thi-*  charge  communicated  to  the  outer  sphera     If 

■  !t<t  force  between  two  charges  is  assumed  to  vary  as  r"'',  we 
lU  calculate  the  charge  on  the  inner  sphere  and  expreiM 
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it  in  tenns  of  p,  hence  knowing  from  the  Oavendish 
experiment  that  this  charge  is  less  than  afi  of  the  original 
charge  we  can  calculate  that  p  must  differ  from  2  by  less 
than  a  certain  quantity.  In  this  way  it  has  been  shown 
that  p  differs  from  2  by  less  than  1/20,000. 

21.  Definition  of  rarfkce  density.  When  the 
electrification  is  on  the  surface  of  a  body,  the  charge  per 
unit  area  is,  when  the  electrification  is  uniform  over  the 
surface,  called  the  surface  density  of  the  electricity ;  when 
the  electrification  is  variable  the  surface  density  at  any 
point  is  the  limiting  value  of  the  ratio  of  the  charge  on 
a  small  area  to  of  the  surface  surrounding  the  point  to  «, 
when  ck>  is  made  indefinitely  small. 

22.  Coulomb's  Law.  The  electric  intensity  12  at 
a  point  P  close  to  the  surface  of  a  conductor  surrounded 
by  air  is  at  right  angles  to  the  surface  and  is  equal  to  No- 
where a  is  the  surface  density  of  the  electrification. 

The  first  part  of  this  law  follows  from  Art  16,  since 
the  surface  of  a  conductor  is  an  equipotential  surfieu^e. 


FiQ.  13. 


To  prove  the  second  part  take  a  small  area  at  P  (Fig.  13) 
and  through  the  boundary  of  this  area  draw  the  cylinder 


'2S]  GENERAL  PRINCIPLES  OF   ELECTROSTATICS. 

whose  gouerating  lines  are  parallel  to  the  normal  at  P. 
Let  this  cylinder  be  truncated  at  T  and  jS  by  plaues 
parallel  t*)  the  tangent  plane  at  P. 

The  total  normal  electric  induction  over  this  cylinder 
is  Rta,  where  R  is  the  normal  electric  intensity  and  a  the 
area  of  the  crosa  section.  For  Rw  is  the  part  of  the  total 
intensity  due  to  the  end  T  of  the  cylinder,  and  this  is  the 
only  part  of  the  surface  of  the  cylinder  which  contributes 
anything  to  the  total  nonnal  induction.  For  the  intensity 
along  thftt  part  of  the  curved  surface  of  the  cylinder 
which  is  in  air  is  tangential  to  the  surface  and  therefore 
has  no  component  along  the  normal,  white  since  the 
electric  iutensity  vanishes  inside  the  conductor  the  part  of 
:he  surface  which  is  inside  the  conductor  will  not  con- 
irihute  anything  to  the  total  induction.  If  tr  is  the 
surface  density  of  the  electrification  at  P  the  charge 
ituide  the  cylinder  is  wa ;  hence  by  Gau8.s's  theorem 

Ria  =  4Tr(0(r 
or  R  =  AnTa: 

^B  The  result  expressed  by  this  equation  is  knon'n  as 
^fcoulomb's  Law.  It  requires  modification  when  the  cdd- 
Hlhctor  is  not  surrounded  by  air,  but  by  some  other  in- 
Kolator.     See  Art.  71. 

23.     Energy  in  the  electric  fleld.     Let  us  take  the 

•ivm^  of  a  number  of  conductors  placed  in  an  electric  field; 

■  t  Jf,  be  the  charge  on  the  first  conductor,  Vi  its  poten- 

■  iai,  Ef  the  charge  on  the  second  conductor,  V^  its  poten- 
Bod  <w  on,  we  shall  show  that  the  potential  energy  of 
tjntetn  of  conductors  is  equal  to 

}i(,E,V,  +  E,V, +  ...). 
To  prove  this  we   uotice   that  the   potentials  of  the 
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conductors  will  dcpoiul  upon  the  charges  of  electricity  on 
the  conductors,  in  such  a  way  that  if  the  charge  on  every 
part  of  the  system  is  increased  vi  times,  the  potential  at 
every  point  in  the  system  will  also  be  increased  vi  times. 

To  find  the  energy  in  the  system  of  conductors  we 
shall  suppose  that  they  are  originally  uncharged,  and  at 
potential  zero,  and  that  a  charge  E^ln  is  brought  from 
an  infinite  distance  to  the  firet  conductor,  a  charge  E^/n 
is  brought  from  an  infinite  distance  to  the  second  con- 
ductor, a  charge  EJn  to  the  third  conductor,  and  so  on. 
After  this  has  been  done,  the  potential  of  the  first  con- 
ductor will  be  Fi//?,  that  of  the  second  V^n,  and  so  on. 
Let  us  call  this  the  fii*st  stage  of  the  operation.  Then 
bring  from  an  infinite  distance  charges  J?,/»  to  the 
first  conductor,  /^y/i  to  the  second,  and  so  on.  When 
this  lijvs  been  done  the  potentials  of  the  conductors  will 

be  2F,//?,  2F2/W, Call  this  the  second  stage  of  the 

opeiation.  Keep  repeating  this  process  until  the  first  con- 
ductor has  the  charge  A\  and  the  potential  K,,  the  second 
conductor  the  charge  E^  and  the  potential  Fa ... . 

Then  in  the  fii"st  stage  the  potential  of  the  first  con- 
ductor is  zero  at  the  beginning,  and  F,/w  at  the  end;  the 
work  done  in  bringing  up  to  it  the  charge  EJn  is  therefore 

E     V 

gi'oater  than  0  but  less  than  -*  .   -;  similarly  the  work 

spt>nt  in  bringing  up  the  charge  E^ln  to  the  second  eon- 

E     V 

ductor  is  crreater  than  zero  but  less  than  —  .  — . 
°  n     n 

Therefore  Qi  the  work  spent  in  the  first  stage  of  the 

operations  is 

>  0  <  4;  {E,V,  +  E,V^  +  E,V^  +  ...].  J 
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In  the  secoud  atage  of  the  o]>eratioD8  the  potential  of 
the  first  conductor  ia  Vfjn  at  the  beginning,  2F',/n  at  the 
lind,  so  that  the  work  spent  in  bringing  np  the  charge  E,ln 


to  ihv  first  oonductor  is  greater  than 
2V, 


—  .  — ,  less  than 
;   similarly   the  work    spent  in  bringing  up  the 
iMge  B^'ti  to  the  second  conductor  is  greater  than  —  .  —  , 
thnn  — ' .       ' .      Thus   Q^  the   work  spent  in   this 

'-{E,V,  +  E^V^  +  E,V,+  ...)    , 

Similarly  Qt  i-bfi  work  spent  in  the  third  stage  is 

^-(E,r,  +  E,V,+  E,V,+  ...) 

<^(E,V,  +  E,V,+  E,V,+ ...) 

nd  Qh  the  work  s[ient  in  the  last  stage  is 

^(E,V,-hE,V,  +  E,V.+  ...) 

<^,{E,V,  +  EJ';  +  E,V, +  ...). 

TboB  Q  the  total  amount  of  work  spent  in  charging 
lie  conduotora  is  equal  toQ,  +  Q.,+  ..,Q„, and  is  therefore 

fe'  +  '  +  -''  +  -'"-"(£,r,  +  £.F.+  £.r.  +  ,..) 

+  2  +  3  +  ... ft 


ft."  r- 


^ 


40  GENERAL  PRINCIPLES  OP  ELECTROSTATICS.     [CH,  I 

jgj^     (w-l)n   „p.        ^^n.(n+l)^,^^  , 
^  ^~2n' — V^in+---)< — 2^i — (^,F,  +  ...) 

or 

If  however  we  make  n  exceeding  great  the  two  limits 
coincide,  and  we  see  that  Q  the  total  work  spent  in 
charging  the  conductors  is  given  by  the  equation 

'f'  The  worirdone  in  charging  the  conductors  is  stored  up 
in  the  system  as  electrical  energy,  and  the  potential 
energy  of  the  system  is  equal  to  the  work  done  in  pro- 
ducing the  electric  state  of  the  system ;  the  energy  however 
only  depends  on  the  state  of  the  system  and  is  independent 
of  the  way  it  is  arrived  at.  Hence  we  see  from  the  above 
result  that  the  energy  of  a  system  of  conductors  is  one 
half  the  sum  of  the  products  obtained  by  multiplying  the 
charge  of  each  conductor  by  its  potential. 

24.  Relation  between  the  potentials  and  oharges 
on  the  conductors.  Superposition  of  Electrical 
Effects.  Let  V  be  the  potential  at  any  point  P  when 
the  first  conductor  has  a  charge  E^  and  all  the  other 
conductors  are  without  charge:  V"  the  potential  at 
P  when  the  second  conductor  has  the  charge  E^  and 
all  the  other  conductors  are  without  charge ;  then  when 
the  first  conductor  has  the  charge  -ffj,  the  second  the 
charge  E^,  and  all  the  other  conductors  are  without 
charge,  the  potential  at  P  will  be  F'  +  F". 

For  the  conditions  to  be  satisfied  are  that  the  charges 
on  the  conductors  should  have  the  given  values  and 
that  the  conductors  should  be  equipotential  surfaces. 
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Now  consider  the  distribution  of  olectrificatioa  corre- 
ix-nding  to  tho  solution  when   the   lirst   conductor  has 
he   charge   i',   and    the   rcet   arc  without  charge ;   this 
iiiafios   the   conditions  that  the  conductors  are  equipo- 
uutial   surfaces   and   that   the   charge  on  the  fimt  con- 
ductor ifi  J?,,  the   chai'ge  on  the  other  conductors  zero. 
The  distribution  of  electrification  corresponding  to  the 
-    Siicond  Holutioii  satisfies  the  conditions  that  the  conductors 
^pte   equipotential   surfaces,  that   the  charge  on  the  fimt 
Htooductor   is   zero,  the  charge  on  the   second   conductor 
^^R,  the  charge   on   the   other   conductors   zero.     If  the 
^^HBCtrificBtion   on   the  conductors  consists  of  that  corre- 
HB^nding  to  the  two  solutions  superposed,  it  will  satisfy 
the  conditions  that  the  conductors  are  equipotential  sur- 
facos,  that   tho   chaises   on  the  conductors  arc  the  sum 
of  the  charges  corresponding  to  the  two  solutions.  I.e.  that 
l_tho  charge  on  the  first  conductor  is  ^i,  that  on  the  second 
mductor  Ej,  and  that  on  the  other  conductors  zero.     In 
r  words,  it  will  be  the  solution  of  the  case  when  the 
t  conductor  has  the  charge  £,,  the  second  the  charge 
while  the  rest  of  the  conductors  are  uncharged.     But 
■ben  two  systems  of  electrification  are  superposed,  the 
tential  at  P  in  the  sum  of  the  potentials  due  to  the 
1  sjnitems  separately,  i.e.  the   potential   at  P  will    be 

r+F". 


I  AS.  We  see  that  the  preceding  reasoning  cnn  be 
|>Ued  to  prove  the  general  theorem  that  if  V  be  the 
bentinl  at  P  when  the  first  conductor  has  the  charge  jF,, 
I  other  conductors  being  uncharged,  V"  the  potential 
'  when  the  second  conductor  has  the  charge  E,,  the 
conductors   being   uncharged,    V"   the    potential 
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at  P  when  the  charge  on  the  third  conductor  is  E^,  the 
other  conductors  being  uncharged,  and  so  on ;  then  when 
the  first  conductor  has  the  charge  E^,  the  second  the 
charge  E^y  the  third  the  charge  J?,,  and  so  on,  the  poten- 
tial at  P  will  be 

26.  When  the  first  conductor  has  the  charge  E^y  the 
other  conductors  being  uncharged  and  insulated,  the 
potentials  of  the  conductors  will  be  proportional  to  J?,, 
that  is,  the  potentials  of  the  first,  second,  third,  &c.  con- 
ductors will  be  respectively 

where  jp,i,  pia,  pw  are  quantities  which  do  not  depend 
upon  the  charges  of  the  conductors  or  their  potentials, 
but  only  upon  their  shapes  and  sizes  and  the  position  of 
the  conductors  with  reference  to  each  other.  The  quan- 
tities pu,pi2fPiZi  &c.  are  called  coefficients  of  potential,  their 
properties  are  further  considered  in  Arts.  27 — 31.  When 
the  second  conductor  has  the  charge  E^,  the  other  con- 
ductors being  uncharged  and  insulated,  the  potentials  of 
the  conductors  will  be  proportional  to  E^,  and  the  potentials 
of  the  first,  second,  third,  &c.  conductors  will  be 

JPai^a,   l>a^2,   i>»^a, 

When  the  third  conductor  has  the  charge  E^,  the  other 
conductors  being  uncharged  and  insulated,  the  potentials 
of  the  first,  second,  third  conductors  will  be 

i>J1^8»     i>8a^8,     P»E^' 

Hence  by  Art.  25  we  see  that  when  the  first  con- 
ductor has  the  charge  E^,  the  second  the  charge  j^,,  the 
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tbird  the  charge  E,,  and  so  oti,  F,  the  potential  of  t 
t  conductor  will  be  given  by  the  equation 

V,=pi,E,  +p,,E,  +p,,E,+  .. 


I  the  potential  of  the  second  conductor  by 
Vf=p„E,+p^E,+pjtE,+  ... 
IK,  is  the  potential  of  the  third  conductor 
V,  =  p„E,+p„E,  +  p^E,+  .. 


the  equatiou 


I  If  we  solve  these  equations  we  get 

■ere   the  q's  are  functions  of  the  p's  and  only  depend 

K>u  the  configuratioa  of  the  system  of  conductors.    The 

are    called    coeficients    of   capacity   when    the   two 

infiixes  arc  the  same,  coefficients  of  induction  when  they 

B  different. 

\  27.     We   shall  now  show  that  the  coefficients  which 
nr  in  these  cijnations  arc  not  all  independent,  but  that 

p^=p,i- 

I  To  prove  this  let  us  suppose  that  only  the  fii-st  and 
»nd  conductors  have  any  charges,  the  others  being  with- 
out charge  and  insulated.  Then  we  may  imngiue  the 
system  chargeii,  by  first  bringing  np  the  charge  Ei  from 
HI  inltnite  distance  to  the  first  conductor  and  leaving  all 
:  !i<-  other  conductors  uncharged,  and  then  when  this  has 
liren  done  bringing  up  the  charge  Ej  from  an  indaite 
datance  to  the  second  conductor.  The  work  done  in 
iging  the  charge  &'|  up  to  the  lirst  conductor  will  be 
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the  energy  of  the  system  when  the  first  conductor  has  the 
charge  i?,  and  the  other  conductors  are  without  charge, 
the  potential  of  the  first  conductor  is  in  this  case  puEi,  so 
that  by  Art.  23  the  work  done  is  ^Ei.puEi  or  ^piiEi\ 
To  find  the  work  done  in  bringing  up  the  charge  E^  to 
the  second  conductor  let  us  suppose  that  this  charge  ia 
brought  up  in  equal  instalments  each  equal  to  EJn, 
Then  the  potential  of  the  second  conductor  before  the 
first  instalment  is  brought  up  is  by  Art  26  equal  to  puEi, 

E 

after  the  first  instalment  has  arrived  it  is  jt>,2^i  +  jOa— ^ . 

TO 

Hence  the  work  done  in  bringing  up  the  first  instalment 
will  be  between 

jt>„^i-^and  (p,^E,'¥pn-f)^. 
n  \  n  J  n 

Similarly  the  work  done  in  bringing  up  the  second  in- 
stalment EJn  will  be  between 

[pJS,+p^  -j  -*  and  {p,,E,  +  p^  ?^j  ^ , 

and  the  work  done  in  bringing  up  the  last  instalment  of 
the  charge  will  be  between 

thus  the  total  amount  of  work  done  in  bringing  up  the 
charge  E^  will  be  between 

^pr   .  l  +  2-h3-hn-l^ 
nd  pi^EiEi  + ^ P9^2, 
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that  is,  between 
Mgt^A  +  l  (l  -  J)  PnK  aud  P„KK+  J  ('  +  ^P»^''' 

^Hl  if  n  U  vt^ry  great  ihcge  two  expressions  become  equiiL 
Wfr  p,JS,B,  +  kp^*,  which  ifi  the  work  done  in  bringing 
ptlie  charge  A',  to  the  second  conductor  when  the  tirst 
IfaDDduclor  has  already  received  the  charge  £, ;  hence  the 
^fcrk  done  in  bringing  up  first  the  charge  £*,  and  then 

^B  It  follows  in  the  same  way  that  the  work  done  when 
^Be  charge  E.,  is  first  brought  to  the  second  conductor 
^BhI  then  the  charge  E,  to  the  first  is 

W  hPn^t   +  Pn^i^x  +  iPii^V- 

Hut  since  the  tinni  result  ia  the  same  in  the  two  eases,  the 
HJKirlc  ret^uired  to  charge  them  must  be  the  same ;  hence 

CiPi.^!*  +Pi  A^.  +  \P»E^  =  hPn^t  +  P..^.^.  +  hPi,^'- 
Kfc  pi>=P»- 

H  It  follows  from  the  way  in  which  the  tj's  can  be  ex- 
Hnwed  itt  terms  of  the  p\  that  (ja  =  q^- 

^B  2&  Now  Pa  is  the  potential  of  the  second  conductor 
^Ben  unit  charge  is  given  to  the  first,  the  other  con- 
Hmetors  being  insulated  and  without  charge,  and  p.^  is  the 
Hkrtcntial  iif  the  first  conductor  when  unit  charge  is  given 
Hb  the  second.  But  we  have  just  seen  thatpia  =  pia,  hence 
^Be  potential  of  the  second  conductor  when  insulated 
■■Dd  without  charge  due  to  unit  charge  on  the  first  is 
BQoal  to  the  potential  of  the  tiret  when  insulated  and 
nrithont  charge  due  to  unit  charge  on  the  second. 
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29.  Let  us  consider  some  examples  of  thia  theoi'ei 
Let  UB  suppose  that  the  first  conductor  is  a  sphere  v 
its  centre  at  0,  and  that  the  Becund  conductor  is  i 
small  and  placed  at  P,  then  if  P  is  outside  the  sphei 
know  by  Art.  17  that  if  unit  charge  ia  given  to  the  sphei 
the  potential  at  P  is  increased  by  1/OP.  It  follows  f 
the  preceding  article  that  if  unit  chju'ge  be  placed  i 
the  potential  of  the  sphere  when  insulated  is  ini 
by  II  OP. 

If  P  ia  inside  the  sphere  then  when  unit  charge  i 
given  to  the  sphere  the  potential  at  P  ia  increased  by  I/J 
where  a  ia  the  radius  of  the  sphere.  Hence  if  the  s 
ia  insulated  and  a  unit  charge  placed  at  P  the  potential 
of  the  sphere  is  increased  by  l/ra.  Thus  the  increase  in 
the  potential  of  the  sphere  ia  independent  of  the  position.— 
of  P  aa  long  as  it  is  inside  the  sphere. 

Since  the  potential  inside  any  closed  conductor  whicl 
does  not  include  any  charged  bodies  is  constant,  by  J 
18,  we  see  by  taking  as  our  first  conductor  a  clos 
surface,  and  as  our  second  conductor  a  small  body  plac 
at  a  point  P  anywhere  inside  this  surface,  that  since  t 
potential  at  P  due  to  unit  charge  on  the  conductor  | 
independent  of  the  position  of  P,  the  potential  of  t 
conductor  wheu  insulated  due  to  a  charge  at  P  is  inde- 
pendent of  the  position  of  P.  Thus  however  a  charged 
body  is  moved  about  inside  a  closed  insulated  cunductop 
the  potential  of  the  conductor  will  remain  constant.  An 
example  of  thia  is  afforded  by  the  experiment  described  in 
Art.  6;  the  deflection  of  the  electroscope  is  independent 
of  the  position  of  the  charged  bodies  inaide  the  insulate 
closed  conductor. 


301 


80  that 


UCMIIBAL    PRINCIPLES   OK    ELECTllOSTATI 


47 


Agftin,  take  the  cose  when  the  first  conductor  is 
the  others  insuhited  trnd  unchtu'ged ;  then 
Vi  =  paEu 


Now  suppose  that  the  6r8t  conductor  is  conncctetl  to 
earth  while  a  charge  E^  U  given  to  tlie  second  conductor, 
all  the  other  conductors  being  uncharged;  then  since 
F^,  =  0  we  have 

^.  P.  I  P". 

by  the  preceding  equation. 

Hence  if  a  charge  be  given  to  the  fii-st  conductor,  all 
'he  others  being  insulated,  the  ratio  of  the  potential  of 
hi'  second  conductor  to  that  of  the  first  will  be  equaJ  in 
inagnitudc  but  opposite  in  sign  to  the  charge  induced  on 
lie  first  conductor,  when  connected  to  earth,  by  unit 
hargc  on  the  second  conductor. 

As  an  example  of  this,  suppose  that  the  first  conductor 
I '  A  Sphere  with  centre  at  0,  and  that  the  second  conductor  is 
L  small  body  at  a  point  P  outside  the  sphere ;  then  if  unit 
charge  be  given  to  the  sphere,  the  potential  of  the  body 
■t  P  is  a'lOP  times  the  potential  of  the  sphere,  where  a  is 
iho  nulius  of  the  sphere;  hence  by  the  theorem  of  this 
rticle  when  unit  charge  is  placed  at  P,  and  the  sphere 
nmcctcd  to  the  earth,  there  will  be  a  negative  charge  on 
ihe  Hphcrc  equal  to  ajOP. 

Another  example   of   this   result   is   when    the   first 
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conductor  completely  surrounds  the  second ;  then  since  the 
potential  inside  the  first  conductor  is  constant  when  all 
the  conductoi-s  inside  are  free  from  charge,  the  potential 
of  the  second  conductor  when  a  charge  is  given  to  the  firet 
conductor  will  be  the  same  as  that  of  the  first.  Heuce 
from  the  above  result  it  follows  that  when  the  first  con- 
ductor is  connected  to  earth,  and  a  chai'ge  given  to  the 
second,  the  charge  induced  on  the  first  conductor  will  be 
equal  and  opposite  to  that  given  to  the  second. 

Another  consequence  of  this  result  is  that  if  /S»  be  an 
oquipotential  surface  when  the  first  conductor  is  charged, 
all  the  others  being  insulated,  then  if  the  first  conductor 
be  connected  to  earth  the  charge  induced  on  it  by  unit 
charge  on  a  small  body  P  remains  the  same  however  P 
may  be  moved  about,  provided  that  P  always  keeps  on 
the  surface  8. 

31.  As  an  example  in  the  calculation  of  coefficients 
of  capacity  and  induction,  we  shall  tiike  the  case  when 
the  conductors  are  two  concentric  spheiical  shells.  Let  a 
be  the  radius  of  the  inner  shell,  which  we  shall  call  the 
first  conductor,  6  the  radius  of  the  outer  shell,  which  we 
shall  call  the  second  conductor.  Let  j?i,  J?,  be  the 
charges  of  electricity  on  the  inner  and  outer  shells  re- 
spectively, Fi,  Fa  the  corresponding  potentiab  of  these 
shells. 

Then  if  there  were  no  charge  on  the  outer  shell  the 
charge  E^  on  the  inner  would  produce  a  potential  E^a 
on  its  own  surface,  and  a  potential  J?i/6  on  the  surface 
of  the  outer  shell ;  hence,  Art  26, 

_1  1 
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The  chfti^  El  on  the  outer  shell  would,  if  there  were 
I  clmrge  od  the  inner  shell,  make  the  potential  inside 
outer  shell  constant  and  etfu.i!  to  the  potential  at 
)  surfiLCO  of  the  outer  shell.  This  potential  is  equal 
;.i>  Eilh,  so  that  the  potential  of  the  first  conductor  due 
.  ■  the  chaise  E^  on  the  second  ia  E,lh,  which  ia  also 
i  '|ijal  to  the  potential  uf  the  second  conductor  due  to 
the  charge  E^;  hence.  Art.  2G, 


1 


1 


.  We  have  therefore 

I  i',=p„£,+p.i;..|  +  |', 

.Stilvtng  these  equations,  we  get 

b  —  a  b-a 


b~a 


^b~a 


~b-a'  '' 


_6« 

b  —  a' 


We  notice  that  qa  in  negative ;  this,  na  we  shall  prove 
k-r.  is  always  true  whatever  the  shape  and  position  of 
•:  two  conductors. 

Another  case  we  shall  consider  ia  tliat  of  two 
i  the  distance  between  whose  centres  is  very  large 
ppared  with  the  radius  of  either.  I^t  a  be  the  radius 
■the  fint  sphere,  b  that  of  the  second.  R  the  dij^tance 
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between  their  centres,  Ei,  E^  the  charges,  Fj,  F,  the 
potentials  of  the  two  spheres.  Then  if  there  were  no 
charge  on  the  second  sphere,  the  potential  at  the  siufsu^e 
of  the  first  sphere  would  if  the  distance  between  the 
spheres  were  very  great  be  approximately  E^ja,  while  the 
potential  of  the  second  sphere  would  be  approximately 
E^jR)  hence 

1         _1 

approximately. 

Similarly  if  there  were  no  charge  on  the  first  sphere, 
and  a  charge  E^  on  the  second,  the  potential  at  the  first 
sphere  would  be  E^jR,  that  at  the  second  E^by  approxi- 
mately :  hence  we  have  approximately 

7^21  —    Tf  »      Pit  —    I     • 

So  that  approximately 

^'^'a^R' 

^'^R^  h  ' 
Solving  these  equations  we  get 

r,        aR?     ,y.        obR    ,^ 


R'-ab 


R}-aJb 


abR  bR^     y 

^"'^     R^-ah^'^R^^ab^'' 


hence 


-    a/?  _      _        abR 


_    bR^ 

R^^cJ}'    ^""'R^^ab' 


S3] 
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We  see  that  aa  before  (fa  is  negative.  We  also  notice 
that  q„  and  q,..  get  lai'ger  the  nearer  the  Bphei-e.s  get  to- 
gether. 

33.  Electric  Screeni.  As  an  example  of  the  use 
1  coefficients  of  cjipacity  we  shall  consider  the  case  of 
I  hree  condiictoi-s,  A,  B.  C,  and  ahall  snppoae  that  the  first 
iif  these   conUiictiira  A   is  as  in  the  Fig.  \^  inside  the 


II  Fia.  14. 

OPtl  conductor  C,  which  is  supposed  to  be  a  cloaod  siirfiwe. 
hile  the  second  conductor  B  is  outside  C.  Then  if 
a',,  V,;  E,,  F", ;  E,,  K,  denote  the  chaiges  and  potentials 
of  the  conductors  A,  B,  C  respectively,  qi,,  qa,---^if-  the 
cooffi<ncntH  (if  capacity  and  induction,  we  have 

L  E,=^quV,  +  q,^V,  +  q,,V, (1). 

H  E^=quV,  +  q^V,+  q„V^ (2). 

r  E,=  q^V,  +  q.^V,  +  q„V, (3). 

Now  let  U9  suppose  that  the  conductor  C  is  connected 
Ut  earth  BO  that  V,  in  zero;  then  since  the  potential 
inside  a  closed  conductor  is  constant  if  it  contains  no 
ehxrge  we  see  that  if  E,  is  zero,  V,  rauBt  vanish  whatever 
4—% 
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may  be  the  value  of  Fg.  Hence  it  follows  from  equation 
(1)  that  9,2  must  vanish ;  putting  qi2  and  F,  both  zei*o  we 
see  from  (1)  that 

and  from  (2)  E^^q^V^,      (£i)  (^^^ 

Thus  in  this  case  the  charge  on  il  if  the  potential^js 
given,  or  the  potential  if  the  charge  is  given,  are  entirely 
independent  of  E^  and  Fa,  that  is  a  charge  on  B  produces 
no  electrical  effect  on  Ay  while  a  charge  on  A  produces 
no  electrical  effect  at  B,  Thus  the  interaction  between  A 
and  B  is  entirely  cut  off  by  the  interposition  or  the  closed 
conductor  at  potential  zero. 

C  is  called  an  electric  screen  since  it  screens  off  frt>m 
A  all  the  effects  that  might  be  produced  by  B.  This 
property  of  a  closed  metallic  surface  at  zero  potential  has 
very  important  applications,  as  it  enables  us  by  sur- 
rounding our  instruments  by  a  metal  covering  connected 
to  earth  to  get  entirely  rid  of  any  electrical  effects  arising 
from  charged  bodies  not  under  our  control.  Thus,  in  the 
experiment  described  in  Art.  4,  the  gold  leaves  of  the 
electroscope  were  protected  from  the  action  of  external 
electrified  bodies  by  enclosing  them  in  a  surface  made  of 
wire-gauze  and  connected  to  the  earth. 

34.  Ezpression  for  the  change  in  the  energy  of 
the  system. — The  energy  of  the  system  Q  is,  by  Art.  23, 
equal  to  JSjEF,  hence  we  have  by  Art.  27 

if  the  charges  are  increased  to  E^,  Ei  &c.  the  energy  Q' 
corresponding  to  these  charges  is  given  by  the  equation 
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work   done  iu  increasing  the   charges   is   equal  to 
-  Q.     By  the  preceding  equations 

+  {£,'  -  E,)  i [p„ {E,  +  E,')  +  p^  {E,  +  E^)  +  ...\ 


=(£,'  -  A'o  i{F/+  V,) + (e:  -  E..)  kf; + n) + ... 

I  V,'.  Vj...  are  the  potentials  of  the  first,  yecond,.., 

conductors  when  the  charges  are  £',',  E-j 

Thus   the   work  required   to  increase  the  charges  is 

I  aqusl  to  the  sum  of  the  products  of  the  iucrea;«e  in  the 

1  each  conductor  into  the  mean  of  the  potentials 

'  the   conductor  before  and  after   the   charges   are   in- 


If  we  express  Q  and  Q  \>y  Art.  26  in  terms  of  the 
lentiala  instead  of  the  charge,  wo  have 

Q'=ii/..v/'+iv„v,'+?„7,'F;'+.... 

I  wc  Hce  that 

)  that  the  work  required  is  eijual  to  the  sum  of  the  pro- 
ducts of  the  increase  of  potential  of  each  conductor  into  the 
mean  uf  the  initial  and  flnal  charges  of  that  conductor. 

35,  Force  tending  to  produce  any  displacement 
of  the  ByBtem. — When  the  couductors  arc  not  connected 
with  any  estetnal  source  of  energy,  e.g.  when  (hey  are 
'ii^ululod;  then  by  the  principle  of  the  Conservation  uf 
[,riergy  the  work  done  by  the  system  when  any  displace- 
■iii'nl  rici'urK  will  be  equal  to  the  energy  lost  by  the  system 
iti    con.-*t,Hiuence    of  the    displacement;    and   in  this  case 
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the  system  will  tend  to  move  so  as  to  make  the  electric 
energy  diminish. 

When  however  the  potentials  of  the  conductors  are 
kept  constant,  one  way  of  doing  which  is  to  connect  them 
with  galvanic  batteries,  we  shall  show  that  the  system 
moves  so  that  the  electric  energy  increases.  There  is 
thus  not  merely  work  done  by  the  system  when  it  is 
displaced,  but  along  with  this  expenditure  of  work  there 
is  an  increase  in  the  electric  energy,  the  batteries  to  which 
the  conductors  are  attached  are  drained  of  a  quantity  of 
energy  equal  to  the  sum  of  the  mechanical  work  done  and 
the  increase  in  the  electric  energy. 

36.  We  shall  now  prove  that  when  a  small  displace- 
ment of  the  system  takes  place  the  diminution  in  the 
electrical  energy,  when  the  charges  are  kept  constant,  is 
ec}ual  to  the  increase  in  the  potential  energy  when  the 
same  displacement  takes  place  and  the  potentials  are 
kept  constant. 

Let  El,  Fi,  J?2,  Fa,  ...  be  the  charges  and  potentials 
of  the  conductors  befoi*e  the  displacement  takes  place, 

El,  Viy  E2,  F/,  ...  the  charges  and  potentials  of  the 
conductors  after  the  displacement  has  taken  place  when 
the  charges  are  constant. 

El,  Fi,  -ffa',  Fa,  ...  the  charges  and  potentials  of  the 
conductors  after  the  displacement  when  the  potentials  are 
constant. 

Then  since  the  electric  energy  is  one  half  the  sum  of 
the  product  of  the  charges  and  the  potentials,  the  loss  in 
electric  energy  by  the  displacement  when  the  changes  are 
constant  is 

i{£, (F. -  F,')  +  E,{V,- F,')  +  ...). 


■■86] 
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The  gain  in  electric  enei;gy  when  the  potentials  are 
constant  is 

t^\V,iE--E.)  +  r,(E.;-E^ +  ...]. 
The  difference  between  the  loss  when  the  chiirgen  aii) 
[kHtaiit  and  the  gain  whon  the  puti'otiuls  are  cuustant  \s 
lis  ecjual  to 
^{iE,-E,')(V,-V,')  +  ...\  +  )sHE,V,-E,'V;) +  ...]. 
Now  in  the  displaced  position  ol"  the  system  E,,  V,', 
,  V^ ...    art!   OQC   act   of  corresponding   values  of  the 
cnnrgett  and  the  potentials,  while  J?,',  V,,  EJ,  F,...  arc 
:inother  set  of  corresponding  values.     Hence  if  p^^',  p„',  ■ , . 
ilinote  the  values  of  the  coefEcients  of  induction  in  the 
■It^placed  poeitioii  of  the  system 
^m  V,=Pn'E,'  +p^'EJ  +  ... 

H  V,= p„'E,'  +  pJE\'  +  . . . 


anJ 


V,'='Pn£!i+P^.'^.  +■■■ 


Thus 


,  =])„'E,E,' 

+ p.^Ejc.;  +  ...p^'(E,  e;  +  E^E.^ + . , 


'{v:+e:v.:+...=p,:e,e; 

+  pa'E^E.,'  +  . . .  +  j»u'  iE,E.,'  +  Ei'E,)  +  ... , 
E,  V,  +  L\V,  + ...  -  {Eiv;  +  ...)  =  0. 
[  ITius  the  difference  between  the  loss  iu  electric  energy 
lea  tbti  charges  are  kept  constant  and  the  gain  when 
p  potentials  are  kept  coustaiit  is  equal  to 
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Now  when  the  displacement  is  very  small  E^E\ 
V  —V  will  each  be  proportional  to  the  first  power  of  the 
displacement,  hence  the  preceding  expression  is  pro- 
portional to  the  square  of  the  displacement,  and  may  be 
neglected  when  the  displacement  is  very  small.  Hence 
we  see  that  the  loss  in  electric  energy  for  any  small 
displacements  when  the  charges  are  kept  constant  is  equal 
to  the  gain  in  potential  energy  for  the  same  displacement 
when  the  potentials  are  kept  constant.  When  the  poten- 
tials are  kept  constant,  the  batteries  connected  to  the 
conductors  which  maintain  the  potentials  at  their  constant 
value  will  be  called  upon  to  furnish  twice  the  amount  of 
mechanical  work  gained.  For  they  will  have  to  furnish 
energy  equal  to  the  sum  of  the  mechanical  work  gained 
and  the  increase  in  the  electric  energy  of  the  system, 
the  latter  is  as  we  have  just  seen  equal  to  the  decrease 
in  the  electric  energy  of  the  system  while  the  charges  are 
kept  constant,  and  this  is  equal  by  the  principle  of  the 
conservation  of  energy  to  the  mechanical  work  gained. 

37.  Mechanical  Force  on  each  nnlt  of  area  of  a 
charged  conductor. — The  electric  intensity  is  at  right 
angles  to  the  surface  of  the  conductor,  so  that  the  force 
on  any  small  portion  of  the  surface  surrounding  a  point  P 
will  be  along  the  normal  to  the  surface  at  P. 

To  find  the  magnitude  of  this  force  let  us  consider  a 
small  electrified  area  round  P,  then  the  electric  intensity 
in  the  neighbourhood  of  P  may  conveniently  be  regarded 
as  arising  from  two  causes,  (1)  the  electrification  on  the 
small  area  round  P,  and  (2)  the  electrification  on  the  rest 
of  this  surface  and  on  any  other  surfaces  there  may  be  in 
the  electric  field.     To  find  the  force  on  the  small  area  we 
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mnst  find  the  value  of  the  secontl  part  of  the  electric 
intensity,  for  the  electric  intensity  due  to  the  electri- 
licatiou  on  the  small  area  wil!  evidently  not  have  any 
tendency  to  move  this  area  one  way  or  another. 

Let  R  be  the  total  normal  electric  intensity  just 
iitiisido  the  surface  at  P,  R,  that  part  of  it  due  to  the 
1.  lee Lrifi cation  on  the  small  area  round  P,  R,  the  part  due 
_lo  the  electrification   of  the  rest  of  the  system.     Then 

Cumpare  now  the  electric  intensities  at  two  points  Q, 
f{Fig.  15)  close  together  and  near  to  P,  but  bo  placed 


Fw.   15. 

Ihal  Q  is  just  outside  and  S  just  inside  the  surface  of 
which  the  small  area  forms  a  part.  Then  the  electrie 
intensity  ut  N  iu  the  direction  of  the  normal  at  P,  which 
I  -  dne  to  the  electrification  on  the  conductors  other  than 
ii'.'  tttnall  area,  will  be  equal  to  Ri  its  value  at  Q  since 
iatSB  points  are  close  together.  The  electric  intensity 
I  tv  tlie  small  area  will  have  at  8  the  same  magnitude 
ft^  its  ralne  at  Q,  but  will  be  in  the  opposite  direction, 
t»  Q  is  on  one  .side  of  the  small  area,  while  S  is  on  the 
Thus  the  electric  intensity  at  .S"  due  to  this  area 
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ill  tho  (lii-cction  of  the  outward  drawn  normal  will  be  — -Bi, 
that  duo  to  the  rest  of  the  electrification  i/.^.  The  total 
intensity  at  S  will  therefore  be  —  jffj  +  it,.  But  this  must 
be  zero,  since  the  intensity  inside  a  closed  equipotential 
surface  enclosing  no  charge  is  zero.  Thus  i?a=i?i,  and 
therefore  since 

R2  =  i/2. 

Now  the  force  on  the  area  cj  in  the  direction  of  the 
normal  is  li/oa-  if  <r  is  the  surface  density  at  P,  but  R* 
is  eijual  to  ^R,  Thus  if  F  is  the  mechanical  force  per 
unit  area  in  the  direction  of  the  normal 

Fd)  =  ^Roxr, 
or  F=iR<r  (1). 

Since  by  Coulomb's  Law,  Art.  22, 

jR  =  47r<r, 

we  have  the  following  expressions  for  the  foixic  per  unit 
area 

if* 
^=8. (^)' 

F=27r<j^  (3). 

Since  Coulomb's  Law  requires  modification  when  the 
medium  surrounding  the  conductor  is  not  air,  the  expres- 
sions (2)  and  (3)  are  only  true  for  air :  the  equation  (1)  is 
always  true  whatever  be  the  insulator  surrounding  the 
conductor. 

When  the  electric  intensity  at  the  surfSeu^  of  a  con- 
ductor exceeds  a  certain  value  the  air  ceases  to  insulate 
and  the  electrification  of  the  conductor  is  discharged. 
The  value  of  the  electric  intensity  when  the  electrification 
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logins  to  escape  from  the  conductor  depends  upon  ii  gretit 
number  of  circumstances,  auch  as  the  pressure  of  the  air 
and  the  proximity  of  other  conductors.  When  the  pres- 
sure of  the  air  is  about  760  mm.  of  mercury  and  the 
lemperature  about  15"  C,  the  greatest  value  of  R  is  about 
100,  unless  the  conductor  is  within  a  fi-actioa  of  a  mil- 
limetre of  other  couductora;  hence  the  greatest  value  of 
F  ia  dynes  is 

IC/Stt. 
The  preesure  of  the  atmosphere  on  unit  area  ia  about 
I  '1*  dynes  per  square  centimetre,  hence  the  greatest  tension 
il'iug  the  Qonnal  to  an  electrified  surface  in  air  is  about 
[  SOOir  of  the  atmospheric  pressure.  That  is,  a  pressure 
■  iiie  to  about  "3  of  a  millimetre  of  mercury  would  equal 
n  magnitude  the  greatest  tension  on  a  conductor  placed 
:,i  air  at  ordinary  pressure. 


CHAPTER  II. 
Lines  of  Force. 

38.  ExpreMion  of  the  propertiei  of  the  Electric 
Field  In  terms  of  Faraday  Tubes. — The  results  we 
have  hitherto  attained  only  depend  upon  the  fact  that 
two  charged  bodies  are  attracted  towards  or  repelled  from 
each  other  with  a  force  varying  inversely  as  the  square 
of  the  distance  between  them ;  we  have  made  no  assump- 
tion as  to  how  this  force  is  produced,  whether  for  example 
it  is  due  to  the  action  at  a  distance  of  the  charged  bodies 
upon  each  other  or  to  some  action  taking  place  in  the 
medium  between  the  bodie& 

Great  advances  have  been  made  in  electricity  through 
the  introduction  by  Faraday  of  the  view  that  electrical 
effects  are  due  to  the  medium  between  the  charged  bodies 
being  in  a  special  state,  and  do  not  arise  from  the  action 
at  a  distance  exerted  by  one  charged  body  on  another. 

We  shall  now  proceed  to  consider  Faraday's  method 
of  regarding  the  electric  field — a  method  which  enables 
us  to  form  a  vivid  mental  picture  of  the  processes  going 
on  in  such  a  field,  and  to  connect  together  with  great  ease 
many  of  the  most  important  theorems  in  Electrostatics. 

We  have  seen,  Art.  15,  that  a  line  of  force  is  a  curve 


-'ji-h  that  its  tangent  at  any  })oint  is  in  the  diroutioii  of 
-.bii  electric  intcnaity  at  that  point.  Ae  these  lines  of 
force  are  fundamental  in  the  method  which  in  this  and 
sahsequeot  chapters  we  employ  for  considering  the  pro- 
perties of  the  electric  field,  we  give  below  some  carefully- 
drawn   diagraniK   of  the   lines  of  force  in  some   typical 


Fignre  16  represents  the  lines  of  force  due  to  two 
etjnal  and  opposite  charges.  In  this  case  all  the  lines  of 
force   HtArt   from   the   positive   charge   and   end   on  the 


Fig.  17  represents   the  lines  of  force  due  to 

positive   charges;   in   this  case   the   lines  of 

i  do  Dot  pass  between  the  charged  bodies,  but  lines 

I  from  each  of  the  bodies  and  travel  off  to  ati  infinite 


62  LISK8  OF  FORCK.  [CH.  It 

Figure   18   represents   the   lines   of  force   due   to  a 
positive  charge  equal  to  4  at  J,  and  a  negative  charge 
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equal  to  —  1  at  if.  lu  this  case  all  the  lines  of  force 
which  fall  on  B  start  from  A,  but  since  the  charge  at 
A  is  numericftlly  greater  than  that  at  B,  lines  of  force 
will  start  from  A  which  do  not  fall  on  B  but  travel  off 
to  an  inflnite  distance. 

The  separation  between  the  lines  of  force  which  pass 
between  A  and  B  and  those  which  proceed  from  A  and 
go  off  to  an  infinite  distance  ih  marked  by  the  line  of 
force  which  passes  through  C,  the  point  of  equilibrium, 
ffhere 

A0  =  2AB. 


^ 

W 

ml 

m 

Fid.  ig. 

Figiire  19  represents  the  lines  of  force  due  to  a 
I  liarge  I  at  j1  and  4  at  B. 

Figiire  20  represents  the  lines  of  force  due  to  a 
■barged  conductor  formed  by  two  spheres  cutting  at  right 
JKigles.  The  electric  intensity  vanishes  along  the  inter- 
section of  the  spheres. 
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Figure  21  repreBente  the  lines  of  foree  between  two 
finite  portioDS  of  parallel  planes;  away  &om  the  edges 


of  the  planes  and  between  the  planes  the  lines  of  force  are 
straight  lines  at  right  angles  to  the  planes,  but  nearer  the 
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;  of  the  planes  they  curve  out,  and  some  pass  from 
B  back  of  one  plane  to  the  back  of  the  other. 

Tubes  of  Force. — If  we  take  any  small  closed 
curve  in  the  electric  field  and  draw  the  lines  of  force, 
which  pass  through  each  point  of  the  curve,  these  lines 
will  form  a  tubular  surface  which  is  called  a  tube  of  force. 
These  tubes  possess  the  property  that  the  electric  in- 
tensities at  any  two  points  on  a  tube  are  inversely 
proportional  to  the  cross  sections  of  the  tube,  made  by 
planes  cutting  the  tube  at  right  angles  at  these  points : 
the  cross  sections  being  so  small  that  the  electric  in- 
tensity may  be  regarded  as  constant  over  each  cross 
^■action.    For  let  Fig.  (22)  represent  such  a  surface  formed 

I  by  the  tube  and  its  normal  sections.  Let  «,  be  the  a 
of  the  cross  section  of  the  tube  at  P,  a>i  its  cross  section 
atQj  iJ,,i£, the  electric  intensities  at /*  and  Q respectively. 
Now  consider  the  total  normal  electric  induction  over 
the  surface.  The  only  parts  of  the  surface  which  con- 
tribute anything  to  this  are  the  flat  ends,  as  the  sides 
the  tube  are  by  hypothesis  parallel  to  the  electric 
tDtensity,  so  that  this  has  no  normal  component  over  the 
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curved  surface.  Thus  the  total  normal  induction  over  the 
closed  surface  PQ  is  equal  to 

the  minus  sign  being  given  to  the  second  term  because, 
as  drawn  in  the  figure,  the  electric  intensity  is  in  the 
direction  of  the  inward-drawn  normal.  Now,  by  Gauss's 
theorem,  the  total  normal  electric  induction  over  any  closed 
surface  is  equal  to  47r  times  the  charge  inside  the  surfisice; 
hence  if  the  surface  does  not  include  any  charge,  we 
have 

11^2  ~  -fiift>i  =  0, 
or  the  electric  intensity  at  P  is  to  that  at  Q  inversely  as 
the  cross  section  of  the  tube  of  force  at  P  is  to  that 
at  Q. 

The  tubes  of  force  will  start  from  positive  electrifica- 
tion and  go  on  until  they  end  on  a  negative  electrified 
body.  If  the  points  P  and  Q  are  on  the  surfaces  of 
positively  and  negatively  electrified  conductors,  then  if 
a-p  is  the  surface  density  at  P,  a-q  that  at  Q, 

thus  the  equation 

R^2  ~~  Rio>i  =  0, 
is  equivalent  to  0-^0)2=  o-jMi, 

Now  <TpQ)i  is  the  charge  enclosed  by  the  tube  where  it 
leaves  the  positively  electrified  conductor,  and  o-gWj  the 
charge  enclosed  by  the  tube  where  it  arrives  at  the 
negatively  electrified  conductor,  hence  we  see  that  the 
positive  charge  at  the  beginning  of  the  tube  is  equal  in 
magnitude  to  the  negative  charge  at  the  end.  We  may 
draw  these  tubes  so  that  they  each  enclose  one  unit  of 
electrification  at  their  origin,  each  of  these  tubes  will 
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therefore  include  unit  negative  charge  at  its  end.  Such 
-iibcBare  sometimes  called  unit  tubes  of  Force,  wc  shall 
r  brevity  call  them  Faraday  tubes.  Each  unit  of  posi- 
Mvc  charge  will  be  the  origin,  each  unit  of  negative  charge 
thc^  end  of  a  Faraday  tube.  The  total  charge  on  a 
conductor  will  be  the  excess  of  the  number  of  tubes 
which  leave  the  conductor  over  the  number  which  arrive 
the  conductor. 

Since  the  Faraday  tubes  run  in  the  direction  of  the 
•lecfcric  intensity  in  air.  they  begin  at  places  of  high  and 
f  ravel  to  places  of  low  potential.  No  Faraday  tube  can 
begin  and  end  on  a  surface  at  the  same  potential,  that  is 
no  Faraday  tube  passes  from  one  surface  to  another  if  the 
two  surfaces  are  at  the  same  potential. 

40.  The  electrical  intensity  at  any  piaint  in  the  Held 
proportional  to  the  number  of  Faraday  tube^  which  pass 
iinmgh  unit  area  of  a  plane  drawu  at  right  angles  to  the 
liruction  of  the  electric  intensity  or,  what  is  the  same 
thing,  through  unit  area  of  the  oquipotential  sur&ce 
passing  through  the  point. 

feFor  let  .d  be  a  small  area  drawn  at  right  angles  to  the 
trie  intensity,  prolong  the  tubes  which  pass  throu;;h 
area  until  they  arrive  at  the  positively  electrified 
vuriacc  from  which  they  Mtart;  let  B  be  the  portion  of  this 
Burfoce  over  which  these  tubes  are  spread,  K  the  electiic 
inUnurity  at  any  point  on  B,  w'  the  area  at  B.  Let  F  be 
the  dfCtric  intejisity  and  ai  the  area  enclosed  by  the  tubes 
at  A.  Then  applying  Gauss's  theorem  (Art.  10)  to  the 
tnbnlar  surface  formed  by  the  prolongations  backwards  of 
I  tubvM  through  A  we  get 

/*«.>- fi«'  =  0. 
6— a 
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But  if  o*  is  the  surface  density  of  the  electrification  at 
JB,  we  have  when  the  medium  surrounding  B  is  air,  hy 
Coulomb's  law  (Art.  22) 

R  =  iira-, 

hence  Fto  =  iircto, 

but  o-ft)'  is  the  charge  of  electricity  on  B,  it  is  therefore 
equal  to  N  the  number  of  Faraday  tubes  which  start 
from  B,  and  which  pass  through  A,  hence 

or  if  Q)  is  unity 

F=*irN. 

Thus  the  electric  intensity  in  air  is  47r  times  the 
number  of  Faraday  tubes  passing  through  unit  area  of  a 
plane  drawn  at  right  angles  to  the  electric  intensity. 

41.  The  properties  of  the  Faraday  tubes  enable  us  to 
prove  with  ease  many  important  theorems  relating  to  the 
electric  field. 

Thus,  for  example,  we  see  that  on  the  conductor  at  the 
highest  potential  in  the  field  the  electrification  must  be 
entirely  positive ;  for  any  negative  electrification  would 
imply  that  Faraday  tubes  arrived  at  the  conductor,  these 
tubes  must  however  arrive  at  a  place  which  is  at  a 
lower  potential  than  the  place  from  which  they  start. 
Thus,  if  the  potential  of  the  conductor  we  are  considering 
is  the  highest  in  the  field  it  is  impossible  for  a  Faraday 
tube  to  arrive  at  it,  for  this  would  imply  that  there  was 
some  other  conductor  at  a  still  higher  potential  from  which 
the  tube  could  start. 

Similar  reasoning  shows  that  the  electrification  on  the 
conductor  or  conductors  at  the  lowest  potential  in  the 
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field  must  be  entirely  negafciva  Now  take  the  ease  when 
one  cunductor  has  a  positive  charge  while  all  the  other 
conductors  are  connected  to  earth;  we  see  from  the  last 
result  that   the  charges   on  the  uninsulated   conductors 

lUst  be  all  negative,  and  since  the  potentials  of  these 
iductors  are  all  equal  and  the  same  aa  that  of  the  earth, 
Faraday  tubes  can  pass  from  one  of  these  conductors  to 

lotfaer,  or  from  one  of  these  to  the  earth.  Hence  all  the 
tubes  which  fall  on  these  conductors  must  have  started 
from  the  conductor  at  highest  potential.  Thus  the  sum  of 
the  number  of  tubes  which  fall  on  the  uninsulated  con- 
ductor cannot  exceed  the  number  which  leave  the  posi- 
tively charged  conductor,  that  is,  the  sum  of  the  negative 
charges  induced  on  the  conductors  comiected  to  earth 
camiot  exceed  the  positive  charge  on  the  insulated  con- 
ductor. 


These  results  give  us  important  infnrmation  as  to 
e  coefficients  of  capacity  defined  in  Art.  2(). 

For  let  UB  take  the  Brst  conductor  as  the  insulated 
1  with  the  positive  charge ;  then  since  V3,  K,...  are  all 
0  we  have,  using  the  notation  of  that  Article, 

E,=  q„Vu   E,  =  q^V„  E,  =  q^V, 

I  Since  El  and  V,  are  positive,  while  E^,  A'j,  &c,  are  all 
[Etive,  we  see  that  q,i  is  positive,  while  g,j,  q,i  are  all 
[ativo.  Again,  since  the  positive  charge  on  the  first 
idactor  is  numerically  not  less  than  the  sum  nf  the 
ntiv«  charges  on  the  other  conductoi's, 

S^  is  numerically  not  less  than  Ej  +  Ef+  ..., 
s  numerically  not  less  than  q,,.  +  r/,,  +  y„  +  .. .. 
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If  one  of  the  conductors,  say  the  second,  completely 
surrounds  the  first,  and  if  there  is  no  conductor  other  than 
the  first  inside  the  second,  and  if  all  the  conductors  except 
the  first  are  at  zero  potential,  then  all  the  tubes  which  start 
from  the  first  must  &ll  on  the  second.  Thus  the  negative 
charge  on  the  second  must  be  numerically  equal  to  the 
positive  charge  on  the  first  (see  Art.  30).  There  can  be 
no  charges  on  any  of  the  other  conductors,  for  all  the 
tubes  which  fall  on  these  conductors  must  come  fix>m  the 
first  conductor,  the  tubes  fix)m  this  conductor  are  however 
completely  intercepted  by  the  second  surface.  Thus  if 
the  second  conductor  incloses  the  first  conductor,  and  if 
there  are  not  any  other  closed  conductors  between  the 
first  and  the  second,  then  5^11  =  — 5^12,  and  q^,  qu,  q^...  are 
all  zero. 

43.    Expression  for  the  Energy  in  the  Field. 

When  we  regard  the  Faraday  tubes  as  the  agents  by  which 
the  phenomena  in  the  electric  field  are  produced  we  are 
naturally  led  to  suppose  that  the  energy  in  the  electric 
field  is  in  that  part  of  the  field  through  which  the  tubes 
pass,  i.e.  in  the  dielectric  between  the  conductors.  We 
shall  now  proceed  to  find  how  much  energy  there  must  be 
in  each  unit  of  volume  if  we  regard  the  energy  as  dis- 
tributed throughout  the  electric  field.  We  have  seen 
Art.  23  that  the  electric  energy  is  one  half  the  sum  of  the 
products  got  by  multiplying  the  charge  on  each  conductor 
by  the  potential  of  that  conductor.  We  may  regard  each 
unit  charge  as  having  associated  with  it  a  Faraday  tube, 
which  commences  at  the  charge  if  that  is  positive  and 
ends  there  if  the  charge  is  negative.  Let  u?  now  see  how 
the  energy  in  the  field  can  be  expressed  in  terms  of  these 
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luboa.  Each  tube  will  occur  twice  in  the  expresaioa  for 
the  electric  energy  ^^EV,  the  first  time  corresponding  to 
the  positive  charge  at  ils  origin,  the  second  time  cor- 
responding lu  the  negative  charge  at  its  end.  Thus  since 
there  is  unit  charge  at  each  end  of  the  tube  the  con- 
tribution of  each  tube  to  the  expression  for  the  energy 
will  be  J  (the  difference  of  potential  between  its  begin- 
ning and  end).  The  difference  of  potential  between  the 
beginning  and  end  of  the  tube  is  equal  to  ^R .  PQ ; 
where  PQ  is  a  small  portion  of  the  length  of  the  tube,  so 
small  that  along  it  R,  the  electric  intensity,  may  be  re- 
garded as  constant :  the  sign  S  denotes  that  the  tube 
betwcc-u  A  and  B,  A  being  a  unit  of  pusitive  and  B 
a  unit  of  negative  charge,  is  to  be  divided  up  into  small 
pieces  similar  to  PQ,  and  that  the  sum  of  the  products  of 
the  length  of  each  piece  into  the  electric  intensity  along  it 
is  to  be  taken.  Thus  the  whole  tube  AB  contributes  to 
the  electric  energy  ^'S.H.PQ,  which  is  equivalent  to  sup- 
piKting  that  each  unit  length  of  the  tube  contributes  an 
mount  of  energy  equal  to  one  half  the  electric  intensity, 
jiy  finite  portion  CD  of  the  tube  will  therefore  contribute 
t  amount  of  energy  equal  numerically  to  one  half  the 
ifference  of  potential  between  C  and  D.  We  may  there- 
e  regard  the  energy  of  the  field  as  due  to  each  of  the 
tday  tubes  having  associated  with  it  an  amount  of 
f  per  unit  length  numerically  equal  to  one  half  the 
;  intensity. 

>  »8  now  consider  the  amount  of  energy  per  unit 
glume.  Take  a  small  cylinder  surrounding  any  point  P 
I  the  Aeld  with  its  axis  parallel  to  the  electric  intensity 
K  ends  being  at  right  angles  to  the  axis.  Then  if 
I  t^luctrio   intensity  at   P.  I  the   length   of  the 
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cylinder,  the  amount  of  energy  due  to  each  tube  in  Uu 
cylinder  is  ^Rl.     If  do  ie  the  area  of  the  cross  section,  ]f- 
the   number   of  tubes   pacing   through   unit  area,    Lha 
number  of  tubes  in  the  cylinder  is  Nut.     Thus  the  enerj 
in  the  cylinder  is 

but  in  air,  see  Art.  40, 

iTrN=R; 

thus  the  energy  in  the  cylinder  is 

but  lb)  is  the  volume  of  the  cylinder,  hence  the  enen 
per  unit  volume  is  ec^ual  to 

Stt" 

Thus  we  may  regard  the  energy  as  distributed  through 
out  the  field  in  such  a  way  that  in  each  unit  of  volum 
there  is  an  amount  of  energy  equal  to  ^/Stt. 

44  If  we  divide  the  field  up  into  a  series  of  eq: 
potential  surfaces,  the  potentials  of  successive  surfai 
decreasing   in   arithmetical   progi-ession,  and   then   drai 
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another  aeries  of  cylindrical  surfaces  cutting  these  eqiii- 
potential  surfaces  at  right  angles,  such  that  the  number 
<if  Faraday  tubes  passing  through  the  cross  aecticm  of 
«tch  of  these  cylindrical  surfaces  is  the  same  for  all  the 
cylinders,  the  electric  field  will  be  divided  up  into  a 
nuniber  of  cells  which  will  all  contain  the  same  amount  of 
energy.  For  the  potential  difference  between  the  places 
where  a  Faraday  tube  enters  and  leaves  a  cell  is  the  same 
for  all  the  cells;  thus  the  energy  of  the  portion  of  each 
Faraday  tube  inside  a  cell  will  be  constant  for  alt  the 
cells,  and  since  there  are  the  same  number  of  Faraday 
tubes  inside  each  cell,  the  energy  in  each  cell  will  be 
_con9tant.. 

45.    Force  on  a  conductor  regarded  ai  atislng 
1  the  Faraday  Tubes  being  in  a  state  of  tension. 

fe  have  seen,  Art.  37,  that  on  each  unit  of  area  of  a 
karged  conductor  there  is  a  pull  equal  to  ^  It<f,  where  er 
I  the  surface  density  of  the  electricity,  and  R  the  electric 
tensity.  Now  o-  is  equal  to  the  number  of  Faraday 
pibos  which  fall  on  unit  area  of  the  surface,  hence  the 
!  on  the  surfaci:  will  be  the  same  as  if  each  of  the 
tabes  exerted  a  pull  equal  to  i^R.  Thus  the  mechanical 
forces  in  the  electric  6eld  are  the  same  as  would  be 
exerted  if  we  supposed  the  Faraday  tubes  to  be  in  a  state 
of  tension,  the  tension  at  any  point  being  equal  to  one 
half  the  electric  intensity  at  that  point.  Thus  the  tension 
r  point  of  a  Faraday  tube  is  numerically  equal  to  the 
f  per  unit  length  of  the  tube  at  that  point, 
we  have  a  small  area  o>  at  right  angles  to  the 
c  intensity,  the  tension  over  (his  area  is  equal  to 
J  NRm, 
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where  N  is  the  number  of  Faraday  tubes  passing  through 
unit  area,  and  R  is  the  electric  intensity.     By  Art.  40 

Hence  the  tension  parallel  to  the  electric  intensity  is 

1 


8w 


^<k>. 


The  tension  across  unit  area  is  therefore  equal  to 

8v' 


^'- 


^  *  46.     This  state  of  tension  will  not  however  leave  the 

dielectric  in  equilibrium  unless  the  electric  field  is  uniform, 
that  is  unless  the  tubes  are  straight.  If  however  there  is 
in  addition  to  this  tension  along  the  lines  of  force  a  pres- 
sure acting  at  right  angles  to  them  and  equal  to  Ifi/Sir  per 
unit  area  the  dielectric  will  be  in  equilibrium,  and  since 
this  pressure  is  at  right  angles  to  the  electric  intensity  it 
will  not  affect  the  normal  force  acting  on  a  conductor. 
To  show  that  this  pressure  is  in  equilibrium  with  the 
tensions  along  the  Faraday  tubes,  consider  a  small  volume 
whose  ends  are  portions  of  equipotential  surfaces  and 
whose  sides  are  lines  of  force. 


D 
Fio.  24. 


Let  us  now  consider  the  forces  acting  on  this  small 
volume  parallel  to  the  electric  intensity  at  A,  The  forces 
are  the  tensions  in  the  Faraday  tubes  and  the  pressures  at 
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righl  aagles  to  the  aides.  Reeolve  these  parallel  to  the 
outward-dmwD  normal  at  A.  The  number  N'  of  Faraday 
tubes  which  pass  through  A  is  the  same  as  the  number 
which  pass  through  B.  If  R,  Ji!  arc  the  electric  iii- 
leositica  at  A  and  B  respectively,  then  the  tenaion  exerted 
in  the  direction  of  the  outward-di-awn  normal  by  the 
Faraday  tubes  at  A  will  be  N'Rj^,  while  the  tension  in 
the  opposite  direction  exerted  by  the  Faraday  tubes  at  B 
is  N'R'  cos  e/2,  where  e  is  the  small  angle  between  the 
ilirection  of  the  Faraday  tubes  at  A  and  B.  Since  e  Ls  a 
ry  small  angle  we  may  replace  cos  e  by  unity ;  thus  the 
-iiltant  in  direction  of  the  out  ward -drawn  normal  at  A 
-'  ilie  tension  in  the  Faraday  tubes  is 

N'iR-Ryi. 

Let  N  be  the  number  of  tubes  passing  through  unit 
i:.!,  w,  m'  the  areas  of  the  ends  A  and  B  i-espectively ; 
-  u,  Art.  40, 


N-  =  Nm  = 


hut  the  r 

esultant  in 

the  direct  ion 

HI  normal  at  j4  ia 

R 
47r'" 

(jj 

-mi-i; 

R 

»■- 

Rt,, 

lay  write 

this  as 

of  the   oiitwanl- 


rximutely.  since  Rf  is  very  nearly  eijual  to  R, 
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Let  us  now  consider  the  effect  of  the  pressure  p  at 
right  angles  to  the  lines  of  force ;  this  has  a  component 
in  the  direction  of  the  outward-drawn  normal  at  ^  as 
in  consequence  of  the  curvature  of  the  lines  of  force 
the  normals  to  them  at  all  points  of  the  surfSeu^  are 
not  at  right  angles  to  the  outward-drawn  normal  at  A ; 
the  angle  between  the  pressure  and  the  normal  at  A  will 
always  however  be  nearly  a  right  angle.     If  this  angle  is 

IT 

-^  —  d  at  a  point  where  the  pressure  is  p\  the  component 

of  the  pressure  along  the  normal  at  A  will  be  proportional 
to  p'  sin  0.  But  since  p'  only  differs  from  p,  the  value  of  the 
pressure  at  .^,  by  a  small  quantity,  and  0  ia  small,  the  com- 
ponent of  the  pressure  will  be  equal  top  sin  0,  if  we  neglect 
the  squares  of  small  quantities ;  that  is,  the  effect  along 
the  normal  at  A  of  the  pressure  over  the  surface  will  be 
approximately  the  same  as  if  that  pressure  were  uniform. 
To  find  the  effect  of  the  pressure  over  the  sides  we  re- 
member that  a  uniform  hydrostatic  pressure  over  any 
closed  surface  is  in  equilibrium ;  hence  the  pressures  over 
the  sides  C,  D  will  be  equal  and  opposite  to  the  pressures 
over  the  ends  A  and  B,  but  the  pressure  over  these  ends 
is  p(a  —p&i ;  hence  the  resultant  effect  in  the  direction  of 
the  outward-drawn  normal  at  A  of  the  pressure  over  the 
sides  is  2)  (ci)  —  «')•  Combining  this  with  the  effect  due  to 
the  tension  in  the  tubes  we  see  that  the  total  force 
parallel  to  the  outward-drawn  normal  on  the  element  is 


Stt 


(o)'  — cd)+2)(cd  — o)'); 


this  vanishes  if         P^'a~^  "9~ 
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Thus  the  iDtroduction  of  this  pressure  wili  maintain  enui- 
litirium  ae  far  as  the  component  parallel  to  the  electric 
intensity  is  concerned. 

Now  consider  the  force  at  right  angles  to  the  electric 
intensity.  Let  PQRS,  fig.  25,  be  the  section  of  fig.  24 
by  the  plane  of  the  paper,  PS,  QR  being  sections  of  equi- 

IDtial  surfaces,  and  PQ,  SR  lines  of  force.  Let  t  be 
depth  of  the  figure  at  right  angles  to  the  plane  of 
^he  paper.  We  shall  assume  that  the  section  of  the  figure 
'<-\-  the  plane  through  PQ  at  right  angles  to  the  plane  of 
iht:  paper  is  a  rectangle.  Let  R  be  the  electric  intensity 
"  eg  PQ,  R'  that  along  SR,  s  the  length  PQ,  a'  that  of 
Since  the  difference  of  potential  between  P  and  Q 
te  same  as  that  between  S  and  R,  '  ij     ' 

a*  =  R's.  '  c, 

,  Consider  the   forces   parallel  to  PS.     FirHt  take  the  0 
fdons  along  the  Faraday  tubes ;  those  at  PS  will  have  no 
npoDenl  along  PS :  in  each  tube  at  Q  there  is  a  tendon 
,  tho   component  of  which   along  PS  is  (R8intf)/2, 
(  0  is  the  angle  between  PS  and  QR.     Lot  PS  and 
in  0. 
.    R8     PQ     PQ-SR_8-s 
OH     OQ      OQ-OR      RQ   ' 
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Thus  the  component  of  the  tensions  at  Q  along  PS  is 

R      8"^ 

2  '    RQ' 

The  number  of  tubes  which  pass  through  the  end  of  the 
figure  through  RQ  at  right  angles  to  the  plane  of  the 
paper  is  N .  QR.t,  where  N  is  the  number  of  tubes  which 
pass  through  unit  area. 

The  total  component  along  PS  due  to  the  tensions  in 
these  tubes  is  thus 

f'-f.N.QR.t 

Now  the  component  along  PS  due  to  the  pressures  at 
right  angles  to  the  electric  intensity  is  equal  to 

pst—p'at, 

where  p  and  p'  are  the  pressures  over  PQ,  R8  respectively. 


this  IS  equal  to        (  u~  *  ~  o^  '  ) ' 


=  ^J?'  («'  _  ,)  t,  (since  Rs  =«  R's'), 

OTT 

or  approximately,  since  R  is  very  nearly  equal  to  R, 

■ 

Thus  the  component  in  the  direction  of  PS  due  to  the 
tensions  is  equal  and  opposite  to  the  components  due  to 
the  pressures ;  thus  the  two  are  in  equilibrium  as  far  as  the 
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t:r>uip<m(.-nt(>  »t  right  angles  to  the  electric  intensity  are 
coucerneii.  But  we  have  already  proved  that  the  tensions 
and  pressures  balance  as  iar  as  the  component  along  the 
direction  of  the  electric  intensity  is  concerned ;  thus  the 
e^stem  of  pressures  and  tensions  constitutes  a  system  in 
libriunL 


4lJ.  This  system  of  tensions  along  the  tubes  of  force 
and  pressures  at  right  angles  to  them  is  thus  in  equilibrium 
at  any  part  of  the  dielectric  where  there  is  no  charge,  and 
gives  rise  to  the  forces  which  act  on  electrified  bodies 
when  placed  in  the  electric  field.  Faraday  introduced 
this  method  of  regarding  the  forces  in  the  electric  field ;  he 
exjff^ssed  the  system  of  tensions  and  pressures  which  we 
have  just  found,  by  saying  that  the  tubes  tended  to  con- 
tract and  that  they  repelled  each  other.  This  conception 
'■nabled  him  to  follow  the  processes  of  the  electric  field 
Mthout  the  aid  of  mathematical  analysis. 

4S.  The  student  will  find  much  light  thrown  on  the 
effects  produced  in  the  electric  field  by  the  careful  study 
from  this  point  of  view  of  the  diagrams  of  the  tubes  of 
force  given  in  Art.  38.  Thus  take  as  an  example  the 
diagram  given  in  Fig.  18,  which  represents  the  lines  of 
force  due  to  two  charges  A  and  B  of  opposite  sign,  the 
mlio  of  the  charges  being  4  : 1.    We  see  from  the  diagram 

it  tboagh  more  tubes  offeree  start  from  the  laiger  charge 

and  the  tension  in  each  of  these  is  greater  than  in  a 

Itaba  near  the  smaller  charge  B,  the  tubes  are  much  more 

qnnmetrically  distributed  round  A   than  round  B.    The 

symmetrical  distribution  of  the  tubes  round  A  makes  the 

itk  exerted  on  A  by  the  taut  Faraday  tubes  so  nearly 

itcrbalance  each  other  that  the  resultant  pull  of  these 


mill 
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tubes  on  A  is  only  the  same  as  that  exerted  on  B  by  the 
tubes  starting  from  it ;  as  these,  though  few  in  number,  are 
less  symmetrically  distributed,and  so  do  not  tend  to  counter- 
balance each  other  to  nearly  the  same  extent.  The  tubes 
of  force  in  the  neighbourhood  of  the  point  of  equilibrium 
are  especially  interesting.  Since  the  charge  on  ^  is  four 
times  that  on  B,  only  ^  of  the  tubes  which  start  from  A 
can  end  on  B,  the  remaining  f  must  go  oflF  to  other  bodies, 
which  in  the  case  given  in  the  diagram  are  supposed  to  be 
at  any  infinite  distance.  The  point  of  equilibrium  corre- 
sponds as  it  were  to  the  '  parting  of  the  ways '  between 
the  tubes  of  force  which  go  from  A  to  B  and  those  which 
go  off  from  ^  to  an  infinite  distance. 

When  the  charges  A  and  B  are  of  the  same  sign,  as  in 
Fig.  19,  we  see  how  the  repulsion  between  similar  tubes 
causes  the  tubes  to  congregate  on  the  side  of  A  remote 
from  B,  and  on  the  side  of  B  remote  from  A. 

We  see  again  how  much  more  symmetrically  the  tubes 
are  distributed  round  A  than  round  B;  this  more  sym- 
metrical distribution  of  the  tubes  round  A  makes  the 
total  pull  on  A  the  same  as  that  on  B. 

We  sec  too  from  this  example  that  the  repulsion 
between  the  charges  of  the  same  sign  and  the  attraction 
between  charges  of  opposite  signs  are  both  produced  by 
the  same  mechanism,  i.e.  a  system  of  pulls ;  the  difference 
between  the  cases  being  that  the  pulls  are  so  distributed 
that  when  the  charges  are  of  the  same  sign  the  pulls  tend 
to  pull  the  bodies  apart,  while  when  the  charges  are  of 
opposite  signs  the  pulls  tend  to  pull  the  bodies  together. 

The  diagram  of  the  lines  of  force  for  the  two  finite 
plates  (Fig.  21)  shows  that  the  Faraday  tubes  near  the 
edge  of  the  plates  get  pushed  out  from  the  strong  parts  of 


LINES   OF   FORCE. 

B  field  and  bent  in  conseqxieuoe  of  the  lepiilsiou  exerted 
ijn  each  other  by  the  Faradiiy  tubes, 

49.     As  an  additional  example  uf  the  interpretatiun  of 
}  •  the  processes  iu  the  electric  Held  in  terms  of  the  Faraday 
^hlWa,  (ot  us  contiider  the  effect  of  introducing  an  insulated 
HLikductor  into  an  electric  tield. 
B^e 


I  liet  us  take  the  field  due  to  a  single  positively  charged 


^mddjr  at  A  ;  before  the  introduction  of  this  body  the  Fara- 
day tubes  are  radial,  when  the  conductor  is  introduced  the 
tuboo  which  previously  existed  in  the  region  occupied  by 
the  conductor  are  annulled ;  thus  the  repulsion  previously 
exerted  by  these  tube-s  on  the  surrounding  ones  cojises, 
aori  n  tube  such  as  AB,  which  was  previously  straight,  is 
DOW,  iiinoe  the  pressiu*  below  it  is  diminished,  bent  down 

tnrdH  the  conductor ;  the  tubes  near  the  conductor  are 
bdown  BO  much  that  they  strike  against  it,  they  then 
T.a.  ft 
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divide  and  form  two  tubes,  with  negative  electrification  at 
the  end  G,  positive  at  the  end  D, 

w^'  60.    Force  on  an  uncharged  conductor  placed  in 

an  electric  field.  If  a  small  conductor  is  placed  in  the 
field,  then  the  diminution  of  energy  due  to  the  annihila- 
tion of  the  tubes  in  the  conductor  is  proportional  to  iZ'/Sir 
per  unit  volume,  where  R  is  the  electric  intensity  in  the 
field  at  the  place  where  the  conductor  is  introduced. 
If  the  conductor  is  moved  to  a  place  where  the  electric 
intensity  is  R\  the  diminution  in  the  electric  energy  in 
the  field  is  R^jSir.  Now  it  is  a  general  principle  in 
mechanics  that  a  system  always  tends  to  move  from  rest 
in  such  a  way  as  to  diminish  the  potential  energy  as  much 
as  possible,  and  the  force  tending  to  assist  a  displacement 
in  any  direction  is  equal  to  the  rate  of  diminution  of  the 
potential  energy  in  that  direction.  The  conductor  will 
thus  tend  to  move  so  as  to  produce  the  greatest  possible 
diminution  in  the  electric  energy,  that  is,  it  will  tend  to 
get  into  the  parts  of  the  field  where  the  electric  intensity 
is  as  large  as  possible ;  it  will  thus  move  from  the  weak  to 
the  strong  parts  of  the  field. 

The  presence  of  the  conductor  will  however  disturb  the 
electric  field  in  its  neighbourhood ;  thus  R  the  actual  electric 
intensity  will  differ  from  R  the  electric  intensity  at  the  same 
point  before  the  conductor  was  introduced.  By  differenti- 
ating RYStt  we  shall  get  an  inferior  limit  to  the  force  acting 
on  the  conductor  per  unit  volume.  For  suppose  we  intro- 
duce a  conductor  into  the  electric  field,  then  'R^Sir  would 
be  the  diminution  in  electric  energy  per  unit  volume  due 
to  the  disappearance  of  the  Faraday  tubes  from  the  inside 
of  the  conductor,  the  tubes  outside  being  supposed  to 
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retain  their  original  position.  In  reality  however  the 
tubes  outside  will  have  to  adjust  themselves  so  as  to  be 
normal  to  the  conductor,  cuid  this  adjustment  will  involve 
a  further  diminution  in  the  energy,  thus  the  actual  change 
in  the  energy  is  greater  than  that  in  R'/Stt  and  the  force 
acting  on  unit  volume  will  therefore  be  greater  than  the 
rate  of  diminution  of  this  quantity.  If  we  take  the  case 
when  the  force  is  due  to  a  charge  e  at  a  point,  the  rate  of 
diminution  of  IV/Sir  is  €^l2irf*,  thus  the  force  on  a  small 
conducting  sphere  of  radius  a  will  be  greater  than 
(4iraV3)  (c«/2wt»),  that  is  greater  than  26»aV3r».  The 
actual  value  (see  Art.  87)  is  2^a*/r^. 


^—1 


CHAPTER  III. 


Capauitv  of  CoNDUCToita    Condensers. 


51.  The  capacity  of  a  conductor  is  dcfloed  to  be  the 
numerical  value  of  the  charge  on  the  conductor  when  itsa 
potential  is  unity,  all  the  other  conductors  in  the  fid 
being  at  zero  potential. 

Two  conductors  insulated  from  each  other  and  plac 
near  together  form  what  is  called  a  coudciiner;  in  thin  I 
case  the  charge  on  either  conductor  may  be  large,  though  | 
the  difference  between  their  potentials  is  small. 

In  many  inatrumenta  the  two  conductors  are  so 
arranged  that  their  charges  are  equal  in  magnitude  and 
opposite  in  sign ;  in  such  cases  the  charge  on  either  con- 
ductor when  the  potential  difference  between  the  con- 
ductors is  unity  is  called  the  aipudty  of  the  condenser. 

52.  Capacity  of  a  Sphere  placed  at  an  infinite 
diitance  from  other  conductor!.  Lot  a  be  the  radius 
of  the  sphere,  V  its  potential,  e  its  charge,  the  corre- 
sponding charge  of  opposite  sign  being  at  an  iufinitv 
distance.  Then  (Art.  17),  the  potential  due  to  the  chargf 
on  the  sphere  at  a  distance  r  from  the  centre  is  ejr; 
therefore  the  potential  at  the  surface  of  the  sphere  is  «/«, 
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Hence  wc  have 


When  V  is  unity,  e  is  numerically  e([iml  te  a:  honce, 
ArL  51,  the  capacity  of  the  aphere  is  numerically  equal  to 
itft  radius. 

63.  Capactty  of  two  concentric  spheres.  Let 
lis  first  take  the  ease  when  the  outer  sphere  and  any  con- 
(luctore  which  may  be  outside  it  are  connected  to  earth, 
while   the  inner   sphere   is   maintained   at   potential   V. 

Then,  since  the  outer  sphere  and  all  the  conductors  out- 

iile  arc  connected  to  earth,  no  Faraday  tubes  can  start 
I  mm  or  arrive  at  the  outer  surface  of  the  outer  sphere, 
tijf  Faraday  tubes  only  pass  botwcon  places  at  different 
jiotentials,  and  the  potentials  of  all  places  outside  the 
-phere  arc  the  same,  being  all  zero.    Again,  all  tubes  which 

tart  from  the  inner  sphere  will  arrive  at  the  internal 
-nrfacc  of  the  outer  shell,  so  that  the  charge  on  the  inner 
.lurfiice  of  this  shell  will  be  equal  and  opposite  to  the  charge 
on  the  inner  sphere.  Let  a  be  the  radius  of  the  inner 
itphore,  b  the  radius  of  the  internal  surface  of  the  outer 
-pherc,  e  the  charge  ou  the  inner  sphere,  then  —  e  will  be 

he  charge  on  thi3  interior  of  the  outer  sphere. 

Consider  the  work  done  in  moving  unit  of  electricity 
iruin  the  surface  of  the  inner  sphere  to  the  inner  surface 
'<i  the  outer  sphere;  the  charge  on  the  outer  sphere  pro- 
duce* no  electric  intensity  at  a  point  inside,  so  that  the 
r'ii:tric  intensity  which  produces  the  work  done  on  the 

iiiit  of  electricity  arises  entirely  from  the  charge  on  the 

iuavT  sphere.     The  electric  intensity  due  to  the  charge  on 

»«(ihere  is  by  Art.  17  the  same  as  that  which  would  bo 

b  to  tbs  charge  e  collected  at  the  centre  0.     The  work 


86 


CAPACITY  OF  CONDUCTORS. 


[CH.   Ill 


done  on  unit  of  electricity  when  it  moves  from  the  inner 
sphere  to  the  outer  one  is  thus  the  same  as  the  work  done 
by  unit  charge  when  it  moves  from  a  distance  a  to  a 
distance  b  from  a  small  charged  body  placed  at  the  centre 
of  the  spheres ;  this  by  Art.  17  is  equal  to 


e     e 

this  however  by  definition  is  equal  to  F,  the  potential 
difference  between  the  two  spheres;  hence  we  have 


or  e  =  r 


ah 
6  — a 


.V. 


Thus  when  6  —  a  is  very  small,  that  is,  when  the  two 
spheres  are  very  close  together,  the  charge  is  very  large. 
When  F=  1,  the  charge  is 

ah 

so  that  this  is,  by  Art.  51,  the  capacity  of  the  two  spheres. 

The  value  of  this  result  when  the  two  spheres  are  very 

close  together  is  worthy  of  notice.     In  this  case,  writing  t 

for  6  —  a,  the  distance  between  the  spheres,  the  capacity 

is  equal  to 

ah  _a(a-\-t) 

T  i        ' 

this,  since  t  is  very  small  compared  with  a,  is  approxi- 
mately, 

a"  _  47ra* 

_  surface  of  the  sphere 
4^  ' 


OOHDKSSEBS. 

tha3  the  capacity  in  this  case  is  eqnsl  per  anit  area  of 
surface  to  l/4ir  times  the  distance  between  the  coo- 
ductors.  The  esse  of  two  spheres  whose  dbtaoce  vpait  is 
very  small  compared  with  their  radii  is  bowerer  ^tpnud- 
mately  the  case  of  two  parallel  planes ;  hence  the  capacity 
of  such  planes  per  unit  area  of  sur&ce  is  equal  to  l/4«- 
times  the  distance  between  the  planes.  This  is  pioved 
directly  in  Art.  56. 

If  after  the  spheres  are  charged  the  inner  one  is  insu- 
lated, and  the  outer  one  removed  to  an  infinite  distance  (to 
enable  this  to  be  done  we  may  suppose  that  the  oater  sphere 
consists  of  two  hemispheres  fitted  together,  and  that  these 
B  separated  and  removed),  the  charge  on  the  sphere  will 

1  equal  to  e,  Le.  to  y V,  but  the  potential  of  the 

ihere  will  rise ;  when  it  is  alone  in  the  6eld  the  potential 
I  be  eja,  i.e. 

^.- 

Thus  by  removing  the  outer  sphere  the  potential 
difference  between  the  sphere  and  the  earth  has  been 
increased  in  the  proportion  of  fc  to  6  —  a.  By  making  b  —  a 
veiy  small  compared  with  6,  we  can  in  this  way  increase 
the  potential  difference  enormously  and  make  it  capable 
of  detection  by  means  which  would  not  have  been  suffi- 
ciently sensitive  before  the  increase  in  the  potential  took 
[riao& 

It  wft«  by  the  use  of  this  principle  that  Volta  suc- 
ided  in  demonstrating  by  means  of  the  gold-leaf  electro- 
:  and  two  metal  plates,  the  diSerence  of  potential 
etween  the  tennioals  of  a  galvanic  celt ;  this  difference  is 
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BO  small  that  the  electroscope  is  not  deflected  when  the 
cell  is  directly  connected  to  it;  by  connecting  the  ter- 
minals of  the  cell  to  two  plates  placed  very  close  together, 
then  severing  the  connection  between  the  plates  and  the 
cell  and  removing  one  of  the  plates,  Volta  was  able  to 
increase  the  potential  of  the  other  plate  to  such  sn  extent 
that  it  produced  an  appreciable  deflection  of  sn  electro- 
scope with  which  it  was  connected. 

Work  has  to  be  done  in  separating  the  two  con- 
ductors; this  work  appears  as  increased  electric  energy. 
Thus,  to  take  the  case  of  the  two  spheres,  when  both 
spheres  were  in  position  the  electric  energy,  which,  by 
Art.  23  is  equal  to  ^lEV,  is 

l_a6_    y^ 

26-a*  ^  ' 

When  the  outer  sphere  is  removed  the  potential  of  the 
sphere  is  e/a,  so  that  the  electric  energy  is 

It 
2a' 

2  (6-a)»      ' 

and  has  thus  been  increased  in  the  proportion  of  b  to 
6—  a. 

64.  Let  us  now  take  the  case  when  the  inner  sphere 
is  connected  to  earth  while  the  outer  sphere  is  at  the 
potential  V.  In  this  case  we  can  prove  exactly  as  before 
that  the  charge  on  the  inner  sphere  is  equal  and  opposite 
to  the  charge  on  the  internal  surface  of  the  outer  sphere, 
and  that  if  6  is  the  charge  on  the  inner  sphere 

ah    ,, 
6  — a 


CONDENSEltS. 


89 


-V+cV. 


Id   this  case  in  addition  to  the  positive  charge  on  the 
internal  suHace  of  the  outer  sphere  there  will,  Bince  its 
external  surface  is  at  a  higher  potential  than  the  sur- 
rounding conductors,  be  a  positive  charge  on  this  surface. 
^^  c  is  the  radius  of  the  external  surface  of  the  outer 
^Hriiere,   we   must   have   the   total    charges  on   the   two 
^Hperes  =  Vc.     Since  the  charge  on  the  inner  surface  of 
^^he  outer  sphere  is  equal  and  opposite  to  the  charge  on 
the  inner  sphere,  the  charge  on  the  external  surface  of 
the  OTiter  sphere  must  be  equal  to  Vc.     Thus  the  total 

ron  the  outer  sphere  is  equal  to 

66.  This  chaise  on  the  outside  of  the  outer  -sphere 
will  be  affected  by  the  presence  of  other  conductors;  let 
na  Buppoue  that  outside  the  external  sphere  there  is  a 
small  sphere  connected  to  earth;  let  r  be  the  radius  of 
this  sphere,  R  the  distance  uf  its  centre  from  0  the  centre 
r  the  concentric  spheres.  Let  e'  be  the  total  chaise  on 
I  two  concentric  spheres,  e"  the  charge  on  the  small 
The  potential  due  to  e'  at  a  great  ditttance  R 
I  0  is  e'/R,  similarly  the  potential  due  to  e"  is  at  a 
ince  it  equal  to  e"IR. 

Since  the  surface  of   the  outer  sphere  is  at  the  po- 
Dtial  V,  we  have 


R' 


1  since  the  [tuteutial  of  the  small  sphi 


ere  la  zero, 
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hence 


=;{'-»}■ 


,        cV 
e  =  — — 


1  ^  — ' 


that  is,  the  presence  of  the  small  sphere  increases  the 
charge  on  the  outer  sphere  in  the  proportion  of 

1  to  1  -  rc/B^. 

It  is  only  the  charge  on  the  external  surface  of  the 
outer  sphere  which  is  aflTected.  The  charges  on  the  inner 
sphere  and  on  the  internal  surface  of  the  outer  sphere  are 
not  altered  by  the  presence  of  conductors  outside  the 
system. 

\j  66.  Parallel  Plate  Condensen.  Condensers  are 
frequently  constructed  of  two  parallel  metallic  plates; 
the  theory  of  the  case  when  the  plates  are  so  large  and 
close  together  that  they  may  be  regarded  as  infinite  in 
area  is  very  simple. 

In  this  case  the  Faraday  tubes  passing  between  the 
plates  will  be  straight  and  at  right  angles  to  the  plates; 
the  electric  intensity  between  the  plates  is  constant  since 
the  Faraday  tubes  are  straight ;  let  R  be  its  value,  then 
if  c2  is  the  distance  between  the  plates,  the  work  done 
on  unit  charge  of  electricity  as  it  passes  from  the  plate 
when  the  potential  is  high  to  the  one  where  the  potential 
is  low  is  Rd,  this  by  definition  is  equal  to  V,  the  diflTer- 
ence  of  potential  between  the  plates.    Hence 

V^Rd. 
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If  a  is  the  sur&ce-dcnsity  of  the  charge  on  the  plate 
potenttnl,  —  tr  will  be  that  on  the  plate  of  low 
itial,  and  bv  Coulomb's  law,  Art.  22, 
ii  =  47r(r, 
V=4ircrd. 

y 


-(1), 


"      4,rd 

P  Kts  eqaaE  to  unity,  a  is  equal  to 
1 

The  charge  on  an  area  A  of  one  of  the  plates  when 

■  tbe  potential  difference  is  unity  ia  thus  A/iwrf,  this  by 

definition  ia  the  capacity  of  the  area  A.     We  arrived  at 

the  Bame   result   in  Art.  53   from   the   consideration  of 

two   concentric  spheres.    The   electrical   energy   of  the 

I  (XHideuser  i»,  by  Art.  23,  equal  to 


1  this  c 


ca»e  this  is  equi 


lI  to 
V'-A 


t\S  E'\s  the  chare 


57.  Chiard  Rlog.  In  pi-actiee  it  is  of  coun 
tniible  to  have  infinite  plates,  and  when  the  plates  are  j 
iliute,  then  as  the  diagram,  Fig.  21,  Art.  3S,  shot 
Varaday  tubes  near  the  edgea  of  the  ptate  are  no 
Untight,  and  tbe  electriiication  ceases  to  be  uniform,  andj 
pven  by  tbe  expression  (1),  Art.  56.     Thus  to  express  the  1 
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quantity  of  electricity  on  the  finite  plane,  we  should  have 
to  add  to  the  expression  a  correction  for  the  inequality 
of  the  distribution  over  the  ends  of  the  plates.  This 
correction  can  be  calculated,  but  the  necessity  for  it  may 
be  avoided  in  practice  by  making  use  of  a  device  due  to 
Lord  Kelvin,  and  called  the  gucutl  ring. 


B 


Fio.  27. 

Suppose  one  of  the  plates,  say  the  upper  one,  is  divided 
into  three  portions  flush  with  each  other  and  separated 
by  the  narrow  gaps  E,  F.  Then  if,  in  charging  the 
condenser  the  portions  A,  B,  C  are  connected  metallically 
with  each  other,  the  places  where  the  electrification 
is  not  uniform  will  be  on  A  and  C,  so  that  apart  from  the 
effects  of  the  narrow  gaps  E,  F,  the  electrification  on  B 
will,  if  we  neglect  the  effect  of  the  gap,  be  uniform  and 
equal  to  5/47rd,'^  where  S  is  the  area  of  the  plate  B,  the 
capacity  of  B  is  thus  equal  to  Sj^sird, 

If,  as  ought  to  be  the  case,  the  widths  of  the  gaps 
at  E  and  F  are  very  small  compared  with  the  distance 
between  the  plates,  we  can  easily  calculate  the  effect 
of  the  gape.  For  if  the  gaps  are  very  narrow  the 
electrification  of  the  lower  plate  will  be  approximately 
uniform.  The  Faraday  tubes  in  the  neighbourhood  of 
the  gaps  will  be  distributed  as  in  Fig.   28.    We  see 
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I  this,  if  we  consider  odc  of  the  gaps  E,  that  all  t 
lajr  tubes  which  would  have  fallen  if  there  had  be 


gap  on  n  plate  whose  breadth  was  E.  will  fall  on  one 
other  of  the  platew  A  and  li.  Fig.  28,  and  from  the 
letry  of  the  aiTaugenieut  half  of  these  tubes  will 
on  B,  the  other  half  on  A  ;  thiia  the  actual  amount 
electricity  on  B  will  be  the  same  aa  if  wc  supposed  B 
extend  half  way  across  the  gap,  and  to  be  unifomily 
rged  with  electricity  whose  surface  density  is  Vj\vd. 
e  see  then  that,  allowing  for  the  effects  of  the  gaps, 
le  capacity  of  B  will  be  equal  to  8'jiTrd,  where 
•S'  =  area  of  plate  B 

+  J  (the  sum  of  the  areas  of  the  gaps  E  and  F). 
If  the  plate  B  is  not  at  zero  potential  there  will  be 
wc  electrification  on  the  back  of  the  plate  arising  from 
ly  tubcsi  which  go  from  the   back  of  B  to  other 
«>nductor8  in  its  neigh bourhixjd  and  to  earth.     The  elec- 
trification of  the  back  of  B  may  be  obviated  by  covering 
thia  side  of  A,  B,  C  with  a  metal  cover  connected  with 
earth.     It   can  also  be   obviated  by  making  B  the 
potential  plate  (i.e.  the  one  connected  to  earth),  care 
ig  taken  that  the  other  conductors  in  the  neighbour- 
biiod  are  also  connected  to  earth. 

_     58.    Capadtr  of  two  coaxial  cylinder*.     Let  ns 

i;  the  ««e  of  two  coaxial  cylinders,  the  iuuer  one  U;ing 


^L  Iflh 
^^■ntc  ele 
^HPWnulay 

«>nd 

l.rific 
^thia 
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at  potential  V,  the  outer  one  being  at  potential  zero. 
Then  if  ^^  is  the  charge  per  unit  length  on  the  inner 
cylinder,  —  E  will  be  the  charge  per  unit  length  on  the 
inner  surface  of  the  outer  one,  since  all  the  Faraday  tubes 
which  start  from  the  inner  cylinder  end  on  the  outer 


one. 


The  electric  intensity  at  a  distance  r  from  the  axis  of 
the  cylinders  is,  by  Art.  (13),  equal  to 

2E 


Thus  the  work  done  on  unit  charge  when  it  goes  &om 
the  outer  surface  of  the  inner  cylinder  to  the  inner  surface 
of  the  outer,  is  equal  to 


/, 


^2E  . 
—  dr. 

a  r 


where  a  is  the  radius  of  the  inner  cylinder,  b  the  I'adius 
of  the  inner  surface  of  the  outer. 

This  work  is  however  by  definition  equal  to  V,  the 
difference  of  potential  between  the  cylinders,  hence 

J  a    ^ 

=  2JFlog-. 

When  V  is  unity  E  the  charge  per  unit  length  is 
equal  to 

^ 

2  log-' 

and  this,  by  definition,  is  the  capacity  per  unit  length  of 
the  condenser. 
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2IoK--- 


approximately 


If  the  cylinders  are  very  close  together,  and  \f  b  —  a  =  t, 
_  (  will  be  Binall  compared  with  a  ;  in  this  case  the  capacity 
^niRr  unit  length 

Now  Ztto  ifl  the  area  of  unit  length  of  the  cylinder, 
hence  the  capacity  per  unit  area  ia  l/4>7ri ;  we  might  have 
deduced  thia  result  from  the  case  of  two  parallel  planes. 
When  the  two  cylinders  are  concentric,  there  is  no 
tending  to  move   the   inner   cylinder ;   thus  since 
i  system  is  in  equilibrium,  the  potential  energy  if  the 
Eebarges  are  given  must  be  either  a  maximum  or  a  mini- 
mom.     The   equilibrium   is  however  evidently  unstable, 
r  if  the  inner  cylinder  ia  displaced  the  forces  in  the 
BCtric  field  will  tend  to  make  the  cylinders  come  into 
Otact  with  each  other  and  thus  increase  the  displace- 
ment.    Since  the  equilibrium   is  unstable  the  potential 
energy  is  a  maximum  when   the  cylinders  are   coaxial. 
The  poteotial  energy  however  is,  by  (Art.  23),  equal  to 


^EV- 


lE' 


96  CAPACITY  OF  CONDUCTORa  [CH.  HI 

when  C  is  the  capacity  of  the  condenser.  Thus  if  the 
potential  energy  is  a  maximum  the  capacity  must  be  a 
minimum.  Thus  any  displacement  of  the  inner  cylinder 
will  produce  an  increase  in  the  capacity,  but  since  the 
capacity  is  a  minimum  when  the  cylinders  are  coaxial, 
the  increase  in  the  capacity  will  be  proportional  to  squares 
and  higher  powers  of  the  distance  between  the  axes  of  the 
cylinders. 

69.    Condenten  whose  capacitiet  can  be  varied. 

For  some  experimental  purposes  it  is  convenient  to  use  a 
condenser  whose  capacity  can  be  altered  continuously,  and 
in  such  a  way  that  the  alteration  in  the  capacity  can  be 
easily  measured.  For  this  purpose  a  condenser  made  of 
two  parallel  plates,  one  of  which  is  fixed,  while  the  other 
can  be  moved  by  means  of  a  screw,  through  known  dis- 
tances, always  remaining  parallel  to  the  fixed  plate,  is 
useful.  In  this  case  the  capacity  is  inversely  proportional 
to  the  distance  between  the  plates,  provided  that  this  dis- 
tance is  never  greater  than  a  small  fraction  of  the  radius 
of  the  plates. 

Another  arrangement  which  has  been  used  for  this 
purpose    is    shown    in  Fig.   29.      It    consists  of   three 


EC 


B    C 
Pio.  29. 


coaxial  cylinders,  two  of  which,  AB,  CD,  are  of  the  same 
radius  and  are  insulated  from  each  other,  while  the  third, 
EFy  is  of  smaller  radius  and  can  slide  parallel  to  its  axis. 
The  cylinder  EF  is  connected  metallically  with  CD,  so 


thiae  two  are  always  at  the  same  potential,  the 
^indtM'  AB  is  at  a  differont  potential,  then  when  the 
cylinder  HF  ia  moved  ahout  so  us  to  expose  different 
amounts  of  surfece  to  AB  the  capacity  of  the  system 
n-ill  alter,  and  the  bcreaso  in  the  capacity  will  be  pro- 
portional to  the  increase  in  the  area  of  the  surface  of  EF 
Wought  within  AB. 

^H  60.    Slsctrometers. 

^^K  Consider  the  case  of  two  parallel  conducting  planes; 
^^^  V  be  the  potential  difference  between  the  planes,  d 
^^Kir  distance  apart.  The  force  on  a  conductor  per  unit 
^Hma  is  by  Art.  37,  equal  to 

^^liere  R  is  the  electric  intensity  at  the  conductor  and  a 
^  ttie  surface  density ;  but 

while  iT=  7—  R  by  Coulomb's  law:  we  see  therefore  that 
«r 

the  attraction  of  one  plate  on  the  other  is  per  unit  area 

I'qual  to 

1    F' 


Hw  d- 


Uenco   the  force  on  i 


,  A  of  one  of  the  plates  i 


It^ <n 

Thus  if  we  measure  the  mechanical  force  between  the 
|iUtc9  we  can  deduce  the  value  of  V,  the  potential  differ- 
•'iicc  between  tliem.  This  is  the  principle  of  Lord  Eehin's 
attracted  disc  electrometer.      Tbia  instrument  i 
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the  lijrce  necessary  to  keep  a  moveable  disc  siin-oiinded 
by  a  guard  ring  in  a  fixed  position ;  when  tbis  force  is 
known  the  value  of  the  potential  difference  is  given  by 
the  expression  (1). 

\J     Quadrant  Electrometer.     The  effect  measured  by 

the  inatnniient  just  dcseribed  varies  as  the  square  of  the 
potential  difference ;  thus  when  the  potential  difference 
is  diminished  the  attraction  between  the  plates  diminishes 
with  great  rapidity.  For  this  reason  the  instrument  is 
not  suited  for  the  measui-ement  of  very  small  potential 
differences.  To  measure  these  another  electrometer,  also 
due  to  Lord  Kelvin,  called  the  quadrant  electrometer,  is 
frequently  employed. 

This  instrument  is  represented  in  Fig.  30  :  it  consistB^ 
of  a  cage,  made  by  the  four  quadrants  A,  B,  C,  D\  each 
quadrant  is  supported  by  an  insulating  stem,  while  the 
opposite  quadrants  A  and  C  are  connected  by  a  metal  wire, 
as  are  also  B  and  D ;  thus  A  and  G  are  always  at  the  same 
potential  and  so  also  are  B  and  D.  Each  pair  of  quadrants 
is  in  connection  with  an  electrode,  E  or  F,  by  means  of 
which  it  can  easily  be  put  in  metallic  connection  with  any 
body  outside  the  case  of  the  instrument.  Inside  the  quad- 
rants and  insulated  from  them  is  a  flat  piece  of  aluminium 
shaped  like  a  figure  of  eight.  This  is  suspended  by  ^|^ 
silk  fibre  and  can  rotate  with  the  flat  side  horizoata^H 
about  a  vertical  axis.  A  fine  metal  wire  from  the  lowarl 
surface  uf  this  aluminium  needle  hangs  and  dips  into 
Bome  sulphuric  acid  contained  in  a  glass  vessel,  the  outside 
of  which  is  coated  with  tiu-foil  and  connected  with  earth. 
This  vessel,  with  the  conductor  inside  and  outside,  forms 
a  condenser  of  considerable  capacity ;  it  requires  therefore 
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k  large  charge  to  iilter  appreciably  tht!  ]>ot,i?ntiH]  o(  this 
jar,  and  thejvfure  ut'  th<j  noodle.     Tu  use  Llit;  iuKtrumcnt 


iluirge  iipthcjar  toahigh  potential  C;  the  needle  will  aim 
U-  at  the  potential  G.  Now  if  the  two  pairs  of  quadrants 
an.-  at  the  siune  potential,  the  needle  in  inside  a  coDductor 
iymmetricnl  ahout  the  axis  uf  rotation  of  the  needle,  and 
at  one  potential.  There  will  evidently  be  no  couple  on 
the  neodle  arising  from  the  electric  field,  and  the  needle 
will  lake  ap  a  position  in  which  the  couple  arising  from 
tbo  tontion  of  the  thread  supporting  the  needle  vanishes, 
tovevtr,  the  two  pairs  of  qnadranta  are  not  at  the  same 
I  bbc  uoedlf  will  swing  round  until,  if   there  i» 
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nothing  to  stop  it,  the  whole  of  its  area  will  be  inside  the 
pair  of  quadrants  whose  potential  diflFera  most  widely 
from  its  own.  As  it  swings  round,  however,  the  torsion  of 
the  thread  produces  a  couple  tending  to  bring  the  needle 
back  to  the  position  from  which  it  started.  The  needle 
finally  takes  up  a  position  in  which  the  couple  due  to  the 
torsion  in  the  thread  balances  that  due  to  the  electric 
field.  The  angle  through  which  the  needle  is  deflected 
gives  us  the  means  of  estimating  the  potential  difference 
between  the  quadrants. 

The  way  in  which  the  couple  acting  on  the  needle 
depends  upon  the  potentials  of  the  quadrants  and  the 
needle  can  be  illustrated  by  considering  a  case  in  which 
the  electric  principles  involved  are  the  same  as  in  the 
quadrant  electrometer,  but  where  the  geometry  is  simpler. 

Let  E,  F  (Fig.  31)  be  two  large  co-planar  surfaces  in- 
sulated from  each  other  by  a  small  air  gap.     Let  0  be 


Fia.  31. 

another  plane  surface,  parallel  to  E  and  F,  and  tree  to 
move  in  its  own  plane.  Let  t  be  the  distance  between  G 
and  the  planes  E  and  F.  Let  A,  B,  C  be  the  potentials  of 
the  planes  F,  E,  0  respectively.  Let  I  be  the  width  of 
the  planes  at  right  angles  to  the  plane  of  the  paper.  If 
XI  is  the  force  tending  to  move  the  plane  0  in  the 
direction  of  the  arrow,  then  if  this  plane  be  moved  through 
*.  short  distance  x  in  this  direction  the  work  done  by  the 
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electric  forces  is  Xtc.     If  the   electric  system  is  left  to 

itself,  ie.  if  it  is  not  ooouected  to  auy  batteries,  &c.,  ao 

that  the  chaises  remain  coustatit,  this  work  must  have 

been  gained  at  the  expense  of  the  electric  energy,  we 

have   therefore,  by  the  principle  of  the  Conservation  of 

Energy, 

^^  Six  =  decrease  in  electric  energy,  the  charges  remaining 

^^L       constant  when  the  plane  G  is  displaced  bhi-ough  the 

^^1       distance  x ; 

^W-by  Art.  36, 

Xlx  =  n\crease  in  electric  energy,  the  potentials  remain- 
ing constant  when  the  system  suffers  the  same 
displacement.     (1) 

Consider  the  change  io  the  electric  energy  when  the 
plane  G  is  moved  through  a  distance  x.  The  area  of  Q 
op[>osite  to  F  will  be  increased  by  Ix,  and  in  consequence 
the  energy  will  be  increased  by  the  energy  in  a  parallel 
plate  condenser,  whose  area  is  Ix,  the  potentials  of  whose 
pliites  are  A  and  G  respectively,  and  the  distance  be- 
tween the  plates  is  ( ;  this  by  Art.  56  is  equal  to 


At  the  Name  time  as  the  area  of  Q  opposite  to  F  is  in- 
sed  by  Ix,  that  opposite  to  £  is  decreased  by  the  same 
mnt,  BO  that  the  electric  energy  will  be  decreased  by 
(  energy  in  a  parallel  plate  condenser  whose  area  is  Ix, 
I  potentials  of  the  plates  B  and  C  and  their  distance 
t  /,  thia  by  Art.  fifi  is  equal  to 
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Thus  the  total  increase  in  the  electric  energy  when  0 
is  displaced  through  x,  the  potentials  being  constant 
is  equal  to 

Thus  by  equation  (1) 

If  C  —  A  is  greater  than  C  —  B,  X  ia  positive,  that  is, 
the  plate  G  tends  to  bring  as  much  of  its  surface  as  it  can 
over  the  plate  from  which  it  differs  most  in  potential. 

In  the  quadrant  electrometer  the  electrical  arrange- 
ments are  similar  to  the  simple  case  just  discussed,  hence 
the  force  will  vary  with  the  potential  differences  in  a 
similar  way.  Hence  we  conclude  that  the  couple  tending 
to  twist  the  needle  in  the  quadrant  electrometer  from  the 
quadrant  whose  potential  is  £  to  that  whose  potential 
is  A,  will  be  propoi*tional  to 


or 


(B-A) 


C-^(A  +  B) 


we  may  put  it  equal  to 

n(B-A) 
where  n  is  some  constant. 


c-Ua  +  b). 
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This,  when  the  needlo  U  in  equillbriam,  will  be 
balanced  by  the  couple  due  to  the  toision  in  the  sus- 
peiuiion  of  the  needle, 

This  couple  is  proportional  to  the  angle  G  through  which 
ho  nee<ile  is  deflected.  Let  the  couple  equal  vi6.  Hence 
..(  have  when  the  needle  la  in  equilibrium 


UB-A)^C-t^A^.B)\ 


■•(2). 


1^  If,  as  b  generally  the  case  when  small  differences  of 
potentials  arc  measured,  the  jar  containing  the  sulphuric 
acid  i.4  charged  up  ro  that  its  potential  is  very  high  cimi- 
[Mred  with  thiit  of  either  pair  of  quadrants,  C  will  be  vt-ry 
I  brge  compared  with  A  or  B,  and  therefore  with 

\l.A  +  B). 

»  ihat  the  expression  (2)  is  very  approximately 

e=-{B-A)G. 

Cence  in  this  case  the  dijfereuce  of  potential  is  pro- 
rtional  to  the  deflection  of  the  needle.  This  furnishcB 
,  very  convenient  method  of  comparing  differeucea  of 
mtiab,  and  though  it  does  not  give  at  once  the  ab- 
olute  measure  of  the  potential,  this  may  bo  deduced 
'  measuring  the  deflection  produced  by  a  standard  po- 
Btial  difference  of  known  absolute  value  such  as  that 
^wecD  the  electrodes  of  a  Clark's  ceU. 

(jiiaiiraut    oloctrometer    may   also    be    used   to 
nxv  large  differences  of  pulcntial ;  tu  do  this,  instead 
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of  charging  tlie  jar  iDdependoitly,  oonnect  the  jar  and 
therefore  the  needle  to  one  pair  of  quadrants,  say  the  pair 
whose  potential  is  A,  th^i  since  C=^A  the  expression  (2) 
becomes 

thus  the  needle  is  deflected  towards  the  pair  of  quadrants 
whose  potential  is  B,  and  the  deflection  of  the  needle  is  in 
this  case  proportional  to  the  sqvare  of  the  potential  differ- 
ence between  the  qnadrantsL  Thus  if  the  quadrants  are 
connected  respectively  to  the  indde  and  outside  coatings 
of  a  condenser,  the  deflection  of  the  electrometer  will  be 
proportional  to  the  energy  in  the  condenser. 

6L    Teat  Ibr  the  equalitj  of  the  capacity  of  two 
condenaera.    This  can  easily  be  done  in  the  following 


8  D 

Fio.  32. 

way.  Suppose  A  and  B,  Fig.  32,  are  the  plates  of  one 
condenser,  C  and  D  those  of  another.  First  connect  A  to 
C,  and  B  to  D,  and  charge  the  condensers  by  connecting 
A  and  B  with  the  terminals  of  a  battery  or  some  other 
Huitablc  meana  Then  disconnect  A  and  B  from  the 
lMitt<}ry.  Disconnect  A  from  C  and  B  from  D,  then  if 
this  capacities  of  the  two  condensers  are  equal,  their 
charges  will  be  equal  since  they  have  been  charged  to 
equal  potentials.  The  charge  in  A  will  be  equal  and 
opposite  to  that  in  D,  while  that  in  B  will  be  equal  and 
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ji[«»ite  to  that  in  C.  Thus  if  A  be  cormected  with  D 
aoil  C  with  B  tht;  positive  charge  on  the  one  plate  will 
cotinterbaiance  the  negative  on  the  other,  so  that  if  after 
this  coDuectiou  has  been  made  A  and  B  are  connected 
with  the  electrodca  of  the  electrometer,  no  deflection 
will  occur. 

62.  Comparison  of  two  condensen.  If  a  ron- 
■i^iser  whose  capacity  can  be  varied  ia  available,  the 
.ipacity  of  a  condenser  can  be  compared  with  known 
capacities  by  the  following  method, 

Let  A  and  B  (Fig.  33)  be  the  plates  of  the  condenser 
whose  capacity  is  retiuirod.  C  and  D,  E  and  F,  Q  and  IT, 


K 


ihw  plates  of  three  condensers  whose  capacities  are  known ; 

OBnnect  the  plates  B  and  C  together  and  to  one  electrode 

electrometer,  also  connect  F  and  G  together  and  to 

ie  other  electrode  of  the  electrometer.     D  and  E  are  to 

connected  together  and  to  one  electrode  of  a  battery, 

I'Jnctiou  coil  or  other  means  of  producing  a  difference 

patt;ntial,  while  A  and  H  are  to  be  connected  together 

1(1  to  the  other  pole  of  this  battery.     In  general  there 

ill  be  a  defection  of  the  electrometer;  If  there  is,  then 
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we  must  alter  the  capacity  of  the  condenser  whose 
capacity  is  variable  until  this  deflection  vanishes,  show- 
ing that  the  plates  BO^  FO  are  at  the  same  potential. 
When  this  is  the  case  a  simple  relation  exists  between 
the  capacitiea 

Let  Ci,  Ci,  C^,  C^,  be  the  capacities  of  the  condensers 
AB,  CD,  EF,  QH  respectively,  let  Fp  be  the  potential  of 
A  and  H\  x  the  potential  of  BO  and  FO,  V  the  potential 
of  DE,  To  fix  our  ideas,  let  us  suppose  that  V  is  greater 
than  Fq,  then  there  will  be  a  negative  charge  on  A,  sl 
positive  one  on  B,  a  negative  charge  on  C,  and  a  posi- 
tive one  on  D\  then  since  B  and  C  form  an  insulated 
system  which  was  initially  without  charge,  the  positive 
charge  on  B  must  be  numerically  equal  to  the  negative 
charge  on  C. 

The  positive  charge  on  B 

=  C,(x^  F.), 
while  the  negative  one  on  (7  is  numerically  equal  to 

C,(V-x). 

which  is  a  positive  quantity ;  hence  since  these  are  equal 

we  have 

C,(x^Vo)  =  C,{V-x) (1). 

Again,  since  there  is  no  deflection  of  the  electrometer, 
the  potential  of  F  and  0  is  the  same  as  that  of  B  and  (7, 
and  is  therefore  equal  to  a?,  while  since  F  and  O  are 
insulated  the  positive  charge  on  G  must  be  numerically 
equal  to  the  negative  charge  on  F, 

The  positive  charge  on  G  is  equal  to 

c,  (x  -  r,). 


i\S) 
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r  the  negative  charge  on  ^  if 

thiajc  0 


.imerically  equal  to 

e  ec|ual 

C.(«-F.)-C,(r-i) (-2); 

mmparing  eqiintinns  (1)  and  (2),  we  sec  that 
C,     C 


OA 


ihu8  if  we  know  the  capacitica  of  the  other  condensers 
•me  know  C,. 

Thus  if  we  have  etandard  condensers  whose  capacities 
are  kuown  we  can  measure  the  capacity  of  other  con- 
densers. 

Other  methods  of  determining  capacity  which  require 
tor  their  explanation  a  knowledge  of  the  principles  of 
•-l<>ctn>-magnetism,  will  be  described  in  the  part  of  the 
N  ^k  dealing  with  that  subject. 

63.  Leyden  jar.  A  convenient  form  of  condenser 
j»ll«J   u   Leyden  jar  is   represented    in    Fig.   34.     The 
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condenser  consists  of  a  vessel  made  of  tbin  glass;  the 
inside  and  outside  surfaces  of  this  vessel  are  coated  with 
tin-foil.  An  electrode  is  connected  to  the  inside  of  the 
jar  in  order  that  electrical  connection  can  easily  be  made 
with  it.  If  il  is  the  area  of  the  tin-foil,  t  the  thickness 
of  the  glass,  Le.  the  distance  between  the  surfaces  of 
tin-foil,  then  if  the  interval  between  the  tin-foil  was  filled 
with  air  the  capacity  would  be  approximately 

since  this  case  is  approximately  that  of  two  parallel 
planes  provided  the  thickness  of  the  glass  is  very  small 
compared  with  the  radius  of  the  vessel  The  effect  of 
having  glass  within  the  tin-foil  plates  will,  as  we  shall 
see  in  the  next  chapter,  have  the  effect  of  increasing  the 
capacity  so  that  the  capacity  of  the  Leyden  jar  will  be 

^  4nrt' 

where  K  is  a  quantity  which  depends  on  the  kind  of 
glass  of  which  the  vessel  is  made.  K  varies  in  value 
from  4  to  10  for  different  specimens  of  glass. 

64.  If  we  have  a  number  of  condensers  we  can  con- 
nect them  up  so  as  to  make  a  condenser  whose  capacity 
is  either  greater  or  less  than  that  of  the  individual 
condensers. 

Thus  suppose  we  have  a  number  of  condensers  which 
in  the  figures  are  represented  as  Leyden  jars,  and  suppose 
we  connect  them  up  as  in  Fig.  35,  that  is,  connect  all  the 
insidcs  of  the  jars  together  and  likewise  all  the  outsides, 
this  is  called  connecting  the  condensers  in  parallel.     We 


thus  get  a  new  cundenaer,  one  plate  of  which  consists  of 
all  the  inaidcs,  and  the  other  plate  of  all  the  outsidea  of 
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the  jaiK.    If  C  is  the  capacity  of  the  corapownd  condenser, 
Q  the  total  charge  in  this  condenser,  V  the  difference  of 
potential  between  the  plates,  then  by  detinition 
Q  =  CV. 

tf  Qi-  Qi'  Qi-  ■■-  "'■Ci  the  charges  in  tho  first,  second, 
third,  etc.  condc'oaera,  Ci,  C„  P,,  ...  the  capacities  of  these 
condensers 

Q,  =  C, V,    Q,  =  C. V.     Q,  =  C,V  etc.. 
but      Q  =  Q.  +  Q,  +  ft -i- ...  =  (C,  +  a+C,  +  ...)  V. 
hmice  C  =  (7,+C,  +  C,+  ..., 

i-r  the  capacity  of  a  system  of  condensers  connected  in 
ihis  way,  is  the  sura  of  the  capacities  of  its  coniponenta 
I'hUB  the  capacity  of  the  compound  system  is  greater 
I  that  of  any  of  its  components. 

Next  let  the  condensers  be  connected  up  as  in  Fig.  36, 
liere  the  condensers  are  insulated,  and  where  the  outside 
r  the  first  is  connected  to  the  inside  of  the  second,  the 
pitade  of  the  second  to  the  inside  of  the  third,  and  so  on. 
I  ealled  connecting  the  condensers  up  in  cascade 
One  pkte  of  the  compound  system  thus 
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formed  is  the  inside  of  the  first  condenser,  the  other  plate 
is  the  outside  of  the  last 


Fw.  36. 


Let  C  be  the  capacity  of  the  system,  (7,,  C,,  C„  the 
capacities  of  the  individaal  condensers;  then  since  the 
condensers  are  insulated  the  charge  on  the  outside  of 
the  first  is  equal  in  magnitude  and  opposite  in  sign  to 
the  charge  on  the  inside  of  the  second,  the  chai^  on  the 
outside  of  the  second  is  equal  in  magnitude  and  opposite 
in  sign  to  the  charge  on  the  inside  of  the  third,  and  so  on. 
Since  the  charge  on  the  inside  of  any  jar  is  equal  and 
opposite  to  the  charge  on  the  outside,  we  see  that  the 
charges  on  the  jars  are  all  equal  Let  Q  be  the  charge 
on  any  jar,  F,,  F, ...  the  differences  of  potential  between 
the  inside  and  outside  of  the  first  and  second  jars.     Then 


v-9. 


F,= 


Q 


if  K  is  the  difference  of  potential  between  the  outside  of 
the  last  jar  and  the  inside  of  the  first,  then 

r=F,+  F.+  F,... 


-^ihk+h-)' 
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but,  Hiiioi'  €  is  the  capacity  of  the  compound  conikinser  of 
which  y  ia  the  charge,  and  V  the  potential  difference, 
Q  =  CV, 


1 


1        1 


0    c.c^^c,-- 

ibiis  the  rocipnical  of  the  cajiacity  of  the  coudenser  made 
U  connecting  up  in  cascade  the  seriea  of  condensers,  is 
"■|iml  to  the  sum  of  the  reciprocals  of  the  capacities  of 
liio  condensers  so  connected  up. 

I  We  see  that  the  capacity  of  the  compound  condenser 
s  than  that  of  any  of  its  constituents. 

[66.  If  we  connect  a  condenser  of  small  capacity  in 
ide  with  a  condenser  of  large  capacity,  the  capacity  of 
ie  compound  condenser  will  be  slightly  less  than  that  of 
lemnall  condenser;  white  if  we  connect  them  in  parnllol, 
Oie  capacity  of  the  compound  condenser  Is  slightly  greater 
[  thm  that  of  the  lai-ge  condenser. 

As  another  example  on  the  theory  of  condensers, 
LuB  take  the  case  when  two  condensers  arc  connected 
ft  parallel,  the  first  having  before  connection  a  charge  Q,, 
I  \if  second  the  chaise  Q,..  Let  C,  and  C,  be  the  capacities 
if  thtiite  condensers  respectively.  When  they  are  put  in 
nmnection  they  form  a.  condenser  whose  capacity  is  C^  +  C^, 
and  whose  charge  is  Q,  +  ft. 

Now   the  electric  energy  in  a  charged  condenser  is 
)  bklf  the  product  of  the  charge  into  the  potential 
I,  and  Hincv  the  potential  difference  is  equal  to 


112  CAPACITY   OF  CONDUCTORS.  [CH.  IH 

the  charge  divided  by  the  capacity;  if  Q  is  the  charge, 
C  the  capacity,  the  energy  is 

2  C 

Thus  the  total  electric  energy  in  the  two  jars  before 
they  are  connected  is 

2  Ci      2  C,' 
after  they  are  connected  it  is 

2    C+(7,   • 

Now 

2  (C,  +  C,«) 


2  VO,  "^  0, ) 


2C,C,  (C.  +  C.) 
an  essential  positive  quantity  which  only  vanishes  if 

that  is,  when  the  potentials  of  the  jars  before  connection 
are  equal.  In  this  case  the  energy  after  connection  is 
the  same  as  before  the  connections  are  made.  If  the 
potentials  are  equal  before  connection,  connecting  the 
jars  will  evidently  make  no  difference,  as  all  that  con- 
nection does  is  to  make  the  potentials  equal.  In  every 
other  case  electric  energy  is  lost  when  the  connection 
is  made ;  this  energy  is  accounted  for  by  the  work  done 
by  the  spark  which  passes  when  the  jars  are  put  in 
connection. 


CHAPTER  IV, 


Specific  Inductive  Capacity. 
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67.  Specific  InductlTe  Capacl^.  Faraday  found 
that  the  charge  io  a  coudenser  between  whoBC  plates  a 
cuQstAQt  difference  of  puteDtial  was  maintained  depended 
upon  the  nature  of  the  dielectric  between  the  plates, 
the  charge  being  greater  when  the  interval  between  the 
plates  was  filled  with  glass  or  sulphur  than  when  it  was 
filk^  with  air. 

Thus  the  'capacity*  of  a  condenser  (see  Art.  51)  de- 

ida  upon  the  dielectric  between  the  plates.     Faraday's 

inal  experiment  by  which  this  result  was  established 

follows :  he  took  two  equal  and  similar  condensers, 

andiJ,  of  the  kind  shown  in  Fig.  (37),  made  of  concentric 

ifihores ;  in  one  of  these,  B,  there  was  an  opening  by  which 

ij<:flted  wax  or  sulphur  could  be  run  into  the  interval  be- 

i  wocn  the  spheres.     The  insides  of  these  condensers  were 

cuiinectod  together,  as  were  also  the  outsides,  so  that  the 

[Mtential  difference  between  the  plates  of  the  condenser 

n-aa  tliv  name  for  A  as  for  B.    When  air  was  the  dielectric 

'-lwui;n  the  Rpheres  Faraday  found,  as  might  have  been 

\[>oct«i)  fmrn  the  equality  of  the  condensers,  that  any 

■'i.,irgc  given  t<i  the  condensers  was  equally  distributed 

"  twct-n  A  and  H:  when  however  the  interval  in  B  \ 

T-E.  S 


lU 
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filled  with  sulphur  and  the  condensers  again  charged  he 
found  that  the  charge  in  B  was  three  or  four  times  that 


Pig.  87. 

in  A  :  proving  that  the  capacity  of  B  had  been  in- 
creased three  or  four  times  by  the  substitution  of  sulphur 
for  air. 

This  property  of  the  dielectric  is  called  its  specific 
inductive  capacity.  The  measure  of  the  specific  induc- 
tive capacity  of  a  dielectric  is  defined  as  the  ratio  of  the 
capacity  of  a  condenser  the  region  between  whose  plates 
is  entirely  filled  by  this  dielectric  to  the  capacity  of  the 
same  condenser  when  the  region  between  its  plates  is 
entirely  filled  with  air.  As  far  as  we  know  at  present 
the  specific  inductive  capacity  of  a  dielectric  in  a  con- 
denser does  not  depend  upon  the  difference  of  potential 
established  between  the  plates  of  that  condenser,  that  is, 
upon  the  electric  intensity  acting  on  the  dielectric.  We 
may  therefore  conclude  that  at  any  rate  for  a  wide  range 
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trie  tntenfiities  the  specific  inductive  capacity  i 
ident  of  the  electric  inteDsity. 
)  following  table  contains  the  values  of  the  specifl 
ive  capacities  of  some  Hubstances  which  are  ( 
it  occurrence  in  a  physical  laboratory: 


Solid  paraffin 

229. 

Paraffin  oil 

1-92. 

Ebonite 

315. 

Sulphur 

397. 

Mica 

e'64. 

Dense  flint-glass 

7'37. 

Light  flint-glass 

6-72. 

Turpentine 

223. 

Distilled  water 

76. 

Alcohol 

26. 

specific  inductive  capacity  of  ga.'tes  depends  upon 
!,  the  difference  between  K,  the  specific  In- 
capacity, and  unity  being  directly  proportional  to 
iBure :  this  law  however  does  not  seem  to  hold  at 
r  pressures. 

specific    inductive    capacity   of   some   gases   ati  j 

lieric  pressure  ia  given  in  the  following  table;  the  I 

inductive  capacity  of  liir  at  atmospheric  pressure  1 

aa  unity: 

Hydrogen  09967*. 

Carbonic  acid      1  OOOSofi. 
CWbonic  oxide    10001. 
Olcfiantgas         1000722. 

It  was  the  discovery  of  this  property  of  the 
vhicb  led  Faraday  to  the  view  we  have  explainec 
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in  Art.  38,  that  the  effects  observed  in  the  electric  field 
are  not  due  to  the  action  at  a  distance  of  one  electrified 
body  on  another,  but  are  due  to  effects  in  the  dielectric 
filling  the  space  between  the  electrified  bodies. 

The  results  obtained  in  Chapters  IL  and  IIL  were 
deduced  on  the  supposition  that  there  was  only  one 
dielectric,  air,  in  the  field ;  these  require  modification  in 
the  general  case  when  we  have  any  number  of  dielectrics 
in  the  field.  We  shall  now  go  on  to  consider  the  theoiy 
of  this  general  case. 

We  assume  that  each  unit  of  positive  electricity  by 
whatever  medium  it  is  surrounded  is  the  origin  of  a 
Faraday  tube,  each  unit  of  negative  electricity  the  ter- 
mination of  one :  let  us  consider  from  this  point  of  view 
the  case  of  two  parallel  plate  condensers  A  and  B,  the 
plates  of  A  and  B  being  at  the  same  distance  apart,  but 
while  those  of  A  are  separated  by  air,  those  of  jB  are 
separated  by  a  medium  whose  specific  inductive  capacity 
is  K.  Let  us  suppose  that  the  charge  per  unit  area  on 
the  plates  of  the  condensers  A  and  B  is  the  same.  Then 
since  the  capacity  of  the  condenser  B  is  K  times  that  of 
A  and  since  the  charges  are  equal,  the  potential  difference 
between  the  plates  of  B  is  only  IJK  of  that  between  the 
plates  of  A, 

Now  if  Vp  is  the  potential  at  P,  Vq  that  at  Q,  R  the 
electric  intensity  along  PQ ;  then,  whatever  be  the  nature 
of  the  dielectric,  when  PQ  is  small  enough  to  allow  of 
the  intensity  along  it  being  regarded  as  constant, 

R.PQ  =  Vp-Vf^ (1), 

for  by  definition  R  is  the  force  on  unit  charge,  hence  the 
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left-hand  aide  of  this  exprcssiun  is  the  work  done  on  unit 
charge  as  it  moves  from  P  to  Q,  and  is  thus  by  definition, 
Art.  16,  equal  to  the  right-hand  side  of  (1). 

The  electric  intenaitj  between  the  plates  both  of  A 
and  B  is  uniform,  and  at  any  point  equal  to  the  difference 
of  potential  between  the  plates  divided  by  the  distance 
between  the  plates,  this  distance  is  the  same  for  tho 
plates  A  and  B,  so  that  the  electric  intensity  between 
the  plates  of  ^  is  to  that  between  the  plates  of  B  as  the 
jxitential  difference  between  the  plates  of  A  la  to  that 
l.".iwcen  the  plates  of  B.  That  is,  the  electric  intensity 
iij  A  ia  K  times  that  in  B. 

Consider  now  these  two  condensers.    Since  the  charges 

I  Ml  unit  area  of  the  plates  are  the  same  the  number  of 
IVusday  tubes  passing  through  the  dielectric  between 
the  plates  is  the  same,  while  the  electric  intensity  in  B 
a  only  1/K  that  in  air.  Hence  we  conclude  that  when 
the  same  number  of  Faraday  tubes  pass  through  unit 
area  of  a  dielectric  whose  specific  inductive  capacity  is  K 
(IS  through  unit  area  in  air,  the  electric  intensity  in  the 


1 


dielectric  is  ^  of  the  electric  intensity  in  air. 

By  Art.  40  we  see  that  if  JV  is  the  number  of  Faraday 
tubes  passing  through  unit  area  in  air,  R  the  electric 
iaCeiisity  in  air, 

hence  when  N  tubes  pass  through  unit  area  in  a  medium 
whose  specific  inductive  capacity  is  K,  R,  the  electric  in- 
tensity iu  thia  dielectric  is  given  by  the  equation 


kJ 
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69.  Polaiizatioii  in  a  dielectric.  We  define  the 
polarization  in  the  direction  PQ  where  P  and  Q  are  two 
points  close  together  as  the  excess  of  number  of  Faraday 
tubes  which  pass  from  the  side  P  to  the  side  Q  over  the 
number  which  pass  from  the  side  Q  to  the  side  P  of  a 
plane  of  unit  area  drawn  between  P  and  Q  at  right 
angles  to  PQ.  We  may  express  the  result  in  Art.  68  in 
the  form 

(electric  intensity  in  any  direction  at  P) 
=  ^  (polarization  in  the  dielectric  in  that  direction  at  P). 

The  polarization  in  a  dielectric  is  mathematically 
identical  with  the  quantity  called  by  Maxwell  the  electric 
displacement  in  the  dielectria 

70.  Thus  the  polarization  along  the  outward-drawn 
normal  at  P  to  a  surface  is  the  excess  of  the  number 
of  Faraday  tubes  which  leave  the  surface  through  unit 
area  at  P  over  the  number  entering  it.  If  we  divide  any 
closed  surface  up  as  in  Art.  9  into  a  number  of  small 
meshes,  each  of  these  meshes  being  so  small  that  the 
polarization  over  the  area  of  any  mesh  may  be  regarded 
as  constant,  then  if  we  multiply  the  area  of  each  of  the 
meshes  by  the  normal  polarization  at  this  mesh,  the  sum 
of  the  products  taken  for  all  the  meshes  which  cover 
the  surface  is  defined  to  be  the  total  normal  polarization 
over  the  surface.  We  see  that  it  is  equal  to  the  excess 
of  the  number  of  Faraday  tubes  which  leave  the  sur&ce 
over  the  number  which  enter  it. 

Now  consider  any  tube  which  does  not  begin  or  end 
inside  the  closed  surface,  then  if  it  meets  the  sur&ce  at 
all  it  will  do  so  at  two  places,  P  and  Q ;  at  one  of  these 
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It.  will  be  going  from  the  inside  to  the  outside  of  the 
Hiiriace,  at  the  other  from  the  outside  to  the  insida  Suoh 
li  tube  will  not  coutribute  anything  to  the  total  normal 
polarization  over  the  surface,  for  at  the  place  where  it 
leaves  the  surface  it  contributes  + 1  to  this  quantity, 
which  is  neutralized  by  the  —  1  which  it  contributes 
«t  the  place  where  it  enters  the  surface. 

Now  consider  a  tube  starting  inside  the  surface,  this 
i>"ill  leave  the  surface  but  not  enter  it,  or  if  the  surface 
i>  bent  so  that  the  tube  cuts  the  surface  more  than  once. 
It  will  leave  the  surface  once  oftener  than  it  enters  it. 
This  tube  will  therefore  contribute  + 1  to  the  total  normal 
pukrizatioQ  :  similarly  we  may  show  that  each  tube  which 
ends  inside  the  surface  contributes  —  1  to  the  total  normal 
polarization.  Thus  if  there  are  N  tubes  which  begin 
inside  the  surface,  :uid  M  tubes  which  if^nd  inside,  the  total 
normal  polarization  is  e<iual  to  N-M.  But  each  tube 
which  begins  inHide  the  surface  corresponds  to  a  unit 
]xiaitive  charge,  each  tube  which  ends  in  the  surface  to  a 
unit  negative  one.  so  that  JV^  ~  if  is  the  difference  between 
the  positive  and  negative  charge  inside  the  surface,  that 
is,  it  is  the  total  charge  inside  the  surface. 

Thus  we  see  that  the  total  normal  polarization  over 

closed  surface  is  equal  to  the  charge  inside  the  surface. 

ice  the  normal  polarization  is  equal  to  {Kjiit)  times 

□omial  intensity  where  K  is  the  specific  inductive 

capacity,  which  for  air  is  equal  to  unity,  we  see  that  when 

the   dielectric  is  air  the  preceding  theorem   is  identical 

with  Gauss's  theorem,  Art.  10.     In  the  form  stated  above 

is  applicable  whatever  dielectrics  may  be  in  the  field, 

in  general  Gauss's  theorem  as  stated  in  Art.   10 

to  be  true. 
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71.    Modificatioii  of  Coulomb^B  equation.     If  a 

is  the  surface  density  of  the  electricity  over  a  conductor 
then  a  Faraday  tubes  pass  through  unit  area  of  a  plane 
drawn  in  the  dielectric  above  the  conductor  at  right 
angles  to  the  normal.  Hence  a  is  the  polarization  in 
the  dielectric  in  the  direction  of  the  normal  to  the  con- 
ductor. Hence  by  Art.  69  if  R  is  the  normal  electric 
intensity 

It  =  -j^  (J". 

This  is  Coulomb's  equation  generalized,  so  as  to  apply 
to  the  case  when  the  conductor  is  in  contact  with  any 
dielectric. 

u  72.  Ezprewion  for  the  Energy.  The  student 
will  see  that  the  process  by  which  the  expression  ^2  {EV) 
was  in  Art.  23  proved  to  represent  the  electric  energy 
of  the  system  will  apply  whatever  the  nature  of  the 
dielectric  may  be,  as  will  also  the  immediate  deduction 
from  it  that  the  energy  is  the  same  as  if  each  Faraday 
tube  possessed  an  amount  of  energy  equal  per  unit  length 
to  one-half  the  electric  intensity. 

The  expression  for  the  energy  per  unit  volume  how- 
ever requires  modification.  Consider  as  in  Art.  43  a 
cylinder  whose  axis  is  parallel  to  the  electric  intensity 
and  whose  fiat  ends  are  at  right  angles  to  it,  let  I  be  the 
length,  Q)  the  area  of  one  of  the  ends,  P  the  polarization, 
R  the  electric  intensity.  Then  the  portion  of  each 
Faraday  tube  inside  the  cylinder  has  an  amount  of  energy 
equal  to 
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thu  uuuibur  of  yuch  tubes  iuwidt;   the  cytindi^r  is  ciiiuil 
to  i'w,  lipiicf  thf  energy  inside  the  cylinder  is  equal  to 

but  i»  is  the  volume  of  the  cyliuder,  hencu  the  energy  per 
unit  volume  ia  e<]ual  to 

bul  by  Art.  G[)  P  =  ^  fi,'   '  ^^'^^    cC^-txM, 

U 

^Ud  that  the  energy  per  unit  vohinie  is  equal  to 


i 


fi)r  the  same  electric  intensity  the  energy  i;*  K 
inifs  as  great  act  it  is  in  air.     Another  expression  for  the 
•rgy  per  unit  volume  is 

that  fi>r  same  polarization  the  energy  in  the  dielectric 
is  only  l/ifth  part  of  what  it  is  in  air. 

We  Bee,  as  in  Art.  45,  that  the  tension  in  each  Faraday 
tube  will  still  equal  one-half  the  electric  intensity  {li) ; 
the  tension  across  unit  area  in  the  dielectric  will  therefore 


73.  Conditions  to  be  satisfied  at  the  boundary 
of  two  media  of  different  specific  inductive  capa- 
city.    Suppose  that  the  line  AB  rcpresentH  the  section 


122  SPECIFIC   INDUCTIVE  CAPACITY.  [CH.  IV 

by  the  plane  of  the  paper  of  the  plane  of  separation  of 
two  different  dielectrics;  let  the  specific  inductive  ca- 
pacities of  the  upper  and  lower  media  respectively  be 


p 


B 


8  R 

Fxo.  38. 

Let  us  consider  the  conditions  which  must  hold  at 
the  surface.  In  the  first  place  we  see  that  the  electric 
intensity  parallel  to  the  surfeice  must  be  the  same  in 
both  media;  for  if  they  were  different,  that  in  the 
medium  Ki  being  the  greater,  we  could  get  an  infinite 
amount  of  work  by  making  unit  charge  travel  round 
the  closed  circuit  PQRS,  PQ  being  just  above,  and  RS 
just  below  the  surface  of  separation.  For  if  PQ  is  the 
direction  of  the  tangential  component  Ti  of  the  electric 
intensity  in  the  upper  medium,  the  work  done  on  unit 
charge  as  it  goes  from  P  to  Q  is  Ti.  PQ ;  as  QR  is  lex- 
cessively  small  the  work  done  on  or  by  the  charge  as 
it  goes  from  Q  to  12  may  be  neglected  if  the  normal  in- 
tensity is  not  infinite,  the  work  required  to  take  the 
unit  charge  back  from  ii  to  S  is  T, .  RS,  if  T,  is  the 
tangential  component  of  the  electric  intensity  in  the 
lower  dielectric,  and  we  may  neglect  the  work  done  or 
spent  in  going  from  ^  to  P.  Thus  since  the  system  is 
brought  back  to  the  state  from  which  it  stai-ted,  the  work 
done  must  vanish,  hence  TiPQ  —  TJtS  must  be  zero. 
But  since  PQ  =  RS  this  requires  that  Ti  =  jT,  or  the 
tangential  components  of  the  electric  intensity  must  be 
the  same  in  the  two  media. 
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Next  BUppose  that  <r  is  thts  tlL-nsity  of  thr  free 
LtL-ctricity  on  the  surface  separatiug  the  two  media. 
Dmw  a  very  flat  circular  cylinder  shown  in  Hection  at 
PQRS.  the  axis  of  this  cylinder  being  parallel  to  the 
Dumiiil  to  the  surface  of  separation,  the  top  face  of  this 
c>'lindur  being  just  above,  the  lower  fece  juet  below  this 
snrface.  The  length  of  this  cylinder  is  very  small  com- 
pared with  its  breadth  ;  the  ai'ea  of  the  curved  surface 
of  the  cylinder  will  be  very  small  compared  with  the 
area  of  its  ends,  and  by  making  the  cylinder  sufficiently 
short  we  can  make  the  ratio  of  the  area  of  the  curved 
snrfece  to  that  of  the  ends  aa  small  as  we  please ;  hence 
in  considering  the  total  normal  polarization  over  a  very 
short  cylinder,  we  may  leave  out  the  effect  of  the  curved 
surface  and  consider  only  the  tlat  en<ls  of  the  cylinder. 
But  since  the  cylinder  encloses  the  charge  aw,  if  w  is 
|4he  area  of  one  end  of  the  cylinder,  the  total  normal 
rization  over  its  surface  must  be  equal  to  cat.  If  N, 
I  the  nonnal  polarization  in  the  first  medium  measured 
iward  the  total  normal  polarization  over  the  top  of  tho 
mder  is  N,w,  if  A^,  is  the  normal  polarization  measured 
ward  in  the  second  medium,  the  total  normal  polariisa- 
I  over  the  lower  face  of  the  cylinder  is  —  jV^;  hence 
B  total  normal  polarization  over  the  cylinder  is 
A"iO)  -  JV"^. 
Siucu  this,  by  Art.  70,  is  equal  to  am,  we  have 
If,-]f,  =  a. 
I  When  there  ia  no  charge  on  the  surfiice  separating 
I  two  dielectrics,  these  conditions  become  (1)  that  the 
mtial  electric  intensities,  and  (2)  the  normal  polarizu- 
B  mniit  be  the  same  in  the  two  media. 
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74.  Refiractioii  of  the  lines  of  force.  Suppose 
that  Ri  is  the  resultant  electric  intensity  in  the  upper 
medium,  i2,  that  in  the  lower ;  OiyO^  the  angles  these  make 
with  the  normal  to  the  sur&ce  of  separation.  The  tan- 
gential intensity  in  the  first  medium  is  i2isin^i,  that 
in  the  second  is  22,  sin  d,,  and  since  these  are  equal 

iJisin^i  =  iJ8sin^, (1). 

The  normal  intensity  in  the  upper  medium  is  Ri  cos  0i, 
hence  the  normal  polarization  in  the  upper  medium  is 

KiRi  cos  0i/4nr, 

that  in  the  second  is  KJR^gosO^^,  and  since,  if  there 
is  no  charge  on  the  surface,  these  are  equal  we  have 

^R,co8  0,^f^R^cos0^ (2); 

dividing  (1)  by  (2),  we  get 

-^  tan  0i  =  jrr  tan  ^J, 

hence,  if  Ki  >  if,,  ^i  is  >  ^„  thus  when  the  tube  enters  a 
medium  of  greater  specific  inductive  capacity  from  one 
of  less,  it  is  bent  away  from  the  normal. 

This  is  shown  in  the  diagram  Fig.  39  (from  Lord 
Kelvin's  Reprint  of  Papers  on  Electrostatics  and  Mag- 
netism), which  represents  the  lines  of  force  when  a  sphere, 
made  of  paraffin  or  some  material  whose  specific  inductive 
capacity  is  greater  than  unity,  is  placed  in  a  field  of  uni- 
form force  such  as  that  between  two  infinite  parallel  plates. 

An  inspection  of  the  diagram  shows  the  tendency  of 
the  tubes  to  run  as  much  as  possible  through  the  sphere ; 
this  is  an  example  of  the  principle  that  a  system  alwajrs 
tends  to  get  the  potential  energy  as  small  as  possible. 
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iVe  saw.  Art.   72,  thut  when  the  polaj-ization 


P  the 

this   for   the 


same  value  uf  P  is  less  in  pfttuffin  than  it  is  in  air;  that 
ia  when  the  same  number  of  tubes  pass  through  the 
1  they  have  less  energy  in  unit  volume  than  when 
ley  pass  through  air,  there  is  therefore  a  tendency  for 
tubes  to  Hock  into  the  paraffin.  The  reason  that 
[  the  tubes  do  not  run  into  the  sphere  is  that  those 
Uch  are  somo  distance  away  frora  it  would  have  to 
nd  down  ill  order  to  reach  the  paraffin,  they  would 
■eforo  have  to  greatly  lengthen  their  path  in  the  air, 
the  increase  in  the  energy  consequent  upon  this 
mid  not  bo  compensated  for  in  the  case  of  the  tubes 
i  distance  originally  from  the  sphere  by  the  diininu- 

1  the  energy  when  they  got  in  the  sphere. 
In  Fig.  40  (from  Lord  Kelvin's  Reprint  of  Papers  on 
DRtatics  and  Magnetism)  the  effect  produced  by  a 
idacting  8i»here  on  a  Hold  of  uniform  force  ia  given  for 
gaparisan   with    the   effects   produced   by   the  ptiraltin 
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sphere.  It  will  be  noticed  that  the  paraffin  sphere  pro- 
duces effects  similar  in  kind  though  not  so  great  in 
intensity  as  the  conducting  sphere.  This  observation  is 
true  for  all  electrostatic  phenomena,  for  we  find  that 


Fio.  40. 

bodies  having  a  greater  specific  inductive  capacity  than 
the  surrounding  dielectric  behave  in  a  similar  way  to 
conductors.  Thus  they  deflect  the  Faraday  tubes  in  the 
same  way  though  not  to  the  same  extent ;  again,  a  conduc- 
tor tends  to  move  from  the  weak  to  the  strong  parts  of  the 
field,  so  likewise  does  a  dielectric  surrounded  by  one  of 
smaller  specific  inductive  capacity.  Again,  the  electric 
intensity  inside  a  conductor  vanishes,  the  electric  intensity 
just  inside  a  dielectric  of  greater  specific  inductive  capacity 
than  the  surrounding  medium  is  less  than  that  just  outside. 
As  far  as  electrostatic  phenomena  are  concerned  an  in- 
sulated conductor  behaves  like  a  dielectric  of  infinitely 
Teat  specific  inductive  capacity. 
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75.  Force  between  two  imall  charged  bodies 
Inunersed  in  any  dielectric.  If  we  have  a  small  body 
with  a  charge  e  immersed  in  a  medium  whose  specific 
inductive  capacity  is  K,  then  the  polarization  at  a  dis- 
tance r  from  tho  body  is  e/'irirr'.  To  prove  this  describe 
a  sphere  nidius  r  with  its  centre  at  the  small  body,  then 
the  polarization  P  will  be  nniform  over  the  surface  of 
the  sphere  and  radial ;  hence  the  total  normal  polarization 
over  the  surface   of  the   sphere  will   equal  P  x  (surface 

,  trf  the  sphere),  i.e.  P  x  iwr';  but  this,  by  Art.  70,  is  equal 

^D  e,  bence 

B  Px4xr»=e, 


4nT'' 


■■(!)■ 


But  if  R  is  tho  electric  intensity,  then  by  Art.  69 


R. 

r'' 

Hen 

cebj(l) 

R 

rep 

l»io„  on  a 

charge  e 

\bIU 

the  rcpntsioQ  between  the  charges  when  separated  by  a 
distance  r  in  a  dielectric  whose  specific  inductive  capacity 
a  K  \s  only  l//fth  part  of  the  repulsion  between  the 
chargi^  if  thev  were  separated  by  the  same  distance  in 
tiir.  Thiifl  when  the  charges  are  given  the  mechanical 
\ 'tv^  in  the  field  are  diminished  by  the  interposition 
t  it  medium  with  a  large  specific  inductive  capacity. 

76.     Two   Parallel   Plate*   separated   by  a   Di- 
electric.     Let    us   take  the  caae  of  two    jiarallel   plates 
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separated  by  an  insulating  medium  whose  specific  in- 
ductive capacity  is  K.  Let  V  be  the  potential  difference 
between  the  plates,  a  the  surfieu^e  density  of  the  electrifi- 
cation on  the  positive  plate,  then  —  a  will  be  that  on 
the  negative.  Let  12  be  the  electric  intensity  between 
the  plates,  d  the  distance  by  which  they  are  separated; 
then  by  Art.  71 

_KV 
"  d   ' 

The  force  on  one  of  the  plates  per  unit  area  is 

\^Ra 

"    K    ' 

that  is  if  the  charges  are  given  the  force  between  the 
plates  is  inversely  proportional  to  the  specific  inductive 
capacity  of  the  medium  separating  them. 

Again,  since 

we  see  that  if  the  potentials  of  the  plates  be  given  the 
attraction  between  them  is  directly  proportional  to  the 
specific  inductive  capacity.  This  result  is  an  example  of 
the  following  more  general  one  which  we  leave  to  the 
reader  to  work  out;  if  in  a  system  of  conductors  main- 
tained at  given  potentials  and  originally  separated  from 
each  other  by  air  we  replace  the  air  by  a  dielectric  whose 
specific  inductive  capacity  is  K,  keeping  the  position  of 
the  conductors  and  their  potentials  the  same  as  before,  the 
forces  between  the  conductors  will  be  increased  K  timea 


Thus  for  example  if  wc  fill  the  space  between  the 
iles  and  the  quadrants  of  an  electrometer  with  a 
fluid  whose  specific  inductive  capacity  is  K,  keeping  the 
jwtentiuls  of  the  needles  and  quadrants  constant,  the 
ouuple  on  the  needle  will  be  increased  K  times  by  the 
introduction  of  the  fluid.  Thus  if  we  measure  the  couples 
before  and  after  the  introduction  of  the  fluid  the  ratio 
of  the  two  will  give  us  the  specific  inductive  capacity 
of  the  fluid.  This  method  has  been  applied  to  measure 
the  specific  inductive  capacity  of  liquids,  especially  those 
-uch  as  water  or  alcohol,  which  are  not  sufficiently  good 
insulators  to  allow  the  method  described  in  Art.  81  to 
J    be  applied. 

Wt  77.  The  next  case  we  shall  consider  is  when  a  slab  of 
Hpelectric  is  placed  between  two  infinite  parallel  conducting 
^planes,  the  faces  of  the  slab  being  parallel  to  the  planes. 


'inininiiiiiiiuiiiunnniiinii/im 


^^r  Let  d  be  the  distance  between  the  planes,  t  the 
^^DckDeai  of  the  slab,  k  the  distance  between  the  upper 
^Tfcco  of  the  slab  and  the  upper  plane.  The  Faraday  tubes 
will  go  straight  across  from  plane  to  plane,  so  that  the 
I  pularir^tion  will  be  everywhere  normal  to  the  conducting 
kuen  and  to  the  planes  separating  the  slab  of  dielectric 
lUui  the  air. 
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We  saw  in  Art  73  that  the  normal  polarization  does 
not  change  as  we  cross  from  one  medium  to  another,  and 
as  the  tubes  are  straight  the  polarization  will  not  change 
as  long  as  we  remain  in  one  medium.  Thus  the  polariza- 
tion which  we  shall  denote  by  P  is  constant  between  the 
planea  In  air  the  electric  intensity  is  WP,  in  a  dielectric 
of  specific  inductive  capacity,  K  the  electric  intensity  is 
equal  to  ^PjK. 

Thus  between  A  and  B  the  electric  intensity  is  WP, 

jBand  C "Iz^* 

OandD 49rP. 


The  di£ference  of  potential  between  the  plates  is  the 
work  done  on  unit  charge  when  it  is  taken  from  one  plate 
to  the  other.  Now  when  unit  charge  is  taken  across  the 
space  AB,  the  work  done  on  it  is 

WPxA; 

when  it  is  taken  across  the  plate  of  dielectric  the  work 
done  is 

AnrP 

when  it  is  taken  across  CD  the  work  done  is 

47rP  {d  -  (A  + 1% 

Hence  V  the  excess  of  the  potential  of  the  plate  A 
above  that  of  D  is  equal  to 

47rPA  +  -j^  t  +  4r7rP  (d  -  (A  +  t)] 


=  WP|d..(l.^)}. 


If  o-  is  the  surface  density  of  the  electricity  on  the 
[wialive  plate,  <t  =  P,  so  that 


(.-..1). 


..(1). 


1  of  the  plato,  i.e.  the 


,(i-,+|) 


^L    Hence  the  capacity  pc-r  unit 
■altieuf<r  whoD  V=\.m 

la  it  is  the  same  as  if  the  plate  of  dielectric  were  re- 
placed bj  a  plate  of  air  whose  thickness  was  tjK.  The 
presence  of  the  dielectric  increases  the  capacity  of  the 
condenser.  The  alteration  in  the  capacity  does  not  depend 
□pon  the  position  of  the  slab  of  dielectric  between  the 
parallel  plates. 

Let  UB  now  consider  the  force  between   the  platen ; 

(the  force  per  unit  area 

where  R  is  the  electric  intensity  at  the  surface  of  the 
[<[aX&;    but  since  the  suriace  of  the  plate  is  in  contact 
\   ifith  air  i2  =  ♦ttct,  thus  the  force  per  unit  area 
I  =27r(r'; 

fience  if  the  charges  on  the  plates  arc  given,  the  attraction 
'  f)etweeD  them  is  not  affected  by  the  interposition  of  tho 
plate  of  dielectric. 

Xext  let  the  potentials  be  given ;  we  see  from  equa- 
iu,a  (1)  that 
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hence  27r<r*  the  force  per  unit  area  is  equal  to 


V 


t 


The  force  between  the  plates  when  there  is  nothing 
but  air  between  them  is 


SttcP" 


Now  since  K  is  greater  than  1,  d  —  ^  +  t/K  is  less 
than  d,  so  that  l/(d  -  ^  +  t/Ky  is  greater  than  1/cP.  Thus 
when  the  potentials  are  given  the  force  between  the  plates 
is  increased  by  the  interposition  of  the  dielectria 

If  iT  be  very  great  t/K  is  very  small,  thus  d  —  t-^  t/K 
is  very  nearly  equal  to  d  —  t,  and  the  effect  of  the  inter- 
position of  the  slab  of  dielectric  both  on  the  capacity 
and  on  the  force  between  the  plates  is  approximately 
the  same  as  if  the  plates  had  been  pushed  towards 
each  other  through  a  distance  equal  to  the  thickness 
of  the  slab,  the  dielectric  between  the  plates  being  now 
supposed  to  be  air.  This  result,  which  is  approximately 
true  whenever  the  specific  inductive  capacity  of  the  slab 
is  very  large,  is  rigorously  true  when  the  slab  is  made  of 
a  conducting  material. 

Effect  of  the  Slab  of  Dielectric  on  the  Potential 
Energy.     The  potential  energy  is  by  Art.  23  equal  to 

iS  {EV). 

thus  the  energy  corresponding  to  the  charge  on  each  unit 
of  area  of  the  plates  is  equal  to 
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this  by  equation  (1 )  is  equal  to 

2.^{d-,(l-^.)}, 

it  is  thus  loss  than  Zira^,  the  value  of  the  energy  for 
'he  aame  charges  when  no  slab  of  dielectric  is  interposed. 
The  interposition  of  the  slab  thus  lowers  the  potential 
energy.  We  can  easily  see  why  this  is  the  case:  when 
the  charges  are  given  the  number  of  Faraday  tubes  is 
given:  and  when  the  plate  of  dielectric  is  interposed  the 
Faraday  tubes  in  part  of  their  journey  between  the  plates 
are  in  the  dielectric  instead  of  air,  and  we  know  from 
Art.  72  that  when  the  Faraday  tubes  are  in  the  dielectric 
their  energy  is  less  than  when  they  are  in  air,  Since  the 
p^ttential  energy  of  a  system  always  tends  to  get  as  small 
.15  possible,  there  will  be  a  tendency  to  drag  as  much  as 
pcMsible  of  the  slab  of  dielectric  between  the  plates  of 
the  condenser.  Thus  if  a  slab  of  dielectric  projected  on 
one  side  beyond  the  plates  it  would  be  sucked  between 
the  plat«3  until  as  much  of  its  area  as  possible  was  within 
the  region  between  the  plates. 


EnergT    expressed    in    termi    of    dlfibrence    of 

potential.      The  eiuTgj-  ]>er  imit  arwi  of    the   plates  is 
MB  we  htive  seen  equal   tu 


this  by  equation  (1) 


i  equal  to 


^FI)}' 
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If  the  potentials  are  given  the  energy  when  no  slab  is 
interposed  is 

H 
Sird' 

so  that  when  the  potentials  are  kept  constant  the  electric 
energy  is  increased  by  the  interpositJion  of  the  slab. 

78.    Capacity  of  two  concentric  ipheres  with  a 
iheU  of  dielectric  interposed  between  them.    If  we 

have  two  concentric  conducting  spheres  with  a  concentric 
shell  of  dielectric  between  them,  then  if  6  is  the  charge 
on  the  inner  sphere,  a  the  radius  of  this  sphere ;  6,  c  the 
radii  of  the  inner  and  outer  surfaces  of  the  dielectric 
shell,  d  the  inner  radius  of  the  outer  conducting  sphere, 
V  is  the  difference  of  potential  between  the  conducting 
spheres,  and  K  the  specific  inductive  capacity  of  the  shell, 
we  may  easily  prove  that 

Thus  the  capacity  of  the  system  is  equal  to 

1 


a     d     \       Kj\b     cj 


79.  Two  coaxial  cylindera.  As  another  example 
we  shall  take  the  case  of  two  coaxial  cylinders  with  a  co- 
axial cylindric  shell  of  a  dielectric  whose  specific  inductive 
capacity  is  K  placed  between  them.  If  F  is  the  difference 
of  potential  between  the  two  conducting  cylinders,  E  the 
charge  per  unit  length  of  the  cylinder,  a  the  radius  of  the 
inner  cylinder,  b  and  c  the  radii  of  the  inner  and  outer 
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ir&ces  of  the  dielectric  shell,  d  the  inner  radius  of  the 
Iter  cylinder,  we  easily  fiod  by  the  aid  of  Art.  58  that 

r.2£{iog^4i„g?+iog|. 

1  that  the  capacity  per  unit  length  of  this  ayatcm  is 


f,     6 


2  jlog 


"y 


80.     Force  on  a  piece  of  dielectric  placed  In  an 

lectrlc  field.    If  a  piece  of  dielectric  such  as  sulphur  or 

;la8s  is  placed  in  the  electric  field,  then  when  the  Famday 

ibes  traverse  the  dielectric  there  is.  Art,  72,  less  energy 

ir  unit  volume  than  when  the  same  number  of  Faraday 

ibea  pass  through  air.     Thus,  as  we  see  in  Fig.  39,  the 

'amday  tubes  tend  to  run  through  the  dielectric,  because 

y  BO  doing  the  electric  enei^  is  decreased.     If  the  di- 

iectric  b  free  to  move  then  it  can  still  further  decrease 

tlie  energy  by  moving  from  its  original  position  to  one 

here  the  tubes  are  more  thickly  amgregated,  because  the 

tubes  which  get  through  the  dielectric  the  greater 

le  decrease  in  the  electric  energy.     The  body  will  tend 

I  move  60  as  to  make  the  decrease  in  the  energy  as  great 

I  poeifible,  thus  it  will  tend  to  move  so  as  to  enclose 

I  great  a  number  of  Faraday  tubes  as  possible.     It  will 

be  urged  towards  the  part  of  the  field  where 

3  Faraday  tubes  ore  densest,  i.e.  to  the  strongest  parts 

the  field.     There  will  thus  be  a  force  on  a  piece  of 

tiectric  tending  to  make  it  move  from  the  weak  to  the 

iDg  parts  of  the  field.     The  dielectric  will  not  move 

ipt  in  a  variable  field  where  it  can  get  more  Faraday 

•B  by  its  change  of  position.    In  a  uniform  field  suchi 
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as  that  between  two  pamllel  infinite  platea  the  dieleeti 
would  have  no  t<>Ddcncy  Ui  move. 

The  force  acting  upon  the  dielectric  difTera  in  anotli 
respect  from  that  actiog  on  a  charged  body,  inasmuch  j 
it  would  not  be  altered  if  the  direction  of  the  elec 
intensity  at  each  part  in  the  field  were  reversed  witlu 
altering  its  magnitude. 

81.    Ueararement  of  Specific  Inductive  capacHj 

Tlie  specific  inductive  capacity  of  a  slab  of  dielectric  o 
be  measured  in  the  following  way,  provided  we   have^ 
parallel  plate  condenser  one  plate  of  which  can  be  men 
by  means  of  a  screw  through  a  distance  which  can  h6™ 
accurately  measured.     To  avoid  the  disturbance  due  to  the 
irregular  distribution  of  the  charge  near  the  edges  of  the 
plate  (see  Art.  57)  care  must  be  taken  that  the  distanoaH 
between  the  plates  never  exceeds  a  small  fraction  of  t 
diameter  of  the  plates.     Let  us  coll  this  parnllel  plate  o 
denser  A ;  to  use  the  method  described  in  ArL  C2,  first  ti 
the  condenser  -4  and  before  inserting  the  slab  of  dielec 
adjust  the  other  variable  condenser  used  in  that  metbt 
until  there  is  no  defiection  of  the  electrometer.     Iftheslab 
of  dielectric  be  now  inserted  between  the  plates  of  A  its 
capacity  will  be  increased,  A  will  no  longer  be  balanced  by 
the  other  condensers  and  the  electrometer  will  be  deflect^H 
The  capacity  of  A  can  be  diminished  by  screwing  the  pls^H 
further  apart,  and  by  moving  the  plates  through  a  oertj^H 
distance  the  diminution  in  the  capacity  due  to  the  incre^^| 
in  the  distance  between  the  plates  will  balance  the  ^H 
creaee  due  to  the  insertion  of  the  slab  of  dielectric ;  ^^| 
stage  when  this  occurs  will  be  indicatttd  by  there  be^^| 
Bgun   no  defiection  of  the  electrometer.     Suppose  b^^| 
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when   the   deflection   of  the  electrometer  in  zero  before 
the  slab  is  inserted  the  diBtance  between  the  plates   of 
the   condenaer   is  d,  while  the  distance   after   the   slab 
is   inserted   when    the   electrometer   is  again   in   equili- 
briam  is  d'.     Then  the  capacity  of  A  in  these  two  cases 
ia  the  same.     But  if  A  is  the  area  of  the  plate  of  A  the 
capacity  before  the  slab  is  inserted  is 

k 

^B  t  is  the  thickness  of  the  slab  and  K  its  specific  inductive 
capacity  the  capacity  after  the  insertion  of  the  slab  is  (see 
Art.  77)  equal  to 

t  since  the  capacities  are  equal                                     ^^_ 

that                    d'-d  =  th~^\. 

But  d'  —  d  in  the  distance  through  which  the  plate  has 
BQ  moved,  so  that  if  we  know  this  distance  and  t  we  can 
termine  K  the  specific  inductive  capacity  of  the  slab. 

should  be  noticed  that  this  method  does  not  require 
e  knowledge  of  the  initial  or  final  distances  between 
B  plates,  but  only  the  difference  of  these  quantities, 
i  this  can  be  measured  with  great  accuracy  by  the 
ew  BttAched  to  the  moveable  plate. 

CHAPTER  V. 

Electrical  Images  and  Inversion. 

82.  We  shall  now  proceed  to  discuss  some  geometrical 
methods  by  which  we  can  find  the  distribution  of  electricity 
in  several  very  important  cases.  We  shall  illustrate  the 
first  method  by  considering  a  very  simple  example ;  that 
of  a  very  small  charged  body  placed  in  front  of  an  infinite 
conducting  plane  maintained  at  potential  zero.  Let  P, 
Fig.  42,  be  the  charged  body,  AB  the  conducting  plane. 
Any  solution  of  the  problem  must  in  the  region  to  the 
right  of  the  plane  AB,  Fig.  42,  satisfy  the  following  con- 
ditions :  (a)  it  must  make  the  potential  zero  over  the  plane 


N 


B 

Fio.  42. 


AB,  and  (l3)  it  must  make  the  total  normal  induction 
taken  over  any  closed  surface  enclosing  P  equal  to  49r«, 
where  e  is  the  charge  at  P,  while  if  the  closed  surface  does 
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include  P  the  total  normal  induction  over  it  must 
Tameh.  We  shall  now  prove  that  there  ia  only  one  solution 
which  satisfies  these  conditions.  Suppose  there  were  two 
different  solutions,  which  we  shall  call  (1)  and  (2).  Take 
the  Golution  correBponding  to  (2)  and  reverse  the  eign  of 
oil  the  charges  of  electricity  in  the  field  including  that  at 
P ;  this  new  solution  which  we  shall  denote  by  (—  2)  will 
correspond  to  a  field  in  which  the  electric  intensity  at  any 
point  is  equal  and  opposite  to  that  due  to  the  solution  (2) 
at  the  same  point.  The  solution  (—2)  corresponds  to  a 
field  in  which  the  electric  potential  is  zero  over  AB  and 
at  any  point  at  an  infinite  distance  fram  P ;  it  also  makes 
the  total  normal  induction  over  any  closed  surface  enclos- 
ing P  equal  to  —  i^re,  that  ia  equal  and  opposite  to  the 
total  induction  over  the  same  surface  due  to  the  solution 
(1) ;  and  the  total  induction  over  any  other  closed  surface 
in  the  region  to  the  right  of  AB  zero.  Now  consider  the 
field  got  by  superposing  the  solutions  (1)  and  (—2):  it  will 
have  the  following  properties;  the  potential  over  AB  will 
be  zero  and  the  total  normal  induction  over  any  closed 
surface  in  the  region  to  the  right  of  AB  will  vanish. 
Siuce  the  normal  induction  vanishes  over  all  closed 
surfaces  in  this  region,  there  will  in  the  field  correspond- 
ing to  this  solution  be  no  charge  of  electricity.  We  may 
regard  the  region  aa  the  inside  of  a  closed  surface  at  zero- 
potential  (bounded  by  the  plane  AB  and  an  equipotential 
surface  at  an  infinite  distance):  by  Art.  18,  however,  the 
electric  intensity  must  vanish  throughout  this  region  as 
there  is  no  charge  inside  it.  Thus  the  electric  intensity 
in  the  field  corresponding  to  the  superpositioo  of  the 
^utiona  (1)  and  (—2)  ia  zero:  that  is,  the  electric 
tensity  in  the  solution  (1)  is  equal  and  opposite  to  that 
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in  (—  2),  but  the  electric  intensity  in  (—  2)  is  equal  and 
opposite  to  that  in  (2).     Hence  the  electric  intensity  in 
(1)  is  at  all  points  the  same  as  (2),  in  other  worda,  the 
sohitions  give  identical  electric  fields.    Hence  if  we  get  ia._ 
any  way  a  solution  satisfying  the  conditions  (a)  and  (j8)^d 
must  be  the  only  solution  of  the  problem.  ^M 

83.     Take  a  point  P'  on  the  prolongation  of  the  pc^M 
pendicular  i'JV  let  fall  from  P  on  the  plane,  such  thi^f 
P'N  =^  PN,  and  place  at  P'  a  charge  equal  to  —  e.     Coa-' 
sider  the  properties,  in  the  region  to  the  right  of  AB,  of 
the  field  due  to  the  charge  e  at  P  and  the  charge  —e 
atK. 

The  potential  due  to  —  e  at  f  and  +  e  at  /"  at  a  p 
Q  on  the  plane  AB  is  equal  to 


PQ    P'Q- 

but  since  A  B  bisects  PP'  at  right  angles  PQ  =  FQ.  thf 
the  potential  at  Q  vanishes.  Again,  any  closed  sui 
drawn  in  the  region  to  the  right  of  the  plane  AB  does 
enclose  P',  so  that  the  charge  at  P"  is  without  effect  upt^i 
the  total  induction  over  any  such  surface.  The  tot«.I 
induction  over  such  a  surface  is  zero  or  iire  according  as 
the  closed  surface  does  not  or  does  include  P.  In  the 
region  to  the  right  of  AB  the  electric  field  due  to  e  at  P 
and  —  e  at  P'  thns  satisfies  the  conditions  («)  and  (ff)  and 
therefore  represents  the  state  of  the  electric  field.  Thus 
the  electrical  effect  of  the  electricity  induced  on  the 
conducting  plane  AB  will  for  points  to  the  right  <if  AB 
be  the  same  as  that  of  the  charge  -  e  at  P'.  This  charge 
at  P'  is  called  the  electrical  ini^e  of  the  charge  P 


I 
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The   attraction   on  P  towards  the  plane  will  be  the 
same  as  the  attraction  between  the  charges  e  at  P,  and 
0  at  P',  that  is 

e      _1     C 
(2PJV)'  ~  4  PN'  ■ 
bus  the  attraction  on  P  varies  inversely  aa  the  square  of 
p  tlistance  of  the  charged  body  from  the  plane. 

To  find  the  surface  density  of  the  electricity  induced 

i  the  plane  AB  we  require  the  electric  intensity  at  right 

Igles  to  the  plane.     The  electric  intensity  at  right  angles 

the  plane  AB  at  a  point  Q  due  to  the  charge  e  at  P  is 

^ual  to 

_e_   FN 
PQ' '  PQ  • 

kl  act«  from  right  to  left.     The  electric  intensity  due  to 
e  at  i^  in  the  same  direction  is 
e      P-N 
F^-P-Q' 
mce  Bince  PQ  =  P'Q  and  FN  =  P'N  the  resultant  normal 
ectric  intensity  at  Q 

_2ePN 
PQ'  ■ 
This  by  Coulomb's  law  is  equal  to  i-rra,  it'  a  in  the 
trfaoe  density  of  the  electricity  at  Q,  hence 

^±PJ[ 
'^     2nPQ'' 

r  the  surface  density  voiiea  inversely  aci  the  cube  of  the 
iatance  from  P. 

The  total  charge  of  electricity  on  the  plane  is  —  0,  aa 
3  the  tiibcM  which  start  from  P  end  on  the  plane. 
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The  electrical  energy  is  equal  to  ^1,EV,  so  that  if 
the  small  body  at  P  is  a  sphere  radios  a,  the  energy  in 
the  field  is  equal  to 

2a     4PIf' 

The  dielectric  in  this  case  is  supposed  to  be  air.  The 
electric  intensity  vanishes  in  the  r^on  to  the  left  of  AB. 

M.    Klttctiicml  Images  fin*  apherical  condnctora. 

In  applying  the  method  of  images  to  spherical  conductors 
we  make  great  use  of  the  following  theorem  due  to  Apol- 
lonius.  If  iS  is  a  point  on  a  sphere  whose  centre  is  0  and 
radius  a,  and  P  and  Q  two  fixed  points  on  a  straight  line 
passing  through  0,  such  that  OP.OQ-=a\  then  QS/PS 
is  constant  wherever  8  may  be  on  the  sphere. 

For  consider  the  triangles  QOS,  POS.    Since 
OQ.OP^OS-.^.^. 


Fio.  48. 

hence  these  triangles  have  the  angle  at  0  common  and  the 
sides  about  this  angle  proportional;  they  are  therefore 
similar  triangles,  so  that 

QSPS 


¥ 
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Q8_0Q_0S 
[ence  QSIPS  is  constant  whatever  may  be  the  position 

ts. 

Now  suppose  that  we  have  a  spherical  shell  (Fig, 

t)  at  potential  zero  whocie  centre  is  at  0  and  that  a  small 

"body  with  a  charge  e  of  electricity  is  placed  at  P  and  we 

wish  to  find  the  electric  field  outside  the  sphere.     There 

no  field  inside  the  sphere,  as   the  sphere  is  an  equi- 

|iotential  surface  with  do  charge  inside  it. 

Let  0P=/.  OS  =  a.  Consider  the  field  duo  to  a 
charge  c  at  P,  and  e"  at  Q  where  OQ.OP=  a".  The 
poteutial  at  a  pi>int  S  on  the  sphere  due  to  this  field  is 


but  by  Art.  8+, 


QS- 


Uiufl  the  potential  at  S=le  +  e'-\  -p^. 

Hence  if  «'  =  —  ealf,  the  potential  is  zero  over  the 
Bur&ce.  Thus  under  these  circumstances  the  field  satisfies 
ition  (a)  of  Art.  82,  and   it  obviously  satisfies  the 

idition  that  the  total  normal  induction  over  any  closed 

Face  not  enclosing  the  sphere  is  zero  or  We  according 
aa  the  surface  does  not  or  does  enclose  P,  so  that  by  Art. 
82  this  is  the  actual  field  due  to  the  sphere  and  charged 
body.     Hence  the  eflfect  at  a  point  outside  the  sphere  of 

electricity  induced  on  the  sphere;  by  the  charge  at  P 


^jptmdii 
HjlDndii 
^Rirfac 
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is  the  same  as  that  of  a  charge  —  eaf/sA,  Q<  This  charge 
at  Q  is  called  the  electrical  image  of  P  in  the  sphere. 
Since  this  charge  produces  the  same  effect  as  the  electri- 
fication on  the  sphere  the  total  charge  on  the  sphere  must 
equal  the  charge  at  Q,  i.e.  it  must  be  equal  to  —eajf 
(compare  Art.  30).  So  that  of  the  Faraday  tubes  which 
start  from  P  the  fraction  ajf  falls  on  the  sphere. 

The  force  on  P  is  an  attraction  towards  the  sphere  and 
is  equal  to 

&       a         e*  a        e"       _      ^fa 


a 


fPq^  "  f{6P  -  OQf  "f  (       aV     (/«  -  a^f ' 

We  see  from  this  result  that  when  the  distance  of  P 
from  the  centre  of  the  sphere  is  large  compared  with  the 
radius  the  force  varies  inversely  as  the  cube  of  the 
distance  from  the  centre  of  the  sphere:  while  when  P 
is  close  to  the  s'arface  of  the  sphere  the  force  varies 
inversely  as  the  square  of  the  distance  from  the  nearest 
point  on  the  surface  of  the  sphere.  When  P  is  very 
near  to  the  surface  of  the  sphere  the  problem  becomes 
identical  with  that  of  a  charge  placed  in  front  of  a  plane 
at  potential  zero.  We  shall  leave  it  as  an  exercise  for  the 
student  to  deduce  the  solution  for  the  plane  as  the  limit 
of  that  of  the  sphere. 

If  the  body  at  P  is  a  small  sphere  of  radius  5,  then 
since  the  electric  energy  is  equal  to  J2J5F,  it  is  in  this  case 

e  ^ea    1 

h 


/m 


1 
b 


a 


/» -  a'J 
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I  86.     To  find  the  surfiice  density  at  a  point  S  on  thi; 
of  the  sphere,  we  must  find  the  electric  intensity 
along  the  nonnal. 

The  electric  intensity  at  S  due  to  the  charge  e  at  P 
9  by  the  triangle  offerees  be  resolved  into  the  two  com- 

(«)     pgt  pg  along  OS. 


a  the  electric  intensity  due  to  the  chai 
1  be  reBolved  into  the  compODeote 


(7)     - 


/QS-l 


g  along  OS, 


B  the  components  of  the  resultant  intensity  are  a  +  7 
mg  the  normal  OS,  and  ^  +  8  along  PO. 

Now  the  resultant  intensity  is  along  the  normal,  so 
that  the  component  ^  +  S  must  vanish,  and  the  resultant 
intensity  along  the  normal  must  be  equal  to  a +  7,  i.e.  to 


.OS 


1 


1  ■ 


PS^    fQS'j 

-/Qr 


^  constant  the  quantity  ii 


PS"'  1 


)  thu  bi-acket 
10 
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If  (T  is  tho  Hurfiice  deneitj-  of  the  electrificatioi 
then  by  Coulomb's  law 


inrti  = 


eOS 


fPS' 


')■}  = 


(i-^l 


so   that  the  sur&ce  density  of  the  electrification  i 
inversely  as  the  cube  of  the  distance  from  P,  and  is,  sin 
/  is  greater  than  a,  everywhere  negative. 

87.     If  the  sphere  is  insulated  inatead  of  being  at  a 
potential,  tiie  conditiona  are  that  the  potential  over  t 
sphere  etbould  be  constant  and  that  the  charge  on  t 
sphere  should  be  zero.     The  charge   on   the   sphere  : 
the  last  case  was  —eajf.     Hence  if  we  superpose  on  1 
last  solution  the  field  due  to  a  quantity  of  electridlj 
equal  to  eajf  placed  at  the  centre  of  the  sphere,  i 
will  give  rise  to  a  uniform  potential  over  the  sphere,  ti 
resulting  field  will  have  the  following  properties;  (1)  ti 
potential  over  the  sphere  is  constant,  (2)  the  total  chai 
on  the  sphere  is  zero,  (3)  the  total  norma)  induction  over 
any  closed  surface  is  equal  to  4?™  if  the  surface  encloses  P 
and   is   zero   if  it  does  not;  hence  it  is  the  solution  in 
the  region  outside  the  sphere  when  a  charge  e  placed  ^H 
P  in  front  of  an  insulated  conducting  .sphere.     Thua  cp^^| 
side  the  insulated  sphere  the  electric  field  is  the  same^H 
that  due  to  the  three  charges,  e  at  P,  —  eajf  at  Q,  eajf 
at  0,     Let  us  consider  the  potential  of  the  sphere : 
charges  at  P  and  Q  together  produce  zero -potential  over 
the  sphere,  ao  that  tho  potential  will  be  that  due  to  (f 
charge  eajf,  at  0 ;  this  charge  produces  at  any  point  \ 
the  sphere  a  potential  equal  to  ejf  so  that  by  the  presed 
of  P  the  potential  of  the  sphere  is  raised  by  ejf. 
result  was  proved  by  a  different  method  in  Art.  S9. 


e:  the 
d  over 
totiM 

int  ^H 
eset^H 
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^  in  this  case  is  an  attractioo  eijual  to 


■PQ-/      f-P 


~  f   K/"-«')'    P\ 

_e*.a'      tf-a' 

this  case  when  _^  is  very  large  compared  with  a 
die  foroe  varies  inversely  as  the  fifth  power  of  the  distance. 
When  the  point  is  very  close  to  the  surface  of  the  sphere 
the  force  is  the  same  as  if  the  sphere  were  at  zero-po- 
tential. 


The  potential  energy,  ^itEV  i, 
small  sphere  of  radius  6,  equal  to 


,  if  the  body  at  P  is  a 


i'\h     f.PQ^f'\ 


W  2  IS    /•(/■-«■)!■ 

The  surface  density  at  H  will  have  on  the  value  g 


the  uniform  density 


/.  *wu? 


uperpoaed, 


PH'W        J     aj 


t  R  the  point  on  the  sphere 


!arest  to  P. 
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SO  that  the  sur&ce  density  is  equal  to 

^~a\{f-af     f] 

e     (3/-  o) 
-     4nr  /(/-ay 

At  R  the  point  on  the  sphere  most  remote  from  P, 

and  the  surface  density  is  equal  to 

_«_    (3/4-  g) 
47r  /(/+  ay ' 

Since  the  total  charge  on  the  sphere  is  zero  the  surface 
density  of  the  electricity  must  be  negative  on  one  part  of 
the  sphere,  positive  on  another  part.  The  two  parts  will 
be  separated  by  a  line  on  the  sphere  along  which  there  is 
no  electrification.  To  find  the  position  of  this  line  put  <r 
equal  to  zero  in  equation  (1),  we  get  if  ^  is  a  point  on 
this  line 

=  OP*  X  PQ, 

hence  the  points  at  which  the  electrification  vanishes  will 
be  at  a  distance  (OP^  x  PQ)*  from  P. 

The  parts  of  the  surface  of  the  sphere  whose  distances 
from  P  are  less  than  this  value  are  charged  with  electricity 
of  the  opposite  sign  to  that  at  P,  the  other  parts  of  the 
sphere  are  charged  with  electricity  of  the  same  sign  as 
that  at  P. 
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88.  If  the  sphere  inste&d  of  being  insulated  aud  with- 
oul  charge  is  insulated  and  has  a  charge  E,  we  can  deduce 
the  solution  by  superposing  on  the  field  discussed  in  Art. 
87  that  due  to  a  charge  E  uniformly  distributed  over  the 
=itrfece  of  the  sphere;  this  at  a  point  outside  the  sphere 
-  the  same  as  that  due  to  a  charge  E  at  0.  So  that  the 
li''I<l  in  this  case  outside  the  sphere  is  the  same  as  that  due 
to  charges 

£  +  ^at  0.    -^atQ.    eatP. 
The  repulsive  force  acting  on  P  is  equal  to 

When  the  point  is  very  near  the  sphere  we  may  put 
f=a-i-x,  where  x  is  small,  then  the  repulsion  is  approxi- 
mately equal  to 

Ee_^^ 

and  this  is  negative,  i.e.  the  force  is  attractive  unless 

^^B  Thus  when  the  charges  arc  given,  and  when  P  gets 
^^pfebin  a  certain  distance  of  the  sphere,  P  will  be  attracted 
towards  the  sphere  even  though  the  sphere  is  charged  with 
electricity  of  the  same  sign  as  that  on  P.  When  we 
recede  from  the  sphere  we  reach  a  place  where  the  attrac- 
tion changes  to  repulsion,  and  at  this  point  there  is  no 
force  on  P.    Bo  that  if  P  is  placed  at  this  point  it  will  be  in 
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equilibrium.  The  equilibrium  will  however  be  unstable,  for 
if  we  displace  P  towards  the  sphere  the  force  on  it  becomes 
attractive  and  so  tends  to  bring  P  still  nearer  to  the  sphere, 
that  is  to  increase  its  displacement,  while  if  we  displace  P 
away  from  the  sphere  the  force  on  it  becomes  repulsive 
and  tends  to  push  P  still  further  away  from  the  sphere, 
thus  again  increasing  the  displacemeot.  This  is  an 
example  of  a  more  general  theorem  due  to  Eamshaw  that 
no  charged  body  (whether  charged  by  induction  or  other- 
wise) can  under  the  influence  of  electric  forces  alone  be  in 
stable  equilibrium  in  the  electrostatic  field. 

89.  If  the  potential  of  the  sphere  is  given  instead  of 
the  charge,  we  can  still  use  a  similar  method  to  find  the 
field  round  the  sphere.  Thus  if  the  potential  of  the  sphere 
is  F,  then  the  effect  outside  the  sphere  is  the  same  as 
that  due  to  a  charge  Va  at  0,  —  eaj/dX  Q,  and  e  at  P. 

90.  Sphere  placed  in  a  uniform  field.     As  the 

point  P  moves  further  and  further  away  from  0  the 
Faraday  tubes  due  to  the  charge  at  P  get  to  be  in  the 
neighbourhood  of  the  sphere  more  and  more  nearly  parallel 
to  OP^  thus  when  P  is  at  a  very  great  distance  from  the 
sphere  the  problems  we  have  just  considered  become  in  the 
limit  problems  relating  to  the  distribution  of  electricity  on 
a  sphere  placed  in  a  uniform  electric  field. 

Suppose  that  as  the  charged  body  P  travels  away  from 
the  sphere  the  charge  e  increases,  in  such  a  way  that  the 
electric  intensity  at  the  centre  of  the  sphere  due  to  this 
charge  remains  finite  and  equal  to  P,  we  have  thus 


f. 
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Now  consider  the  problem  of  an  insulated  Bpfaere 
without  charge  placed  io  this  uniform  field.  We  see  by 
An.  87  that  the  electrilioation  on  the  sphere  produces  the 
same  etTect  at  points  outside  the  sphere  as  would  be  pro- 
duced by  tivo  charges,  one  equal  to  eajf  placed  at  the 
centre  0,  the  other  equal  to  —eajf  at  Qthe  image  of  P.  If 
we  express  these  charges  in  terms  off  we  see  that  they  are 
equal  respectively  to  ±Faf;  when/is  infinite  they  are  also 
infinite.  Since  OQ=a'//' the  distance  between  these  charges 
diminishes  indefinitely  as  /  increases,  and  we  see  that  the 
product  of  either  of  the  charges  into  the  distance  between 
them  is  equal  to  Fa?  and  is  finite.  The  electrification 
over  the  surface  of  the  sphere  when  placed  in  a  uniform 
field  produces  the  same  effect  therefore  as  an  electrical 
system  consisting  of  two  oppositely  charged  bodies,  placed 
at  a  very  short  distance  apart,  the  charges  on  the  bodies 
being  equal  in  magnitude  and  so  large  that  the  product  of 
i-ither  of  the  charges  into  the  dbtance  between  them  is 
finite.  Such  a  system  is  called  an  electrical  doublet  and 
product  of  either  of  the  charges  into  the  distance 
^ween  them  is  called  the  moment  of  the  doublet. 

91.    Electric  Field  due  to  a  doublet.    Let  .d,  £ 

I  the  two  charged  bodies,  let  e  be  the  charge  a.t  A,  —e 
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that  Bi  B;  let  0  be  the  middle  point  of  AB,  M  Uie 
moment  of  the  doublet.  Let  (7  be  m  point  at  which  the 
electric  intensity  is  required,  and  let  the  angle  AOC^O. 
The  intensity  at  right  angles  to  OC  is  equal  to 


-  -.  sin  AGO  +  -sws. 


BCO 


^-^AOmn0-^-S7^BOmn0 
A(^  BV^ 

^QQi^BmiO, 

approximately  since  AO  ia  very  small  compared  with  OC, 

if  sing 
"    OC*    ' 

The  intensity  in  the  direction  OC  due  to  the  doublet 
is  oqual  to 

-jT^cos  il  CO  — ^7^  COS  JB(70,     • 
AU*  nU* 

but  wo  havo  approximately 

AC^^OC-AOcosOy 
5(7=  Oa+ 50  COS  ft 


Honco  tho  cloctric  intensity  along  OC  is  approximately 

e    (^  ^2A0       ^\       e    /,     250co8( 
OC 


(•- 


OC 

2eABcoad 
OC* 


cosd 


)-M^- 


OC 


'-') 


ZMcmd 
OC* 
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92.  Let  U8  now  return  to  the  case  of  the  sphere 
placed  in  the  uniform  field :  the  moment  of  the  doublet 
which  repraatiiits  the  effect  of  the  electrification  over  the 
sphere  ia  FaK  Hence  when  the  sphere  in  placed  in  a 
nnifonn  field  F  parallel  to  PO,  the  iutensity  at  a  point 
C  is  the  resultant  of  electric  intensities,  F  parallel  to  PO, 
Fa'abaB/OC'  at  right  angles  to  00,  and  2Fa,' cos  efOC 
iUong  CO ;  0  denotes  the  angle  POC. 

At  the  surface  of  the  sphere  where  OC  =  a,  the  result- 
ant intensity  along  the  outward  drawn  normal  iu 

~Fcose-2Fco30, 
or  -3Fcosd; 

but  by  Coulomb's  law.  if  o-  is  the  surface  density  of  the 
electrification  ou  the  sphere, 

Wa  =  SFcose. 

'T  ff  =  -%Fcos0. 

iir 

Hence  we  see  that  when  an  insulated  conductinf^ 
sphere  is  placed  in  a  uniform  field  the  surface  density  at 
any  point  on  the  sphere  is  proportional  to  the  distance  of 
that  point  from  a  plane  through  the  centre  of  the  sphere 
at  right  angles  to  the  electric  intensity  in  the  uniform 
geld. 

The  concentration  of  the  Faraday  tubes  on  the  sphere 
produces  a  field  where  the  maiimum  intensity  is  three 
fillies  the  intensity  in  the  uniform  field. 

^M  93.  We  have  hitherto  supposed  the  electrified  body 
^B  be  outside  the  sphere,  but  we  can  apply  the  same 
^B«thod  when  it  is  inside,     Thus  if  we  have  a  charge  t 
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ml  m  point  Q  inade  a 

potentuJ  tbea  the  effect  of  the  ekctricitj 


at  zero 
indnoed  on  the 


45. 


sphere  will,  inside  the  sphere,  be  the  same  as  that  due  to 
a  charge  -  e .  a/OQ  at  Q  where  OP.OQ^ a\  The  charge 
OD  the  sphere  is  —  0,  since  all  the  tubes  which  start  from 
Q  end  on  the  sphere. 

If  the  sphere  is  insulated,  then  the  charge  on  the 
inside  of  the  sphere  and  the  force  inside  are  the  same 
as  when  it  was  at  potential  zero;  the  only  difference 
is  that  on  the  outside  of  the  sphere  there  is  a  charge 
equal  to  e  uniformly  distributed  over  the  sphere,  and  the 
field  outside  is  the  same  as  that  due  to  a  charge  e  at  the 
centre. 

Again,  if  there  is  a  charge  E  on  the  sphere,  the  effect 
inside  is  the  same  as  in  the  two  previous  cases,  only  now 
there  is  a  charge  JE^-e  uniformly  distributed  over  the 
surface  of  the  sphere  raising  its  potential  to  (j&  +  e)/a. 

In  all  these  cases  the  surface  density  of  the  electrifica- 
tion at  any  point  on  the  inner  surfieM^e  of  the  sphere  varies 
inversely  as  the  oub^  ''^  ^"^oe  of  that  point  from  P. 
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94.    Case  of  two  spheres  intersecting  at  right 
angles  and  maintained  at  unit  potential.     Let  the 

figure  represent  the  section  of  the  spheres,  A  and  B  being 
their  centres,  and  C  a  point  on  the  circle  in  which  they 


Fio.  46. 


intersect,  CD  a  part  of  the  chord  common  to  the  two 
circles,  then  since  the  spheres  intersect  at  right  angles 
AOB  is  a  right  angle  and  CD  is  the  perpendicular  let  fall 
from  C  on  AB, 

Then  we  have  by  Geometry 

AD.AB^AC\ 

DB.AB^BC\ 

Thus  D  and  B  are  inverse  points  with  regard  to  the 
sphere  with  centre  A,  and  A  and  D  are  inverse  points 
with  regard  to  the  sphere  whose  centre  is  B. 

Let  AO^a,  BO^b,  then  CD.AB^AC.BC,  so  that 

CD^-j.±=. 


Onamiet  she  «dKS  ni  pwttnig  a  puMiif^  dnxge  as  J. 
naiiKrioilj  *3ciiiai  »  die  radini  AC,  a  puaiuve  cfaar^ 
at  ^  4«iodL  ?a  BC,  and  a  o^Bsive  cfaugsft  at  1}  eE{iiaI 
tti  CD. 

The  '^larsgen  as  ^  and  D  wiH  tc^ether,  by  Attl  So, 
pmdnce  aem  poce&cial  over  die  sphere  with  c^itre  R 
Vyr  A  and  D  are  invefse  points  with  respect  no  zhia 
^vphere,  and  die  efaar^  at  i>  is  Us  die  charge  at  J.  as 
—  CD  is  CO  ^C,  Le^  as  —BC  is  to  AB,  so  that  the  ratio 
r^  die  charges  is  the  aame  as  that  of  those  on  a  poinc 
and  it4  image,  wfaieh  togeth^  prodoce  kto  potential  ac 
the  sphere.  Thns  the  value  of  die  potoitial  over  die 
<mrfiice  of  this  sphere  is  that  dne  to  the  charge  at  B,  bat 
the  charge  in  equal  to  the  radios  of  the  sphere,  so  that 
the  potential  at  the  sor&ce  being  eqnal  to  the  charge 
divided  bj  the  radios  is  eqoal  to  onitj.  Thus  these 
three  charges  prodoce  onit  potential  over  the  sphere 
with  centre  B;  we  can  in  a  similar  way  show  that  they 
give  onit  potential  over  the  sphere  with  centre  A.  The 
two  spheres  then  are  an  eqoipotential  surfiM^e  for  the 
three  charges,  and  the  electric  effect  of  the  condoctor 
formed  by  the  two  spheres  when  maiotained  at  unit  po- 
tential is  at  a  point  ootside  the  sphere  the  same  as  that 
doe  to  the  three  charges. 

Oapaoltj  of  the  ^jstem.  The  charge  on  the  system 
is  equal  to  the  sum  of  the  charges  on  the  points  inside 
it  which  produce  the  same  effect,  thus  the  charge  on  the 
nyntom  which,  since  the  potential  is  unity,  is  equal  to  the 
capacity  is  equal  to 

^,  a5 
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95.  If  6  is  very  small  compared  with  a,  the  system 
becomes  a  small  hemispherical  boss  on  a  large  sphere 
as  shewn  in  Fig.  47.     The  capacity  is  equal  to 


Fio.  47. 


a-f  5- 


ab 


Ja^  +  b^' 


or 


'{^^'A{^*in 


and  as  in  this  case,  b/a  is  very  small,  the  capacity  is 
approxiroately  eqnal  to 


'h\-u^-m 


bat 


16» 


volume  of  boss 


2  a'     volume  of  big  sphere  * 

Thus  we  have,  since  a  is  the  capacity  of  the  large 
sphere  without  the  boss, 

increase  in  capacity  due  to  boss  _    volume  of  boss 
capacity  of  sphere  "  volume  of  sphere ' 
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98.  To  compare  the  chargos  on  the  surface  of 
the  two  ephereai  The  charge  on  the  sphere  EFG  (Fig. 
46)  is  by  Coulomb's  law  equal  to  l/4ir  of  the  total  normal 
induction  over  EFC.  Now  the  total  normal  induction  is 
the  sum  of  the  total  normal  inductions  due  to  the  charges 
bX  A^By  D.  Since  B  is  the  centre  of  the  sphere  CFE  the 
total  normal  induction  due  to  B  over  CFE  bears  the  same 
ratio  to  4^  (the  total  normal  intensity  over  the  whole 
sphere)  as  the  area  of  the  sur£BM)e  CFE  does  to  the  area 
of  the  sphere.  But  the  area  of  the  surface  of  a  sphere 
included  between  two  parallel  planes  is  proportional  to 
the  distance  between  the  planes,  thus 

areaof  Jg^C  _6  +  jBi) 
area  of  sphere  ~      26      ' 

hence  the  total  normal  induction  due  to  the  charge  at  B 
over  CFE 

The  total  normal  induction  due  to  the  charge  A  over 
the  closed  surface  CFEL  is  zero,  therefore  the  total  normal 
induction  due  to  A  over  CFE  is  equal  in  magnitude  and 
opposite  in  sign  to  the  total  normal  induction  over  CLE, 
that  is,  it  is  equal  to  the  total  normal  induction  over  CLE 
reckoned  outwards  from  the  side  A.  But  CLE  is  a  portion 
of  a  sphere  of  which  A  is  the  centre,  therefore  the  induc- 
tion over  CLE  is  to  47ra  the  induction  over  the  whole 
sphere  with  centre  A,  as  the  area  of  CLE  is  to  the  area 
of  the  sphere,  that  is  as  DL  :  2a.  Thus  the  induction 
due  to  A  over  CFE  is  equal  to 

Now  consider  the  induction  over  CFE  due  to  the 
charge  at  i):  it  is  by  the  »        ^oiwimiiiig  as  above  equal 
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■  I  the  itidiiction  over  CLE  measured  outwards  fiiim  D. 
Now  of  the  tubes  starting  from  D  ae  many  would  go  to 
the  right  as  to  the  left  if  it  were  alone  in  the  Field,  so  that 
the  indnctioQ  over  CLE  will  be  half  that  due  to  B  over  a 
closed  surface  entirely  surrounding  it;  the  latter  induction 
i>  equal  to  4Tr  times  the  charge  at  D,  i.e.  to  —iir.  CD, 
hence  the  induction  due  to  D  over  the  surface  CLE  la 

-  2v .  CD. 

Thus  the  total  induction  over  CLE  due  to  the  three 
charges  is 

27r{b  +  BD+DL-CD), 

and  the  charge  on  CFE  is  therefore  equal  to 


Ft,-W 


\/u'  +  f     \'a"  +  i' 


The  charge  on  COE  can  be  got  hy  interchanging  a  and 
in  this  expression,  it  is  thus  equal  to 


'a'  +  b'     -^a'  +  b'J 


IF'OT.  In  the  case  of  a  hemispherical  boss  on  a  large 
sphere,  6  ia  very  small  compared  with  a,  in  this  case  when 
I  6  is  small  compared  with  a  the  expression  (1)  becomes 
.  proximately 

4'+"— «('-*3-') 


I 
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This  is  equal  to  the  charge  on  the  boss.  The  mean 
density  on  the  boas  is  this  expression  divided  by  Zirb*  the 
area  of  the  surface  of  the  boss,  and  is  therefore 

^  J 

When  bja  is  very  small  the  expression  (2)  is  approxi- 
mately  equal  to  a,  thus  the  charge  on  the  sphere  is  a  and 
the  mean  density  is  got  by  dividing  a  by  iiru''  the  area  of 
the  sphere,  thus  the  mean  density  on  the  spht 


1 


i 


Hence  the  mean  density  on  the  boss  is  to  the  mi 
density  on  the  sphere  as  3:2. 


98.     Since  a  plane  may  be  regarded  aa  a  sphere  of 

infinite  radius  this  applies  to  a  hemispherical  boss  of  any 
radius  on  a  plane  surface.     It  thus  applies  to  the 


shown  in  the  figure.  Since  the  mean  density  over  the  boss 
is  3/2  that  over  the  plane,  and  the  area  of  the  boss  is  twice 
the  area  of  its  base;  there  is  three  times  as  much  electricity 
on  the  pai-t  occupied  by  the  boas  as  there  is  on  the  avera  ~ 
on  ao  area  of  the  plane  equal  to  the  base  of  the  boas. 
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^B  99.  WheD  b  is  very  small  compared  with  a,  the  points 
^■B  and  D,  Fig.  46,  aru  close  together,  the  distance  between 
^^^Bm  being  approximately  6'/a :  the  charge  on  B  is  b,  that 

^mn  is 

and  this  when  6  is  very  small  compared  with  a  is 
approximately  equal  to  —  6.  Thus  the  charges  at  B  and 
D  form  a  doublet  whose  moment  is  f/a.  The  point  A  ia 
very  far  away  and  the  force  at  5  or  i)  due  to  its  charge 
is  1/a.  Thus  the  moment  of  the  doublet  is  fc*  times  this 
force.  This  as  far  as  tho  sphere  is  concerned  is  exactly 
ihe  cafie  considered  in  Art,  92,  Hence  if  F  is  the  force  at 
iho  boss  due  to  the  charge  A  alone,  the  surface  density  at 

a  point  P  on  the  boss  is  -j—  cos  0,  where  0  is  the  angle 

OP  makes  with  the  axis  of  the  doublet.  Now  if  o-o  is  the 
surface  density  on  the  plane  at  some  distance  from  the 
bos3  F  =  iTr<r„,  Hence  the  surface  density  at  /*  a  point 
on  the  boss  is  equal  to 

Sffj  cos  0, 
where  0  is  the  angle  OP  makes  with  the  normal  to  the  plane. 
The  electric  intensity  at  Q  a  point  on  the  plane  duo 
w  the  doublet  is  (Art.  91)  equal  to  the  moment  of  the 
doublet  divided  by  BQ"  and  is  at  right  angles  to  the 
plane,  thus  the  normal  electric  intensity  at  Q  is 

'^'-^^\ 

aud  o  the  surface  denaity  at  Q  is  given  by  the  equation 


....(1-^). 


By,' 
Jit 
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We  have  thus  found  the  distribution  of  electricity  on 
a  charged  infinite  plane  with  a  li em i spherical  boss  on  it. 

100.  In  the  general  case  when  the  two  spheres  are  of 
any  size  the  surface  density  on  the  conductor  can  be  got 
by  calculating  the  normal  electric  intensity  due  to  the 
three  charges.  We  shall  leave  this  as  an  example  for  the 
student,  remarking  that  since  the  potential  of  the  con- 
ductor is  the  highest  in  the  field  there  can  be  no  negative 
electrification  over  the  surface  and  that  the  electrification 
vanishes  along  the  iutersection  of  the  two  spheres. 

101.  Effect  of  DieiectrlcB.  We  have  hitherto  only 
considered  the  case  when  the  field  due  to  the  charge  at 
P  was  disturbed  by  the  presence  of  conductors,  but  by 
applying  the  principle  that  a  solution  which  satisfies  the 
electric  conditions  is  the  only  solution,  we  can  find  the 
electric  field  in  some  simple  cases  when  dielectrics  are 
present. 

102.  The  fiiBt  case  we  shall  consider  is  that  of  a  small 
charged  body  placed  in  front  of  an  infinite  slab  of  uniform 


i 


dielectric  bounded  by  a  plane  face.  Let  P  be  the  charged 
body,  AB  the  plane  separating  the  dielectric  from  air,  the 
medium  bo  the  right  of  AB  being  air,  that  to  the  left  a 
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ise  Bpeoific  inductive  capacity  is  K.  From  P 
pendicular  to  AB ;  produce  PN  to  P",  so  that 

Then  we  shall  show  that  the  field  to  the 
can  be  regarded  as  drie  to  e  at  P,  a  charge  e' 
\i  to  the  left  of  AB  as  due  to  e"  at  P.  These 
{  supposed  to  produce  the  same  tield  aa  if 
thing  but  air  in  the  field, 
St  place  this  field  satisfies  the  condition  that 

at  an  infinite  distance  is  zero,  also  that  the 
sr  any  closed  surface  surrounding  P  is  iire, 
luction  over  any  cXoseA  surface  not  enclosing 
his  is  obvious  if  the  surface  is  drawn  entirely 
r  entirely  to  the  right  of  AB.  If  it  crosses 
Mkn  be  regarded  as  two  surfaces,  one  entirely 
lunded  by  the  portion  of  the  surface  to  the 
portion  of  the  plane  AB  intersected  by  the 
)ther  entirely  to  the  right  bounded  by  the 
of  the  plane  and  the  part  of  the  surface  to 

other  conditions  we  have  to  satisfy  are  that 
ne  AB  the  electric  intensity  parallel  to  the 
same  in  the  air  as  in  the  dielectric,  and  that 
le  the  normal  polarization  is  the  same  in  the 

dielectric, 
t  Q  in  AB  the  electric  intensity  parallel  to 

air 

J_Q^"    _«^OJv; 
P<^  PQ^ PQ-  I'-Q- 
2  -=  FQ.  is  equal  to 
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Hie  dectnc  intensity  parallel  to  AB  in  the  dielectric  is 

this  is  equal  to  tliat  in  ur  if 

«+«'  =  *" (1> 

Agm,  the  poluiaUJoo  at  Q  at  right  angles  to  AB 
reckoDed  from  right  to  left  is  in  air 


that  in  the  dielectric 


these  are  equal  if 


e-e'  =  Ke" 


,(2). 


Hence  both  the  conditions  are  satisfied  if  e'  and  0"  satisfy 
(1)  and  (2).  Le.  if 

*         K+1  *• 
Thus  the  attraction  of  P  towards  the  plane  is 

ee'     _K-1     e* 
(2FNy~K+14:PN*'' 

i(  K  \a  infinite  this  equals 

4Pi\r'' 

which  is  the  same  as  when  the  dielectric  to  the  left  of  AB 
is  replaced  by  a  conductor. 


l.«] 
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Thus  if  ff  =  10,  as  it  does  for  some  kinds  of  heavy 
^asB,  the  force  od  P  when  placed  in  front  of  the  gla^ 
woald  be  about  9/11  of  the  attraction  when  P  ia  placed 
u  front  of  a  conducting  plate.  Inside  the  conducting 
plate  the  tubes  are  straight  and  pass  through  P;  the 
i  fict  of  the  dielectric  is,  while  not  affecting  the  direction 
Ihi-  electric  intensity,  to  reduce  the  magnitude  of  it  to 
.  ' !  +  K)  of  its  value  in  air.  The  lioeB  of  force  when 
A' =1-7  are  shown  in  Fig.  50. 


103-  Case  of  a  dielectric  sphere  placed  in  an 
electric  field.  We  have  seen  that  when  a  conducting 
sphere  is  placed  in  a  uniform  field  the  effect  of  the 
electricity  induced  on  the  surface  of  the  sphere  can  be 
represented  at  points  outside  the  sphere  by  a  doublet 
(see  Art.  91)  placed  at  the  centre  of  the  sphere.     Since 
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we  have  seen  that  the  effects  of  a  dielectric  are  similar 
in  kind  though  different  in  degree  to  those  due  to  a 
conductor,  we  are  led  to  try  if  the  disturbance  produced 
by  the  presence  of  the  sphere  cannot  be  represented  at 
a  point  outside  the  sphere  by  a  doublet  placed  at  its 
centre.  With  regard  to  the  field  inside  the  sphere  we 
have  as  a  guide  the  result  obtained  in  the  last  article,  that 
in  the  case  when  the  radius  of  the  sphere  is  infinitely 
large  the  field  inside  the  dielectric  is  not  altered  in 
direction  but  only  in  magnitude  by  the  dielectric. 

We  therefore  try  if  we  can  satisfy  the  conditions 
which  must  hold  when  a  sphere  is  placed  in  a  uniform 
electric  field  by  supposing  the  field  inside  the  sphere  to 
be  uniform. 

Let  the  uniform  field  before  the  insertion  of  the 
sphere  be  one  where  the  electric  intensity  is  horizontal 
and  equal  to  H. 

After  the  insertion  of  the  sphere  let  the  field  outside 
consist  of  this  horizontal  force  plus  the  field  due  to  a 
doublet  whose  moment  is  M  placed  at  the  centre  of  the 
sphere. 

Inside  the  sphere  let  the  intensity  be  horizontal  and 
equal  to  H\ 

We  shall  see  that  it  is  possible  to  satisfy  the  con- 
ditions of  the  problem  by  a  proper  choice  of  M  and  H\ 

The  field  due  to  the  doublet  is  by  Art.  91  equivalent 
at  P  to  an  intensity  jr^  cos  0  along  OP^  and  an  intensity 

M 

jy^  sin  0  at  right  angles  to  it  where  0  is  the  angle  OP 
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lakes  with  the  direction  of  the  uniform  electric  intensity. 
'has  at  a  point  Q  Just  outside  the  sphere  the  intensity 
!ntia1  to  the  sphere  is  equal  to 

Hainff jsin  0, 


a  is  the  radius  of  the  sphere. 
The  intensity  in  the  same  direction  at  a  point  close 
Q  but  just  inside  the  sphere  is 

Tlie  normal  intensity  at  Q  outside  the  sphere  is 

H  cos  8  H — -  cos  0, 

that  inside  the  sphere  is  H'  cos  6, 

The  conditions  which  must  be  satisfied  are  that  the 

intial  intensity  at  the  surface  of  the  sphere  must  be 

the  same  in  the  air  as  in  the  dielectric,  this  will  be  true 

wo  have 

Hi^n0--^f,m8  =  H-6m0, 
a? 


AgaiD,  the  normal  polarization  at  the  surface  of  the 
ihere  nmst  be  the  same  in  the  air  as  in  the  dielectric, 


»9}  =  2^fl-c, 
^KH" 


..(2). 
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Eqiuitic^is  (1)  and  <2)  will  be  suisfied,  if 


fr= 


2+jsr' 


andif  J^=^lfV^^- 

Thus  since  if  fT  and  Jf  hare  these  values  the  con- 
ditions are  satisfied ;  this  will  be  the  solution  of  the 
problem.  We  see  that  the  intensity  inside  the  sphere 
is  3/(2  +  K)  of  that  in  the  original  field,  so  that  the 
intensity  of  the  field  is  less  inside  the  sphoe  than  out, 
on  the  other  hand  the  number  of  Faraday  tubes  which 
pass  through  unit  area  inside  the  sphere  is  3K/(K  +  2) 
times  the  number  passing  through  unit  area  in  the 
uniform  field  outside.  When  K  is  very  great  SKJ(K  +  2) 
is  approximately  equal  to  3,  so  that  the  Faraday  tubes 
in  this  case  will  be  3  times  as  dense  inside  the  sphere 
as  they  are  at  a  great  distance  away  from  it.  This  illus- 
trates the  crowding  of  the  Faraday  tubes  to  the  sphere. 

The  diagram  of  the  lines  of  force  for  this  case  was 
given  in  Fig.  39. 

Method  of  Inversion, 

104.  This  is  a  method  by  which  when  we  have  ob- 
tained the  solution  of  any  problem  in  electrostatics  we 
can  by  a  geometrical  process  obtain  the  solution  of 
another. 

Definition  of  inverse  points.  If  0  is  a  fixed  point, 
P  a  variable  one,  then  if  we  take  P'  on  OP,  so  that 

OP.OF^k', 
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niiere  k  is  a  coQstant,  P*  is  defined  to  be  the  inverse  point 
of  P  with  regard  to  0.  And  0  is  called  the  centre  of 
inversion,  h  the  radius  of  inversion. 

If  the  point  P  moves  about  bo  as  to  trace  out  a  surface, 
ili^n  P"  win  trace  out  another  surface  which  is  called  the 
jr.L'ise  surface  to  that  traced  out  by  P. 

We  shall  now  proceed  to  prove  some  geometrical  pro- 
positious  about  inversion. 

106.  The  inverse  nirfkce  of  a  tphere  la  another 
sphere.       Let  0  be  the  centre  of  inversion.  P  a  point 


on  the  sphere  to  be  inverted,  G  the  centre  of  this  sphere. 
Let  the  chord  OP  cut  the  sphere  again  in  P,  let  Q  be 
the  inverse  point  to  P,  Q'  the  inverae  point  to  P',  R  the 
radius  of  the  sphere  to  be  inverted,  then 


but 

thus 


OP.OQ=l<^. 
OP.OF=OC'-Ii; 


Bimilarly 


170 


thus 
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OQ.OQ= 


OG*-IP' 


OP.  OF 


Thus  OQ  bears  a  constant  ratio  to  OF ;  hence  the 
locus  of  Q  is  similar  to  the  locus  of  P",  and  is  therefore  a 
sphere.    Thus  a  sphere  inverts  into  a  sphere.    If 

the  sphere  inverts  into  itsel£ 

To  find  the  centre  of  the  inverted  sphere  let  the  dia- 
meter OC  cut  the  sphere  to  be  inverted  in  A  and  B.  Let 
A',  S  be  the  points  inverse  to  A  and  B  respectively, 
Of  the  centre,  of  the  inverted  sphere, 

00'  =  i(0il'  +  05') 


2\0C - R^  OC + Rj 


=  &•. 


OC 


OC*-B?' 


If  D  is  the  point  where  the  chord  of  contact  of  tangents 
&om  0  to  the  sphere  cuts  OC,  then 

OG*-B? 


0D  = 


OC 


Hence  D  inverts  into  the  centre  of  the  sphere. 

The  radius  of  the  inverted  sphere 

=  i(04'  -  OB) 
R 


=  A». 


OC*-B}' 
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lOft.  Since  a  plane  is  a  particular  case  of  a  sphere 
a  plane  wiU  invert  into  a  sphere;  this  can  be  proved 
independently  in  the  following  way : 


N 


B 


Fia.  62. 


Let  AB  be  the  plane  to  be  inverted,  P  a  point  on  that 
plane,  N  the  foot  of  the  perpendicular  let  &11  from  0  on 
the  plane,  Q  and  N'  the  points  inverse  to  P  and  N 
respectively;  then  since 

OQ.OP^ON'.ON 

OQ      ON 
ON'"  OP' 

thus  the  two  triangles  QON\  PON  have  the  angle  at  0 
common  and  the  sides  about  this  angle  proportional,  they 
are  therefore  similar,  and  the  angle  OQN'  is  equal  to  the 
angle  ONP.  Hence  OQN'  is  a  right  angle.  And  the 
locus  of  Q  is  a  sphere  on  ON'  as  diameter. 
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107.     Let  0  he  the  centre  of  inversion,  PQ  two  points, 
PQ  the  corresponding  inverse  points. 

OQ'^OP'' 


Then 


Fio.  58. 

thus  the  triangles  POQ,  POQ'  are  similar,  so  that 

PQ_P'Q_ 
OP^OQ  • 

If  we  have  a  charge  e  at  Q,  and  a  charge  e'  at  Q', 
then  if  Vp  is  the  potential  at  P  due  to  the  charge  at  Q, 
and  FV  the  potential  at  P'  due  to  the  charge  at  Q', 

V  -V   —  ^         e'         e        e 

Vp  .  V  p  — 


Take 
then 


PQ'  Fq     OP'OQf' 
e  :  ef^OQ  :  k 

IT'    _xr     ^ 


(1). 


If  we  have  any  number  of  charged  bodies  at  diflTerent 
points  and  take  the  inverse  of  these  points  and  place  there 

charges  given  by  the  expression  (1)  then  if  Vp  be  the  po- 
tential at  a  pointP  due  to  the  assemblage  of  charged  bodies, 

Vjpf  the  potential  at  P'  (the  point  inverse  to  P)  due  to  the 
charges  on  the  inverted  figure, 


OF' 
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ihus  if  the  assemblage  of  points  produces  a  constant  poten- 
tial V  over  a  surface  S,  the  inverted  system  will  produce  a 

Vk 
potential  jrp^  at  a  point  F  on  the  inverse  of  S.     Hence  if 

we  add  to  the  inverted  system  a  charge  —  kV  at  the  centre 
of  inversion  the  potential  over  the  inverse  of  S  will  be  zero. 
If  the  charges  on  the  original  system  are  distributed 
over  a  surface  instead  of  being  concentrated  at  a  point  the 
charges  on  the  inverted  system  will  also  be  distributed  over 
a  surface.  Let  tr  be  the  surface  density  at  Q,  a  place  on 
the  original  system,  a'  the  surface  density  at  Q',  the  corre- 
sponding place  on  the  inverted  system,  a  a.  small  area  at  Q, 
a  the  area  into  which  it  inverts;  then  by  (1) 

<ra  :  o-'a'  =  OQ  :  k 
aud  since  a  and  a'  are  similar  figures, 

.:  0-:  ^'  =  0(2'=  -.kOq 

"'"W"  W' ^  '■ 

This  expression  gives  the  surface  density  of  the  inverted 
figure  in  terms  of  that  at  the  corresponding  point  of  the 
original  figure. 

108.  As  an  example  of  the  use  of  the  method  of 
inversion  let  us  invert  the  system  consisting  of  a  sphere 
with  a  uniform  distribution  of  electricity  over  it,  the 
surface  density  being  F/iTra;  where  V  ia  the  potential 
and  a  the  radius  of  the  sphere.  We  know  in  this  case  that 
the  potential  is  constant  over  the  sphere  and  equal  to  V. 
Take  the  point  of  inversion  outside  the  sphere  and  choose 
the  constant  of  inversion  so  that  the  sphere  inverts  into 
itself.     Then  if  to  the  inverted  system  we  add  a  charge 
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—  iF  at  the  origin  the  inverted  system  will  be  at  poten- 
tial zero.  By  equation  (I)  a'  the  suriiBu^e  density  at  the 
inverted  system  at  Q'  is  given  by  the  equation 

,_   V       V 
if  we  put  g  =  —  iF,  this  equals 

where  G  is  the  centre  of  the  sphere. 

Thus  a  charge  0  at  0  induces  on  the  sphere  at  zero 
potential  a  distribution  of  electricity  such  that  the  sur£EU^ 
density  varies  inversely  as  the  cube  of  the  distance  bom 
0.  Thus  in  this  way  we  get  by  inversion  the  solution  of 
the  problem  which  we  solved  in  Art.  86  by  the  method 
of  images. 

109.  As  another  example  illustrating  the  uses  of  the 
method  of  inversion  as  well  as  that  of  images,  let  us 
consider  the  solution  by  the  method  of  images  of  a  charged 
body  placed  between  two  infinite  conducting  planes  main- 
tained at  potential  zero. 

Let  P  be  the  charged  point,  AB  and  CD  the  two  planes 
at  potential  zero,  e  the  charge  at  P.  Then  if  we  place 
a  charge  —  e  at  P'  where  P*  is  the  image  of  P  in  AB  the 
potential  over  AB  will  be  zero,  it  will  not  however  be 
zero  over  CD\  to  make  the  potential  over  CD  zero  we 
must  place  a  charge  -  0  at  Q,  the  image  of  P  in  CD,  and  a 
charge  6  at  Qi,  the  image  of  P'  in  CD.  These  two  charges 
-"niSL  however  disturb  the  potential  of  AB ;  to  restore  zero 
^tial  to  AB  we  must  introduce  a  charge  +«  at  P| 
lage  of  Q  in  AB^  and  a  charge  —e  at  P"  the  image 
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of  Q,  in  AB.  The  charges  at  Pi  and  P"  will  disturb  the 
potential  over  the  plane  CD ;  to  restore  it  to  zero  we  munt 
place  a  charge  -6  at  ^  the  image  of  P,  in  CD  and  a 
charge  +  e  at  Q,  the  image  of  P"  in  CD,  and  so  on ;  wo  get 
in  this  way  an  infinite  aeries  of  images  to  the  right  of  AB 
and  to  the  left  of  CD. 

The  images  to  the  right  of  AB  are  (1)  charges  —  e,  at 
F,  P",  P"'...;  and  (2)  charges  +e.  at  P„  P„  P. ... . 

Now  P"  is  the  image  in  AB  of  Q,  which  is  the  image 
of  P*  in  CD  ;  hence 

FP"  =  FQ,  =  FE+  EP-  =  2FE  +  FF. 
thna  FF'~FF=FP"=2FE=2c   if  c   is  the   distance 
between  the  plates. 


Similarly  FF'  =  P"P"'=...=  2c  and  we  can  show  in  a 
similar  way  that  PP,  =  P,P^  =  P^P,'^ . . . =2c.  Thus  on  the 
right  gf  AB  we  have  an  infinite  series  of  charges  equal  to 
-«  at  the  distance  2c  apart,  beginning  at  P  the  image  of 
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P  in  AB,  and  a  series  of  positive  images  at  the  same  dis- 
tance 2c  apart,  beginning  at  Pi,  a  point  distant  2c  fix>m  P. 

Similarly  to  the  left  of  CD  we  have  an  infinite  series 
of  images  with  the  charge  —  6  at  the  distance  2c  apart, 
beginning  at  Q,  the  image  of  P  in  CD,  and  an  infinite  series 
of  images  each  with  the  charge  +  e,  at  points  at  a  distance 
2c  apart,  beginning  at  Qi  a  point  distant  2c  from  P. 

Now  invert  this  system  with  respect  to  P.  The  two 
planes  invert  into  two  spheres  touching  each  other  at  P, 
and  maintained  at  a  potential  —  e/k,  the  images  to  the 
right  of  AB  invert  into  a  series  of  charged  points  inside 
the  sphere  to  the  right  of  P,  the  images  to  the  left  of 
CD  invert  into  a  8}rstem  of  charged  points  inside  the 
sphere  to  the  left  of  P. 

The  system  of  charged  points  inside  the  spheres  will 
produce  a  constant  potential  —  e/k  over  the  sur&ce  of  the 
spheres,  and  therefore  at  a  point  outside  the  spheres  the 
electric  field  due  to  the  two  spheres  in  contact  will  be  the 
same  as  that  due  to  the  system  of  the  electrified  points. 

If  a,  6  are  the  radii  of  the  spheres  into  which  the 
planes  AB,  CD  invert,  and  if  PP=  d.    Then 


a 


26  = 


c  — d 

Consider  now  the  series  of  images  to  the  right  of  AB. 
The  series  of  positive  charges  at  the  distance  2c  apart 
invert  into  a  series  of  charges  inside  the  sphere  whose 
radius  is  a,  of  magnitude 

cK       CK       &C 

2c'   4c'   6c"' 
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f4tai^  on  inverted  system 

li;u^  on  original  system 

distance  of  original  system  from  centre  of  inversion 

The  series  of  negative  images  at  the  distance  2c  apart 
invert  into  a  series  of  negative  charges 
ek              ek                  ek 
2d-        2c  +  '2d-        4c  +  2d'"- 

Similarly  inside  the  sphere  into  which  the  plane  CD 
inverts  we  have  a  serie-s  of  positive  charges 
ek     ek     ek 

and  a  series  of  negative  ones 
^L                     ek                   ek                  ek 
^P                2{c-d)'        4c-2d'        6c-2d'- 

ThuB  E^  the  sum  of  the  charges  on  the  points  inside 
the  6rst  sphere  is  given  by  the  equation 

^Bhe  charge  E^  Inside  the  second  sphere  is  given  by  the 
^DMiation 

I7> 


[OLT 


^ 1,1 i i^ d  \ 


^=-U^-  ' 


i     i 


T — d     iii: — 'i">     3<3i: — d* 


ExpttiiifiEU^  dbe  expr^iSHisit^  i}r  £.  aoti  £^  in  powms 


d»  .S         <•  «  '•• 


i3X 


E,^-^A-  Si-h-^-r-5^+~S|  +  ...i, 


TTi-r  vatie*  rf  5»  are  grrnai  is.  I>r  M :n?Ki'*  DiftreMiial 
atkd  Intejnzl  Ojlad^u,  p.  o-^ 

Si  =  l-«5.     5,  =  ItKT. 
5|  =  l^»i    S|=11>17. 

Sinoir  £^  can  be  goc  from  £.  by  wriiin^-:  —  tf  for  tf  weget 

^i  =  -2-*~^r-  -^^ — ;:-"^ ;r— •^*--      l*> 

Nov  ihe  t*>CAl  charge  5pr>rad  over  zhe  <uriMx  of  the 
fir»t  «pht*»5r  is  erpal  ^>  the  5nm  ot  ^he  cfajkrges  od  the 
izoA^^  mside  the  sphere  as  the;?e  prxhice  ihe  sazne  effect 
at  external  points  as  the  eIeetrinoici«>n  over  the  sar&oe 
of  the  sphere:  thos  E^  will  be  the  charge  on  the  fiisk 
«phere,  E^  that  on  the  second.  If  V  is  the  potential  of 
the  sphered 
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Substituting  for  e,  e,  d  their  values  in  terms  of  V,  a,  b 
we  get  from  (1),  (2),  (3)  and  (4) 

E,= 


l\       a     b     a     b     a     b         / 


-rT(i+^+i+i+-)l  <'>• 


a     b 


E,=  V 


\\       b     a     b     a     b     a         / 


a     b 


(6)> 


(7), 


Let  us  now  consider  some  special  cases.    The  first  case 
we  shall  take  is  when  a  =  6 ;  then  from  equation  (5) 

=  Va  log  2, 
the  logarithm  being  the  Napierian  logarithm. 

Since  log  2  =  693 

the  charge  on   the  second  sphere  is  also  Ei ;   thus  the 
chaise  on  the  two  spheres  is 

1-386  Fa. 

1^— ^ 
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When  V=l  the  charge  on  the  two  spheres  is  equal  to 
the  capacity  of  the  aystena;   hence  the  capacity  of  two 

equal  spheres  in  contact  is  l'386o. 

If  the  spheres  had  been  a  great  distance  apart  the 
capacity  of  the  two  would  have  been  2a;  if  there  had 
only  been  one  sphere  the  capacity  would  have  been  a. 

We  can  find  from  this  the  work  done  on  an  uncharged 
sphere  when  it  moves  under  the  attraction  of  a  charged 
sphere  of  equal  radius  from  an  infinite  distance  into  con- 
tact with  the  charged  sphere.  Let  a  be  the  radius  of  the 
spheres,  e  the  charge  on  the  charged  sphere ;  then  when 
the  spheres  are  at  an  infinite  distance  apart  the  poten- 
tial energy  ia  e^/2«,  when  the  spheres  are  in  contact  the 
potential  energy  is  6^/2  x  l-386a,  hence  the  work  done  by 
the  electric  field  when  the  uncharged  sphere  falls  from  an 
inBoite  distance  into  contact  with  the  charged  sphere  is 


le' 


2a 


1 


1-3 


=  14- 


If  one  sphere  had  a  charge  E,  the  other  the  charge  e,  ■ 
then  when  they  are  an  iofinite  distance  apart,  the  potential 

energy  is  ^{E'  +  ^]. 

When  the  spheres  are  in  contact  the  potential  enei 
-JE  +  e]'. 


2x1-3 
Hence  the  potential  energy  is  less  in  the  second  ( 


than  the  firat  by 


wj 
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This  is  the  work  required  to  push  the  spheres  together 
^igainst  the  repulsions  exerted  by  their  like  charges. 

The  expression  (9)  vanishes  when  E/e  is  approximately 
-^  or  1/5;  in  this  case  the  potential  energy  is  the  same 
when  the  spheres  are  in  contact  as  when  they  are  an 
infinite  distance  apart;  thus  no  work  is  spent  or  gained 
in  bringing  them  together.  The  attraction  due  to  the 
induced  electrification  on  the  average  balances  the  re- 
pulftioD  due  to  the  like  charges. 

The  next  case  we  shall  consider  is  where  one  sphere  is 
very  large  compared  with  the  other.  Let  b  be  very  large 
compared  with  a.     Then  by  (8)  wo  have  approximately 

it 


{a  +  b)'\        a  +  b    '  I 
K^proximately, 


Interchanging  a  and  b  in  (7) ' 

«.=  '^l'-L47.Ts.- 


e  get  approximately 
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or  approximately 

-     -''('-?t>''('->^»t')- 

The  mean  surface  density  over  the  small  sphere  is 

E,        1    Ftt*       F 


4nra*     47r  6    6      4f7rb 


1-646. 


The  mean  surface  density  over  the  large  sphere  is 
approximately 

47r6«     47r  b  ' 

hence  the  mean  surface  density  on  the  small  sphere  is 
w*/6  or  1*645  times  that  on  the  large  sphere.  We  saw  in 
Art.  97  that  when  a  small  hemisphere  was  placed  on  a 
large  sphere  the  mean  density  on  the  hemisphere  was 
I '5  times  that  on  the  sphere. 

Since  a  plane  may  be  regarded  as  a  sphere  of  infinite 
radius  we  see  that  if  a  sphere  of  any  size  is  placed  on  a 
conducting  plane  the  mean  surface  density  of  the  elec- 
tricity on  the  sphere  is  71^/6  of  that  on  the  plane. 

We  have 


ia  +  by 
=  Vb\l  +  2*404 j^ [  approximately. 


Thus  the  capacity  of  the  system  of  two  spheres   is 
approximately 


[ 


o' 


6n  +  2-404^|-. 
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We  have  thus 
Increase  of  capacity  due  to  small  sphere 
Capacity  of  large  aphorc 

—  9-ini  ^l^i™^  of  amalj^here 
volume  of  large  sphere  ' 

Thus  in  this  case  as  in  that  diaciissed  in  Arb.  96  the 
increase  of  capacity  due  to  the  small  sphere  la  proportional 
to  the  volume  of  the  sphere. 

From  this  result  we  can  deduce  the  work  done  on  a 
small  uncharged  sphere  of  radius  a  when  it  moves  from 
an  infinite  distance  up  to  a  large  sphere  of  radius  b  with 
n  chai'ge  JS. 

For  the  potential  energy  when  thoy  are  at  an  infinite 
knee  apart  is  equal  to 

1  ^= 

2  b  ' 
ken  the  spherei^  are  in  contact  the  potential  energy  is 


The  work  done  on  the  small  sphere  is  the  difference 
Btween  these  expressions,  or  approximately, 


■  y 
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110.  A  nxERAL  called  *  lodestone '  or  magnetic  oxide 
of  iron,  which  is  a  compound  of  iron  and  oxygen,  is  ofken 
found  in  a  state  in  which  it  possesses  the  power  of  at- 
tracting small  pieces  of  iron  such  as  iron  filings ;  if  the 
lodesnoDe  is  dipped  into  a  mass  of  iron  filings  and  then 
withdrawn,  some  of  the  iron  filings  will  cling  to  the  lode- 
Ktone,  collecting  in  tufts  over  its  sur&ce.  The  behaviour 
of  the  lodestone  is  thus  in  some  respects  analogous  to  that 
of  the  rubbed  sealing-wax  in  the  experiment  described  Lq 
Art.  1.  There  are  however  many  well-marked  differences 
between  the  two  cases;  thus  the  rubbed  sealing-wax  attracts 
all  light  bodies  indifferently,  while  the  lodestone  does  not 
show  any  appreciable  attraction  for  an}'thing  except  iron 
and,  to  a  much  smaller  extent,  nickel  and  cobalt. 

If  a  long  steel  needle  is  stroked  with  a  piece  of  lode- 
stone, it  will  acquire  the  power  possessed  by  the  lodestone 
of  attracting  iron  filings;  in  this  case  the  iron  filings  will 
congrcigate  chiefly  at  two  places,  one  at  each  end  of  the 
needle,  which  are  called  the  poles  of  the  needle. 

Tho  piece  of  lodestone  and  the  needle  are  said  to  be 
iimgiHitized ;  the  attraction  of  the  iron  filings  is  an  example 
of  a  largo  class  of  phenomena  known  as  magnetic  Bodies 
which  (exhibit  tho  properties  of  the  lodestone  or  the  needle 
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are  called  maffneta,  and  the  region  around  them  is  called 
the  magnetic  field. 

The   property   of   the   lodestone   was   known  to  the 

ancients,   and   is   frequently   referred   to   by   Pliny   and 

Lucretius.  The  science  of  Magnetism  is  indeed  one  of  the 

oldest  of  the  sciences  and  attained  considerable  dcvelop- 

!ot  long  before  the  closely  allied  science  of  Electricity : 

1  was  chiefly  due  to  Gilbert  of  Coichester,  who  in  his 

^k  J)e  Mngnete  publLshed  in   1600  laid  down  in  an 

Dairable  manner  the  cardinal  principles  of  the  science. 

111.  Forces  between  magrneta.  If  we  take  a 
die  which  has  been  stroked  by  a  lodestone  and  suspend 
It  by  a  thread  attached  to  its  centre  it  will  set  itself  so  as 
to  point  ill  a  direction  which  is  not  very  far  from  north 
and  south.  Let  us  call  the  end  of  the  needle  which 
points  to  the  north,  the  north  end,  that  which  points  to 
the  south,  the  south  end,  and  let  us  when  the  needle  is 
suspended  mark  the  end  which  is  to  the  north ;  let  us 
take  another  needle,  rub  it  with  the  lodestone,  suspend  it 
by  its  centre  and  again  mark  the  end  which  goes  to  the 
north.  Now  bring  the  needles  together ;  they  will  be 
found  to  exert  forces  on  each  other,  and  the  two  ends 
of  a  neetlle  will  be  found  to  possess  sharply  contrasted 
properties.  Thus  if  we  place  the  magnets  so  that  the  two 
marked  ends  arc  close  together  while  their  unmarked  ends 
ore  at  a  much  greater  distance  apart,  the  marked  ends  will 
be  repelled  from  each  other ;  again,  if  we  place  the  magnets 
•^0  that  the  two  unmarked  ends  are  close  together  while 
the  marked  ends  are  at  a  much  greater  distance  apart, 
the  unmarked  ends  will  be  found  to  be  repelled  from 
(Hch  other  I  while  if  we  place  the  two  magnets  so  that  the 


:-  cm 

Hi     T^-   ^BiiL  imt  X    riiunnrss  "?:    irf-rhr  in  the 
«rai>aittnr  if  'ZUz  a-v*  if  noifienssa  :^i  jx>z-:«a»:^  ihe  term 
viiiiT«  jT  TuumiXtj0tn,  Hill  ^  J  -tunr^as  "zi*  ^r:i5ii=ffTr  xwssessed 
\^  'Jit:  -rfii2r  if  "1:112  atr^rLfc*  JL  "zut  jmtxcinss:  experiment 
'^n  *AT.ii:£  '.lac  "diK'x  ir^  raacc^i  ▼ni  zz^KiC^tr^asai,  <Mie  end 
\i  'Jin  i*^*t«iltt  zt^:D:£  ntsj^Tp^i  T-j.  Tirsur*  ziii^Tjeusiii,  the 
'.ri^rr  -sju:  -rria  iK-rwuTr:-   "•"-  r-^iiri  li*  ioi  of  xhe  needle 
•i^.i  j^.d'^  ••.  'Zn  Z'mi  ii[^  iiTZL^  a  ^ikrce  of  positive 
cyt;r>:-i»^'^  '*^  -^^^  "^ii-ri  p»:cLi5  >:•  ibe  sic*:iih  as  having 
%  ^xjkTj^,  ^si  z^r^ii^r,  =Ai!i»rMr-    Ii  "will  be  ^een  fiom  the 
pf*:<%^;i;?  ^rprtin-rci  liis  !▼:-  rhar^ie?  of  magnetism  are 
f«:(i^.i^  fr/Oi  or  az^irak7t«r<i  :*>vvi5  €ach  according  as  the 
two  ''\AX*jifih  are  of  the  same  t^r  oppctsite  sign&     It  must 
Wi  dUtifi'rtly  mAHTAfpA  that  this  method  of  regarding 
th';  uiH^it'Jji  and  the  magnetic  field  is  only  introduced 
tiH  affording  a  convenient  method  of  describing  briefly 
th<;   |ih<:norrK;na   in   that   field  and  not   as   having  any 
Hy^uiitctiuoji  with  respect  to  the  constitution  of  magnets 
or  iIm!  ffiiichanism  by  which  the  forces  are  produced:  we 
Mfiw  for  iiXiim\}l(i  that  the  same  terminology  afforded  a 
roiivi«iii<^ni  iii(!th(Kl  of  describing  the  electric  field,  though 
wti  iiM(^ribn  iIh^  lustion  in  that  field  to  effects  taking  place 
ill  t.lu«  (ii(<loc,t.ric  between  the  charged  bodies  rather  than 
III  l«li««  <*harg(«(l  IxmUoh  thcniHclves. 
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113.  Untt  Charge  of  Magnetism,  often  called  pole 
of  unit  aU-ength.  Take  two  very  long,  thin,  uniformly 
magnetized  needles,  equal  to  each  other  in  every  respect 
(we  can  test  the  equality  of  their  magnetic  properties 
by  observing  the  forces  they  exert  on  a  third  magnet), 
let  A  be  one  end  of  one  of  the  magnets,  B  the  like  end 
'>f  the  other  magnet,  place  A  and  B  at  unit  distance 
.piirt  in  air,  the  other  ends  of  the  magnets  being  so  far 
i.vay  that  they  exert  no  appreciable  effect  in  the  region 
ittiout  A  and  B ;  then  each  of  the  ends  A  and  B  is  said 
to  have  a  unit  charge  of  magnetism  or  to  be  a  pole  of 
unit  strength  when  A  is  repelled  from  B  with  the  unit 
force.  If  the  units  of  length,  mass  and  time  are  re- 
spectively the  centimetre,  gramme  and  second  the  force 
between  the  unit  poles  is  one  dyne. 

A  charge  of  magnetism  equal  to  2,  or  a  pole  of 
strength  2,  is  one  which  would  be  repelled  with  the  force 
of  two  dynes  from  unit  charge  placed  at  unit  distance 
in  air. 

If  m  and  m'  ore  the  charges  on  two  ends  of  two 

jnets  (or  the  strengths  of  the  two  poles),  the  distance 

ween  the  charges  being  the  unit  distance,  the  repulsion 
)  the  charges  is  mm'  dynes.     If  the  charges  are  of 
site  signs  mm'  is  negative :  we  interpret  a  negative 
repulsion  to  mean  an  attraction. 

114.     Coulomb  by  means  of  the  torsion  balance  suc- 

1  in  proving  that  the  repulsion  between  like  charges 

B  magnetism  varied  inversely  as  the  square  of  the  dis- 

Ibce  between  them.    We  shall  discuss  in  Art.  131  a  more 

aite  and  convenient  method  of  proving  this  result. 

Since  the  forces  between  charges  of  magnetism  obey 


im  miaannsaL  [cb.ii 

die  nine  laws  is  tbase  between  electiie  daiges  we  at 
apply  to  die  megneciB  field  die  dieacems  wliicii  we  pnndi 
inOiapL  n.  for  die  eleetiie  field. 


I*-- 


IUl  TW  Mmtwrnih  Fteew  at  any  point  is  tke 
force  which  would  act  on  unit  charge  if  placed  mX  tin 
point,  die  introdacdon  of  this  charge  being  supposed  not 
to  infinence  the  magnets  in  the  &M. 


116L  Wagiiftir  P^iteallaL  The  magnetic  poioitial 
at  a  point  P  is  the  work  which  woold  be  done  <hi  unit 
charge  by  the  magnetic  forces  if  it  were  taken  firom  P  to 
an  infinite  distance.  We  can  prove  as  in  Art.  17  that  the 
magnetic  potential  dne  to  a  charge  «  at  a  distance  r  fiom 
the  charge  is  equal  to  m/r. 

117.  The  total  charge  of  Kagnetini  on  any 
magnet  la  zero.  This  is  proved  by  the  tayct  that  if  a 
magnet  is  placed  in  a  uniform  field  the  resultant  force  upoo 
it  vanishes.  The  earth  itself  is  a  magnet  and  produces 
a  magnetic  field  which  may  be  regarded  as  uniform  over 
a  space  enclosed  by  the  room  in  which  the  experiments 
are  made.  To  show  the  absence  of  any  horizontal  resultant 
force  on  a  magnet,  we  may  mount  the  magnet  on  a  piece 
of  wood  and  let  this  float  on  a  basin  of  water,  then  though 
the  magnet  will  set  so  as  to  point  in  a  definite  direction, 
thoro  will  bo  no  tendency  for  the  magnet  to  move  towards 
onn  sido  of  the  basin.  There  is  a  couple  acting  on  the 
tnagnot  tending  to  twist  it  so  that  the  magnet  sets  in 
tho  direction  of  the  magnetic  force  in  the  field,  but  there 
in  no  roAultant  horizontal  force  on  the  magnet.  The 
iibHonoo  of  any  vortical  force  is  shown  by  the  fact  that 
the  proooMi  of  magnetization  has  no  influence  upon  the 
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iglit  of  a  body.     Either  of  these  results  shows  that  the 

1  charge  on  the  body  is  zero.     For  let  m,.  m,,  m,  &c. 

1  the  magnetic  charges  on   the  body,  F  the  exteroal 

[uetic  force,  then  the  total  force  acting  on  the  body 

I  the  direction  of  J"  is 

IFm. 
ks,  since  the  field  is  iiaiform,  is  equal  to  F%vi. 

Aa  this  vanishes  £m  =  0,  i.e.  the  total  charge  on  the 
idy  is  zero.  Hence  on  any  magnet  the  positive  charge 
ftlways  equal  to  the  negative  one. 
When  considering  electric  phenomena  we  saw  that  it 
s  impossible  to  get  a  charge  of  positive  electricity  with- 
out at  the  same  time  getting  an  equal  charge  of  negative 
electricity.  It  is  also  impossible  to  get  a  charge  of  posi- 
tive magnetism  without  at  the  same  time  getting  an 
i-<{ual  charge  of  negative  magnetism ;  but  whereas  in  the 
t;lectrical  case  all  the  positive  electricity  might  be  on  one  ' 
body  and  all  the  negative  on  auother,  in  the  magnetic 
Cttse  if  a  charge  of  positive  magnetism  appears  on  a  body 
an  equal  charge  of  negative  magnetism  must  appear  on  the 
same  body.  This  difference  between  the  two  cases  would 
dtsappeAT  if  we  regarded  the  dielectric  in  the  electrical 
case  ns  analogous  to  the  magnets;  the  various  charged 
bodies  in  the  electrical  field  being  regarded  as  portions 
of  the  surface  of  the  dielectric. 

118.  Poles  of  a  Magnet.  In  the  case  of  very  long 
and  thin  uniformly  magnetized  pieces  of  iron  and  steel 
we  approximate  to  a  state  of  things  in  which  the  magnetic 
charges  can  be  regarded  as  concentrated  at  the  ends  of 
the  magnet,  which  are  then  called  its  poles ;  the  positive 
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magnetism  beiug  concentrated  at  the  end  which  points  tu 
the  north,  which  is  called  the  positive  pole,  the  negative 
charge  at  the  other  end,  called  the  negative  pole. 

In  general  however  the  magnetic  charges  are  not 
localized  to  such  an  extent  as  in  the  previous  case,  they 
exist  more  or  less  over  the  whole  surface  of  the  magnet; 
to  meet  these  cases  we  require  a  more  extended  definition 
of '  the  pole  of  a  magnet.' 

Suppose  the  magnet  placed  in  a  uniform  field,  then 
the  forces  acting  on  the  positive  charges  will  be  a  series 
of  parallel  forces  all  acting  in  the  same  direction,  these 
by  statics  may  be  replaced  by  a  single  force  acting  at  a 
point  P  called  the  centre  of  parallel  forces  for  this  system 
of  forces.  This  point  P  is  called  the  positive  pole  of 
the  magnet.  Similarly  the  foi-ces  acting  on  the  negative 
charges  may  be  replaced  by  a  single  force  acting  at  a 
point  Q.  This  point  Q  is  then  called  the  negative  pole 
of  the  magnet.  The  resultant  force  acting  at  P  is  by 
statics  the  same  as  if  the  whole  positive  charge  were 
concentrated  at  P;  this  resultant  is  equal  and  opposite 
to  that  acting  at  Q. 

119.  Axil  of  a  Magnet.     The  axis  of  a  magnet  is 
the  direction  of  the  line  joining  its  poles,  the  line  h 
drawn  from  the  negative  to  the  positive  pole. 

120.  Magnetic  Moment  of  a  Magnet  is  the 
duct  of  the  charge  of  positive  magnetism  multipUol 
the  distance  between  the  poles.  It  is  thus  equal  to  the 
couple  acting  on  the  magnet  when  placed  in  a  uniform 
magnetic  field  where  the  intensity  of  the  magnetic  force 
is  unity,  the  axis  of  the  magnet  being  at  right  angles  to 
the  dii-ection  of  the  magnetic  force  in  the  uniform  field. 


emg 

4 


i]  MAGNETISM.  191 

121.  The  Intensity  of  Magnetization  is  the  mag- 
etic  moment  of  a  magnet  per  unit  volume.  It  is  to  be 
^^garded  as  having  direction  as  well  as  magnitude,  its 
^3irection  being  that  of  the  axis  of  the  magnet. 

f    122.    Magnetic  Potential  due  to  a  Small  Mag- 

^wt.     Let  A  and  B,  Fig.  55,  represent  the  poles  of  a 
small  magnet,  m  the  charge  of  magnetism  at  B,  —  in  that 


Fio.  65. 

at  A.     Let  0  be  the  middle  point  of  AB.     Consider  the 
magDctic  potential  at  P  due  to  the  magnet  AB,     The 

magnetic  potential  at  P  due  to  m  at  £  is  s^t^  ,  that  due 

to  —  m  at  il  is  —  jp»  hence  the  magnetic  potential  at 

P  due  to  the  magnet  is 

tn        m 
BP^AP' 

From  A  and  B  let  fall  perpendiculars  AM  and  BN 
on  OP:  since  the  angles  BPO,  APO  are  very  small  and 
the  angles  at  M  and  N  are  right  angles,  the  angles 
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PBN  and  PAM  will  be  very  nearly  right  angles,  so  that 
approximately 

AP^PM^PO-^OM^PO+ON. 

»,,  m        fn  fn  m 

Then 


BP    AP    PO-ON    po+our 

2m. ON 
'OP'- ON*' 

and  this,  since  ON  is  very  small  compared  with  OP,  is 
approximately  equal  to 

im.ON 
OP* 
_mAB  co&O 
UP^       ' 

where  0  is  the  angle  POB. 

I{  M  is  the  magnetic  moment  of  the  magnet 

M  =  mAB, 
hence  the  potential  due  to  the  magnet  is  equal  to 

M  coaO 
y  ~0P^' 

123.    Resolution  of  Small  Magnets. 

We  shall  first  prove  that  the  moment  of  a  small 
magnet  may  be  resolved  like  a  force,  ie.  if  the  moment 
of  the  magnet  is  M^  and  if  a  force  M  acting  along  the 
axis  of  the  magnet  be  resolved  into  forces  mi,  m^,  m,,  &a 
acting  in  directions  Oii,  Oi,,  OL^t  &c.,  where  0  is  the 
point  midway  between  the  poles,  then  the  magnetic 
action  of  the  original  magnet  at  a  distant  point  is  the 
same  as  the  combined  effects  of  the  magnets  whose 
moments  are  Mi,  M^,  M^^  &c.,  and  whose  axes  are  along 
Oil,  0^,  Oi„  &a 
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Xow  sitppijse  a  force  M  in  the  direction  AB  is  the 
r'hiiltitnt  of  the  forces  Af,.  At,,  M,  in  the  directions  OBi, 
•'if,,  0B„  &c.,  let  OB,.  OB^.  OB,  make  augles  $„  0„  0, 
^Mih  OP.  then 

Mcos0^  jtf,  cos  5,  +  3f,co8  ^,  +  ... . 
Mco^S  _  Ml  COB  e,     Jtf,coag, 

■'"«  oi^  ~    (>i^        OP'    +■■■• 

Now  it/,  COB  SijOP*  is  the  magnetic  potential  at  P  due 
to  the  magnet  whose  moment  is  M,  and  whoso  axis  \h 
along  OB, ,  Mj  cos  0JOP'  is  the  potential  due  to  the  magnet 
whose  moment  is  Af,  and  whose  axis  is  OB,,  and  so  on ; 
hence  we  see  that  the  original  magnet  may  be  replaced 
by  a  series  of  magnets,  the  original  moment  being  the 
resultant  of  the  moments  of  the  magnets  by  which  it 
is  replaced.  In  other  words,  the  moment  of  a  small 
magnet  may  be  resolved  like  a  force. 

By  the  aid  of  this  theorem  the  problem  of  finding 
the  force  due  to  a  small  magnet  at  any  point  may  be 
reduced  to  that  of  finding  the  force  due  to  a  magnet 
lit  &  point  on  its  axis  produced,  and  at  a  point  on  a 
line  through  its  centre  at  right  angles  to  its  axis. 

124  To  find  the  magnetic  fbrce  at  a  point  on 
the  ad*  produced.  Let  AB,  Fig,  .56,  be  the  magnet,  P 
lie  point  at  which  the  force  is  requirod.  The  magnetic 
■'■  i-ce  at  P  due  to  the  charge  nt  at  £  is  equal  to 


\ 


{OP-OBf 
The  magnetic  force  due  to  —  m  at  .^  is  equal  to 
m 
~{OP+OBy 


IM 


[can 


Hie  Fesuhafii  magBcttic  fione  at  P  is  equal  to 
w         _        _« _4w,QJ.0P 

_4mOB.OP 
OP' 

apfuvximavelT,  snoe  OB  is  smaU  oompared  witli  OP- 


o 
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If  M  ia  the  moment  of  the  magnet  AI=^2mOB,  t 
the  maguetic  force  at  P  is  equal  to 

2M 
OP*' 

The  (liroction  of  this  force  is  along  OP, 

126.    To  find  the  magnetic  fbrce  at  a  point  Q 
the  lino  through  O  at  right  angles  to  AB.     Si 

Q  in  0(|uidiHtant  from  A  and  B,  Fig.  56,  the  forces  due 
A    and   B  are  equal   in   magnitude ;   the   one  beinj 


126 J 

rppulsiiji 
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,  the  other  a 
aqual  to 
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The  resultant  of  these 


2m 


•  iioe  BQ  is  approximately  equal  to  OQ. 

The  tlirection  of  this  force  is  pai-allel  to  BA  and  at 
i^ht  angles  to  OQ- 

If  Q,  a  point  on  the  line  through  0  at  right  angles 
!>  AB,  is  the  same  distance  from  0  as  /*,  a  point  on  AB 
1  r-Kiuced,  we  see  from  these  results  that  the  force  at  P  is 
'.  ice  that  at  Q.  This  is  the  foundation  of  Gauss's  method 
•■:<■  Art.  131)  of  proving  that  the  foi-ce  between  two  poles 
■^urit.-s  inversely  as  the  square  of  the  distance  between  them. 

126.     Magnetic  force  due  to  a  small  magnet  at 
any  point.    Let  AB,  Fig.  57,  rcpretient  the  small  magnet, 


let  Jf  be  its  moment,  0  its  centre,  P  the  point  at  which 
the  force  ia  required,  let  OP  make  an  angle  6  with  AB, 
(lie  axiti  of  the  magnet.     By  Art.  123  the  eflfoct  of  Jlf  ia 


I 
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Gquivftleiit  tg  that  of  two  magnets,  one  having  ite  axis 

along    OP   and   its  moment  equal  to  Mcoa  9,  the  other 

having  itsf  axis  at  right  angles  to  OP  and   ita   moment 

equal  to  M  sin  B.     Let  OP  =  r. 

The  force  at  P  due  to  the  first  is,  by  Art.  124.  along 

OP  and  equal  to  IMcoaSji',  the  force  at  P  due  to  the 

second   magnet   is   at   right  angles  to  OP  and  equal  to 

J/ sin  6ji^,  hence  the  foree  due  to  the  magnet  AB  at  P  is 

equivalent  to  the  forces 

2JI/COS0    ,         „-, 
— along  Oi  , 


and 


M  sin  6 


at  right  angles  to  OP. 


Lt!t  the  resultant  magnetic  force  at  P  make  an  angle 

!>  with  OP,  then 

Af  sind 


^"*  =  2F^ 


=  J  tan  fl. 


le 

\ 


Let  the  direction  of  the  resultant  force  at  P  cut  AB 
produced  in  T,  draw  TN  at  right  angles  to  OP,  then 

'FN 


'™*"pS' 


tanS-gy, 


A 


and  since  tan  0  =  ^  tan  5,  PA"  =  WN.  Thus  OA"  =  ^OP. 
Thus,  to  find  the  direction  of  the  magnetic  force  at  P, 
trisect  OP  in  N,  draw  NT  at  right  angles  to  OP  to  cut 
AB  produced  in  T,  then  PT  will  be  the  direction  of  the 
force  at  P. 


MAONimSH. 
The  magnitude  of  the  rc-sultant  foi-ce  is 


r  a  given  value  of  r  it  is  greatest  when  ^  =  0  or  ■tt.  i.e.  at 
fcpmnt  along  tho  axis,  and  least  when  (9  =  x/2  or  Stt/^, 
.  at  a  point  on  the  line  at  right  anglea  to  the  axis. 
■  maximutn  value  is  twice  the  minimum  one. 

127.     Couples  on  a  Magnet  In  a  Unlfbrm  Mag- 
tic  Field.     If  a  magnet  is  placed  in  a  imiform  field 
uple  acting  on  the  magnet,  and  tending  to  twist 
i  about  a  line  at  right  angles  both  to  tho  axis  of  the 
foet  and  the  force  in  the  external  field,  is 

jbere  M  la  the  moment  of  the  magnet,  H  the  force  in 
B  uniform  field,  and  B  the  angle  between  the  axis  of  the 
;net  and  the  direction  of  the  force. 
Let  AB  be  the  magnet,  the  negative  pole  being  at  A, 
the  positive  one  at  li.  Then  if  vi  is  the  strength  of 
the  pole  at  B,  the  forces  on  the  magnet  are  a  force  mH 
at  B  in  the  direction  of  the  external  field  and  an  equal 
and  opposite  force  at  A.  These  two  forces  are  equivalent 
to  a  conple  whose  moment  is  HmNM  where  NM  is  the 
distance  between  the  lines  of  action  of  the  two  forces. 
hit  JfM  =  AB  sin  0,  if  8  is  the  angle  between  AB  and 
hence  the  couple  on  the  magnet  is 
HviABR\n0=HM  sin  e. 

126.    Couples  between  two  Small  Magnets. 

Let  AB,  CD,  Fig.  58,  represent  the  two  magnets,  M, 
r  their  momenta ;  r  the  distance  between  their  centres 
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0,  (y.    Let  AB,  CD  make  respectively  the  angles 

with  0,  a. 


-H) 


Pio.  58. 


Consider  first  the  couple  on  the  magnet  CD. 

The  magnetic  forces  due  to  AB  are 

2McoQ0    ,        ^^ 
along  Ou, 

at  right  angles  to  OC. 


These  may  be  regarded  as  constant  over  the 
occupied  by  the  small  magnet  CD, 

The  couple  on  CD  tending  to  produce  rotati 
the  direction  of  the  hands  of  a  watch,  due  to  th 
component  is 

2Mcos0 


AT  sin  ff, 


that  due  to  the  second  is 

Jlfsin^ 


If' cos  ^; 


hence  the  total  couple  on  CD  is 

MM' 


(2  cos  ^  sin  ^  +  sin  0  cos  ^). 
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This  vanishes  if  tan  ^  =  —  |  tan  0,  Le.  if  CD  is  along 
the  line  of  force  due  to  AB,  see  Art.  126. 

We  may  show  in  a  similar  way  that  the  couple  oxx  AB 
due  to  CD  tending  to  produce  rotation  in  the  direction  of 
the  hands  of  a  watch  is 

MM' 

— -r    (2  cos  ^  sin  ^  +  sin  ff  cos  6), 
It 

If  both  these  couples  vanish,  ^  =  0  or  tt,  ^'  =  0  or  tt, 

or  5=  ±5-,  ^  =  ±•5-,  so  that  the  axes  of  the  magnets 
it  Jd 

must  be  parallel  to  each  other,  and  either  parallel  or 
perpendicular  to  the  line  joining  the  centres  of  the  two 
magnets. 

We  shall  find  it  convenient  to  consider  four  special 
positions  of  the  two  magnets  as  standard  cases. 

Case  I. 


1 1  1 1  I  I  I  •  I  I  1 1  f  1 1 1 1 1 1 


D 
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5  =  0,  ^  =  0,  couples  vanish,  equilibrium  stable. 


n 


Case  II. 
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^  =  -  ,  ^  =  -  ,  couples  vanish,  equilibrium  unstable. 


_   -■■■■■■■    ■■■ai<«a 


MJ 

\ 


T^i    *■' 


T  tJiV  MM* 


Wi^r  7hr  TTii^rT*  izv  sTTin^d  as  in  this  case.  AB  is 
id   TO  be     fr»i  .>r.'  lo  CIk  while  CD  is  broadside  on 
V  AR 

Cask  it. 


\ 

A 


(*=  ^  .  <*  =  0.  (v»up]r  on  Or»=  —J-  ,  couple  on  AB^^^-~- . 

In  this  case  -4£  is  brv^side  on  to  CD.  We  se^  that 
the  couple  exerted  on  CD  bv  ^B  is  twice  as  great  when 
the  latter  is  end  on  as  when  it  is  broadside  on. 

It  will  be  noticed  that  the  couples  on  ^5  and  CD 

are  not  in  genemi  equal  and  opposite :  at  first  sight  it 

ight  appear  that  this  result  would  lead  to  the  absurd 

Delusion  that  if  two  magnets  wen^  firmly  fihstened  to  a 

ard,  and  the  board  floated  on  a  vessel  of  water,  the 

Mund  would  be  sec  in  rotation  and  would  spin  round 

-^4i  gradually  increasing  velocity.    The  paradox    will 

rer  be  explained  if  we  consider  the^^nm  exerted  by 

■gnet  on  the  other. 
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Substituting  these  values  we  see  that  the  force  exerted 
by  AB  on  D  is  approximately  equivalent  to  a  component 

ZMm'coad     SMm' CD  coa  0  cos  d'     3  if m' CD  sin  g  sin  ^ 

along  00*,  and  a  component 

Jf musing     SMm'CDsinecosa     3  Jfm^Ci)  cos  g  sin  ^ 
r»       '*"2  r*  "^2  r* 

acting  upwards  at  right  angles  to  00\ 

We  may  show  in  a  similar  way  that  the  force  exerted 
by  AB  on  C  is  equivalent  to  a  component 

2 Jfm'cos  0     3Mm'  CD  cos  0  cos ^     SMm'CDsin09m0' 

along  OCX,  and  a  component 

Jfm^sing     3  Jfm' CD  sin  g  cos  y     3  Jfm^  CD  cos  g  sin  y 
r»        "^2  r*  "^2  r*  ' 

acting  upwards  at  right  angles  to  00'. 

Hence  the  force  on  the  magnet  CD,  which  is  the 
resultant  of  the  forces  acting  on  the  poles  C,  D,  is  equi- 
valent to  a  component 

— —  (2  cos  g  cos  g'  —  sin  0  sin  g'), 

along  00\  and  a  component 

— -T—  (sin  g  cos  0'  +  cos  0  sin  g'), 

acting  upwards  at  right  angles  to  00\ 

The  force  on  the  magnet  AB  is  equal  in  magnitude 
and  opposite  in  direction  to  that  on  CD. 


It; 

i    the 
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If  we  consider  the  two  tnagneta  as  forming  one  system, 
the  two  forces  at  right  angles  to  00'  are  equivalent  to  a 
Miuple  whose  moment  is 

-  (cos  0  sin  d'  +  sin  6  cos  6'), 

this  couple  is  equal  in  magnitude  and  opposite  in  direction 
to  the  algebraical  sum  of  the  couples  on  the  magnets  AB, 
CD  found  in  Art.  12S:  this  result  explains  the  paradox 
alluded  to  at  the  end  of  that  article. 

130.  Force  between  tbe  Hagneti  In  the  four 
standard  positlonfl.  In  the  positions  doscribed  in  Art. 
12s,  the  forces  between  the  magnets  have  the  following 
values. 

Cask  I.     Pig.  (59). 

ff  =  0,  0'  =  O,     Force  between  magnets  is  an  attraction 
along  the  line  joining  their  centi-es  equal  to 
6MM- 


Case  n.    Fig.  (60> 

0  =  a  .  0'=  q-      Force  is  a  repulsion  along  the  line 
joining  the  centres  equal  to 
SMW 

Ca.se  III.     Fig.  (61). 

$  =  0,6'  =  a.      Force   is   at  right  angles  to  the  line 
joining  the  centres  and  equal  to 
3MM' 
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Cask  IV.    Fig.  (62). 

O^a  >  ^  =  0.  Force  is  at  right  angles  to  the  line 
joining  the  centres  and  equal  to 

The  forces  between  the  magnets  vary  inversely  as 
the  fourth  power  of  the  distance  between  their  centres 
while  the  couples  vary  inversely  as  only  the  cube  of  this 
distance.  The  directive  influence  which  the  magnets 
exert  on  each  other  thus  diminishes  less  quickly  with  the 
distance  than  the  translatory  forces,  so  that  when  the 
magnets  are  far  apart  the  directive  influence  is  much  the 
more  important  of  the  two. 

r  .131.  G-auu'  proof  that  the  fbrce  between  two 
magnetic  poles  variefl  inversely  as  the  square  of  the 
distance  between  them.  We  saw,  Art.  128,  that,  the 
distance  between  the  magnets  remaining  the  same,  the 
couple  exerted  by  the  flrst  magnet  on  the  second  was 
twice  as  great  when  the  flrst  magnet  was  'end  on'  to 
the  second  as  when  it  was  *  broadside  on.'  This  is  equi- 
valent to  the  result  proved  in  Art.  126,  that  when  P  and 
Q  are  two  points  at  the  same  distance  from  the  centre  of 
the  magnet,  P  being  on  the  axis  of  the  magnet  and  Q 
on  the  line  through  the  centre  at  right  angles  to  the  axis, 
the  magnetic  force  at  P  is  twice  that  at  Q.  This  result 
only  holds  when  the  force  varies  inversely  as  the  square 
of  the  distance ;  we  shall  proceed  to  show  that  if  the  force 
varied  inversely  as  the  pih  power  of  the  distance  the 
"magnetic  force  at  P  would  be  p  times  that  at  Q. 
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If  the  magnetic  fbrve  nuies  mversely  as  the  pih  power 
''■  the  distance,  then  if  m  is  the  strengtb  of  one  u(  the 
<"<£<«  of  the  mAgaet,  the  msgiietic  force  at  P,  Fig.  56,  du*; 
'  the  magitcl  AB  ts  equal  to 


~(0P-OB)f     (()/•+ OB)" 
2mp . OB 


approxiraattily,  if  OB  is  very  small  coiiipai-ed  with  OP; 
M  is  the  moment  of  AB  this  is  otjual  to 


OP^*' 


jnOA 
'  AQ-AQ 


II    Th^ranx,  at  Q=^g| 
Bpproxiniatelj'. 

Thus  the  magnetic  force  at  P  is  p  timca  that  at  Q. 
We  see  from  this  that  if  wo  have  two  small  uiagueta  the 
couple  on  the  second  when  the  first  magnet  is  *  end  on '  to 
it  is  p  times  the  couple  when  the  first  magnet  is  '  broadsido 
■ml'  Hence  by  comparing  the  value  of  the  coupli^t*  in 
these  posiUons  we  can  determine  the  value  of  p. 

This  can  be  done  by  an  arrangement  of  the  following 
kind.  Suspend  the  small  magnut  to  be  deflected  xo  thtit  it 
can  turn  freely  about  a  vertical  asis:  a  conveniont  way  of 
f  this  and  one  which  enables  the  auguljir  motion  of 
magnet  to  be  accurately  detciiiiined,  i^^  to  jili 
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magnet  at  the  back  of  a  very  light  mirror  and  suspend  tlie 
mirror  by  a  silk  fibre.     When  the  deflecting  magnet  is  fiv 
away  the  suspended  magnet  will  under  the  influence  of 
the  earth's  magnetic  field  point  magnetic  north  and  south. 
When  this  magnet  is  at  rest  bring  the  deflecting  magnet 
into  the  field  and  place  it  so  that  its  centre  is  due  east 
or  west  of  the  centre  of  the  deflected  magnet,  the  axis  of 
the  deflecting  magnet  passing  through  this  centre.    The 
couple  due  to  the  deflecting  magnet  will  make  the  sus- 
pended magnet  swing  from  the  north  and  south  position 
until  the  couple  with  which  the  earth's  magnetic  force 
tends  to  bring  the  magnet  back  to  its  original  position 
just  balances  the  deflecting  couple. 

Let  n  be  the  magnetic  force  in  the  horizontal  plane 
due  to  the  earth's  magnetic  field.  Then  when  the  deflected 
magnet  has  twisted  through  an  angle  0  the  couple  due  to 
the  earth's  magnetic  field  is,  see  Art.  127,  equal  to 

HM'  sin  0, 
where  M'  is  the  moment  of  the  deflected  magnet. 

The  other  magnet  may  be  regarded  as  producing  a 
field  such  that  the  magnetic  force  at  the  centre  of  the 
deflected  magnet  is  cast  and  west  and  equal  to 

Ifp 

where  M  is  the  moment  of  the  deflecting  magnet,  r  the 
distance  between  the  centres  of  the  deflected  and  deflect- 
ing magnets.  Thus  the  couple  on  the  deflected  magnet 
due  to  this  magnet  is 
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I'iii:  suspendwl  mngnet  will  take  up  the  p^jaitiou  ui  which 
hi'  two  couples  baUuce ;  when  this  ia  the  case 

HM  Bin  p  = ^  , 


^-^=^. 0)- 


_  % 

Now  pW-c  the  deflecting  magnet  so  that  its  centre  i\ 


north  or  8<juth  of  that  of  the  suspended  magnet,  and  at  tho 
eame  distance  from  it  as  in  the  last  experiment,  the  axis 
of  the  deflecting  magnet  being  again  east  and  west.  Let 
hi-  suspended  magnet  be  in  equilibrium  when  it  has 
-■■  isted  through  an  angle  ff.  The  couple  due  to  the  earth's 
tiiagnetic  field  ia 

The  couple  due  to  the  deflecting  magnet  is 

Since  the  suspended  magnet  is  in  eijuilibrium  these 
g  couples  must  be  equal,  hence 

MM'  cos  0' 


HM'  sin  6 

M 

(2). 


M 


Thus 


tan  ff     ^' 

Hence  if  we  measure  6  and  &  we  can  determine  p. 
By  experiments  of  this  kind  Gauss  showed  thatp  =  2,  i.e. 
that  the  force  between  two  poles  varies  inversely  as  the 
square  of  the  distance  between  them. 

If  we  place  the  deflecting  magnet  at  different  dis- 
tances &om  the  deflected  we  find  that  tan  8  and  tan  d' 
my  as  l/r",  and  thus  obtain  another  proof  that  p  =  2. 
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132.    Petermlnatlon  of  the  Momeiit  of  a 
Magnet  and  of  the  hoiisontal  component  of 
Earth's  Magnetic  force.     Suspend  a  small  auxi 
magnet  in  the  same  way  as  the  deflected  magnet  in 
experiment  described  in  the  last  example  and  place 
magnet  A  whose  moment  is  to  be  determined  so  that  i^ 
centre  is  due  east  or  west  of  the  centre  of  the  auxil 
magnet,  the  axis  of  the  magnet  A  passing  through 
centre  of  the  suspended  magnet.    Let  d  be  the  defl< 
of  the  suspended  magnet,  H  the  horizontal  component 
the  earth's  magnetic  force,  M  the  moment  of  A:  we  hai 
by  Art.  131,  equation  (1),  putting  jp  =  2 

^  =  ir»tand;  I 

hence  if  we  measure  r  and  0  we  can  determine  M/H. 

To  determine  MH  suspend  the  magnet  il  by  a  vertical 
axis,  about  which  it  can  rotate  freely,  passing  through  its 
centre,  taking  care  that  the  magnetic  axis  of  ^  is  hori- 
zi>ntal.  When  the  magnet  makes  an  angle  0  with  the 
direction  in  which  H  acts,  i.e.  with  the  north  and  south 
line,  the  couple  tending  to  bring  it  back  to  its  position  of 
eijuilibrium  is  equal  to 

MH  sm0. 

Hence  if  -K"  is  the  moment  of  inertia  of  the  magnet 

about  the  vertical  axis  the  equation   of  motion   of  the 

magnet  is 

d?0 


or  if  d  is  small 


K^  +  MHe  =  0. 


MAGN'eriSM. 


MH  = 


i  T,  the  time  of  a.  small  oscillation,  \a  giv<rD  by  ' 

r.   • 

if   we   know  K  and  T  we   can   determine  Jfff ; 

nring  MlH  from   the   preceding  experiment  we   can 

I  bot.b  itf  and /T.  The  value  offf  at  Cambridge  iaaboiit 
ao.H,  units. 

133.  Magnetic  Shell  of  Uniform  Strenfftb.  A 
^vtic  shell  is  a  thin  sheet  of  magnetizable  substance 
^etized  at  each  point  in  the  direction  of  the  nornia) 

the  shell  at  that  point. 

The  atrength  of  the  shell  at  any  point  is  the  product 
the  inU.'nsity  of  magnetization  into  the  thickness  of  the 

til  measured  along  the  normal  at  that  point,  it  is  thus 
to  the  magnetic  moment  of  unit  area  of  the  shell  at 

B  point. 
To  tind  the  potential  of  a  shell  of  nniform  strength. 

insider  a  small  area  a  of  the  shell  round  the  point  Q, 
(6!t),  let  /  be  the  intensity  of  magnetization  of  the  shell 


« 


\,  i  the  tliiekntwi  of  the  shell  at  the  sal 

menl  of  thu  mnall  magnet  whose  areit  i: 

^  ^  is  the  aiigle  which  the  direutimi  nf 


•i  ixnnl.     The 
%  w  /a(.  Iifiiot' 
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makes  with  PQ,  the  potential  of  the  small  magnet  at  P  is 
by  Art.  122  equal  to 

lot  cos  0 

If  <^  is  the  strength  of  the  magnetic  shell 

/  It=<f>, 

hence  the  potential  at  P  is 

<f>a  cos  0 
'PQT  ' 

This,  by  Art.  10,  is  numerically  equal  to  the  normal 
induction  over  a  due  to  a  charge  of  electricity  equal  to  ^ 
/\  at  P.  Hence  if  (f>  is  constant  over  the  shell  the  potential 
of  the  whole  shell  at  P  is  numerically  equal  to  the  total 
normal  electric  induction  over  it  due  to  a  charge  <f>  at  P. 
This  by  Art.  10  is  equal  to  <^a>,  where  to  is  the  area 
cut  off  from  the  surface  of  a  sphere  of  unit  radius  vrith 
its  centre  at  P  by  lines  drawn  from  P  to  the  boundary  of 
the  shell;  o>  is  called  the  solid  angle  subtended  by  the 

\  shell  at  P ;  it  only  depends  od  the  shape  of  the  boundary 

i  of  the  shell. 

If  the  shell  is  closed,  then  if  P  is  outside  the  shell  the 
potential  at  P  is  zero,  since  the  total  normal  electric  in- 
duction over  a  closed  surface  due  to  a  charge  at  a  point 
outside  the  surface  is  zero ;  if  the  point  P  is  inside  the 
surface  and  the  negative  side  of  the  shell  is  on  the  outside, 
then  since  the  total  normal  electric  induction  over  the 
shell  due  to  a  charge  <^  at  P  is  47r<^,  the  magnetic  poten- 
tial at  P  is  4f7r<f> ;  as  this  is  constant  throughout  the  shell, 
the  magnetic  force  vanishes  inside  the  space  bounded  by 
the  shell. 
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ascribed  to  thu  aotid  angle  bounded  by 
points  are  determined  in  the  following 
■':iy.  Take  a  fixed  point  0  and  with  it  as  centre  describe 
-.1  sphere  of  anit  radius,  and  let  P  be  a  point  at  which  the 
magDetic  potential  of  the  nhell  is  required.  The  contri- 
bution to  the  magnetic  potential  of  any  small  area  round  a 
point  Q  OQ  the  shell,  is  the  area  cut  ofl'  from  the  surface  of 
the  sphere  of  unit  radius  by  the  radii  drawn  from  0  parallel 
to  the  radii  drawn  from  P  to  the  boundary  of  the  area  round 
Q ;  the  area  traced  out  by  the  lines  from  0  is  to  be  taken  as 
positive  or  negative  according  as  the  lines  di-awn  from  P 
to  Q  strike  first  against  the  positive  or  negative  side  of 
J  the  shell ;  by  the  positive  side  of  the  shell  we  mean  the 
'  side  charged  with  positive  magnetism,  by  the  negative 
side  the  side  charged  with  negative  magnetism. 

With  this  convention  with  regard  tt>  the  signs  of  the 
solid  angle  let  us  consider  the  relation  between  the  poten- 
tials due  to  a  shell  at  two  p*jints  P  and  /" ;  P  being  close 


to  the  shell  on  the  positive  side,  P'  close  to  P  but  on 
the  negative  side  of  the  shell.  Consider  the  areas 
traced  out  on  the  unit  sphere  by  radii  fi'om  0  parallel  to 
those  drawn  from  P  and  P',  The  area  corresponding  to 
those  drawn  frotu  P  will  be  the  shaded  part  of  the  sphere, 
let  this  area  be  ta.  the  potential  at  P  is  <f)€D.     The  area 
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corresponding  to  the  radii  drawn  from  P'  will  be  tlie 
unshaded  portion  of  the  sphere  whose  area  is  4nr  —  «,  bat 
inasmuch  as  the  radii  from  P  strike  first  against  tiie 
negative  side  of  the  shell  the  solid  angle  subtended  at  V 
will  be  minus  this  area,  La  a>— 47r;  hence  the  magnetic 
potential  due  to  the  shell  at  P'  is  ^(w  — 4nr).  The 
potential  at  P  thus  exceeds  that  at  T'  by  47r^. 

In  spite  of  this  finite  increment  in  the  potential  in 
passing  from  f  to  the  adjacent  point  P,  there  will  be 
continuity  of  potential  in  passing  through  the  shell  if  we 

,  regard  the  potential  as  given  in  the  shell  by  the  same 

1  laws  as  outside. 

Consider  the  potential  at  a  point  Q  in  the  shell,  and 
divide  the  original  shell  into  two,  one  on  each  side  of  Q. 


Fio.  65. 


':v./'-«^ 


.  I  '•■ 


Then  as  the  whole  shell  is  uniformly  magnetized  the 
strength  of  the  shells  will  be  proportional  to  their  thick- 
nesses.    Thus  if  <^  is  the  strength  of  the  original  shell 

the  strengths  of  the  shell  between  P  and  Q  will  be  ^  ^^ , 

OF' 

and  that  of  the  shell  between  Q  and  P'  will  be  ^  ^^ . 

The  potential  at  Q  due  to  the  shell  next  to  P'  is 

OP  OP 

0)0  pjp ,  that  due  to  the  shell  next  to  P  is  (o>— 47r)  ^  ~^ , 
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the  potential  at  Q  is  the  sum  of  these,  Le. 

this  changes  continuously  an  we  pass  through  the  shell  from 

<f,w  at  P. 

134.  Mutual  Potential  Energy  of  the  Shell  and 
an  external  Magnetic  System.  Let  /  be  the  intensity 
'if  magnetization  at  a  point  Q  on  the  shell;  consider  a 
small  portion  of  the  shell  round  Q.  a  being  the  area  of 
this  portion.  Let  P,  P"  be  two  points  ou  its  axis  of  mag- 
oetization,  P  being  on  the  positive  surface  of  the  shell,  P" 
on  the  negative.  Then  we  have  a  charge  of  positive 
magnetism  equal  to  la  at  P,  a  negative  charge  —  la.  at  P'. 
If  Vp,  Vfi  are  the  potentials  at  P  and  P"  respectively 
due  to  the  external  magnetic  system,  then  the  mutual 
potential    energy  of  the   external  system  and  the  small 

ipiet  at  Q  is  equal  to 
Ff/B-rp/«.. 
If  ^  is  the  strength  of  the  shell 
^  =  J  X  PP\ 
bu  the  expression  (1}  is  equal  to 


«■-•;■■ 


pp- 


iBut  { F"p  -  Vp)IPP'  is  the  magnetic  force  due  to  the  ' 
cxt«rual  system  along  PP',  the  normal  to  the  shell.     Let  . 
Lhis  force  be  denoted  by  —  i/„,  the  force  being  taken  as 
it  ia  in  the  direction  of  m^netizatiou  of 
when  the  magnetic  force  passes  from  the 
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negative  to  the  positive  side  through  the  shell,  then  tlie 
mutual  potential  energy  of  the  external  system  and  the 
small  magnet  at  Q  is  equal  to 

Since  the  strength  of  the  shell  is  uniform  the  mutual 
potential  energy  of  the  external  system  and  the  whole 
shell  is  equal  to 

XHnOL  being  the  sum  of  the  products  got  by  dividing  the 
surface  of  the  shell  up  into  small  areas,  and  multiplying 
each  area  by  the  component  along  its  normal  of  the 
magnetic  force  due  to  the  external  system,  this  com- 
ponent being  positive  when  it  is  in  the  direction  of  mag- 
netization of  the  shell.  This  quantity  is  often  called  the 
number  of  lines  of  magnetic  force  due  to  the  external 
system  which  pass  through  the  shell. 

It  is  analogous  to  the  total  normal  electric  induction 
over  a  surface  in  Electrostatics,  see  Art.  9. 

136.  Force  acting  on  the  shell  when  placed  in 
a  magnetic  field.  If  Z  is  the  force  acting  on  the  shell 
in  the  direction  x,  and  if  the  shell  is  displaced  in  this 
direction  through  a  distance  Sx,  then  XBx  is  the  work 
done  on  the  shell  by  tlie  magnetic  forces  during  the  dis- 
placement; hence  by  the  principle  of  the  Conservation 
I  of  Energy,  XBx  must  equal  the  diminution  in  the  energy 
due  to  the  displacement.  Suppose  that  J.,  Fig.  66,  repre- 
sents the  position  of  the  edge  of  the  shell  before,  B  its 
position  after  the  displacement.  The  diminution  in  the 
energy  due  to  the  displacement  is,  by  the  last  paragraph, 

equal  to 

(        <I>{N'-N) (1). 


/f  /,  V    ::6       -.    '  j 
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where  JV  and  N'  are  the  numbei-s  of  linos  of  magnetic  force 


Pio.  66. 


which  pa:ss  through  A  and  B  reBpectively,  Consider 
rhe  closeti  surface  having  the  shell  in  its  two  positions 
A  and  B  as  ends,  tho  sides  of  the  surface  being  formed 
by  the  lines  PP"  &c.  which  join  the  original  position  P 
of  a  point  to  its  displaced  position.  We  see.  as  in  Art.  10, 
that  unless  the  closed  surface  contains  an  excess  of  mag- 
oetism  of  one  sign^  2/f„a  taken  over  its  surface  must 
vanish,  if„  denoting  the  magnetic  force  along  the  normal 
9  the  surface  drawn  outwards. 

But  Sff„a  over  the  whole  surface    —  0 

=  N'  —N+SHnd  taken  over  the  sides, 
N--If=-:iH„a (2); 

right-hand   side  of  this  equation  being  taken  over 
i  aides.     Consider  a  portion  of  the  sides  bounded  by 
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PQ,  P'Q';  -P,  Q  being  the  displaced  positions  of  P  andQ 
respectively.     Since 

the  area  PQP'Qf  is  equal  to 

&i?  X  PQ  X  sin  d, 

where  tf  is  the  angle  between  PQ  and  PP".  If  F  is 
the  magnetic  force  at  P  due  to  the  external  system,  the 
value  of  Hna  for  the  element  PQQfP*^  is  equal  to 

Sx  X  PQ  X  sin  0  X  fTcos  x> 

where  x  is  ^l^©  angle  which  the  outward-drawn  normal  to 
PQQR  makes  with  H.  Hence  since  Z&r  =  <^  (N'-N)  we 
have  by  equation  (2) 

Z&r  =  -<^.|21^  X  PQ  X  sin  OxHcos  xh 

or  since  &r  is  the  same  for  all  points  on  the  shell 

Z=  -  02  {PQ  X  sin  0  X  if  cos  xl 

Thus  the  force  on  the  shell  parallel  to  a;  is  the  same 
as  it  would  be  if  a  force  parallel  to  x  acted  on  the 
boundary  of  the  shell,  equal  per  unit  length  to 

—  <f>H  sin  0  cos  X' 

Since  x  is  arbitrary  this  gives  the  force  acting  on  each 
element  of  the  boundary  in  any  direction;  to  find  the 
resultant  force,  we  notice  that  the  component  along  x 
vanishes  if  a?  is  parallel  to  PQ,  for  in  this  case  ^  =  0, 
the  resultant  force  is  thus  at  right  angles  to  the  element 
of  the  boundary.  Again,  if  x  is  parallel  to  H,  x  =  W^* 
and  the  force  again  vanishes,  thus  the  resultant  force  is 
at  right  angles  to  H.  Hence  the  resultant  force  on  PQ 
is  at  right  angles  both  to  PQ  and  H.  In  order 
to  find   the  magnitude  of  this  force  we  have  only  to 


Dd  H;  the  resultant  force  is  thei-eforo  (i^  V 
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that   fc   is  pamllel  lo  this  Dormal,  in  this  cnfle 
rJ2   and   x  — o"'^-  where  -^  ie  the  angle  betweeiH^   a 
leitiuru  zjf 

-</)fl"sin^. 


bus  the  force  on  the  shell  may  be  regarded  as  cqiiiva-    jku 

»  a  system  of  forces  acting  over  the  edge  of  the  shell,    fi.' 

brce  acting  on  each  element  of  the  edge  being  at 

I  to  the  element  and  to  the  external  magnetic 

at  the  element,  and  equal  per  unit  length  to  the 

lot  of  the  strength  of  the  shell  into  the  component   ' 

B  magnetic  force  at  right  angles  to  the  element  of 

dge. 

BTbe   preceding  rule   gives  the  line  along  which  the 

B  acts ;  the  direction  of  the  force  ia,  in  any  particular 

K  most  easily  got  from  the  principle  that  since   the 

ftoal    potential   energy  of  the  shell  and  the  external 

'  letic  system  is  equal  to  —  <^JV.  where  JV  is  the  number 

les   of  magnetic  force  due  to  the  external   system 

pass  through  the  shell  in  the  direction  in  which 

magnetized,  ie.  which  enter  the  shell  on  the  side 

the  negative  magnetic  charge  and  leave  it  on  the 

ith  the  positive  charge:  the  shell  will  tend  tu  move 

to  make  N  as   large  as  possible,  for  by  so  doing 

I  the  potential  energy  as  small  as  possible.     The 

each  element  of  the  boundary  will  therefore  be 

a  direction  as  to  tend  to  move  the  element  of 

idary  so  as  to  enclose  a  greater  number  of  lines 

letic  force  passing  through  the  shell  in  the  positive 

□. 

Iiiia  if  the  ilirection   of  the   magnetic  force  at  i 
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element  PQ  is  in  the  direction  PT  in  Pig.  67,  the  im 

+ 


on  PQ  will  be  outwards  along  PS  as  in  the  figure,  fa 
if  PQ  were  to  move  in  this  direction  the  shell  would 
catch  more  lines  of  force  passing  through  it  in  the  positive 
direction. 


Since 
we  get 


-^ 


This  expression  is  often  very  useful  for  finding  the 
total  force  on  the  shell  in  any  direction. 

136.  Magnetic  force  due  to  the  shell.  Suppose 
that  the  external  field  is  that  due  to  a  single  unit  pole 
at  a  point  A,  the  result  of  the  preceding  article  will  give 
the  force  on  the  shell  due  to  the  pole,  this  must  how- 
ever be  equal  and  opposite  to  the  force  exerted  by  the 
shell  on  the  pole.  If  however  the  field  is  due  to  a  unit 
pole  at  4,  jBT  the  magnetic  force  due  to  the  external 
system  at  an  element  PQ  of  the  shell  is  equal  to  1/AP* 
and  acts  along  AP:  hence  by  the  last  article  the  mag- 
netic force  at  A  due  to  the  shell  is  the  same  as  if  we 
supposed  each  unit  of  length  of  the  boundary  of  the  shell 
to  exert  a  force  equal  to 


AF* 


sind, 
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where  0  is  the  angle  between  AP  and  the  tangent  to 
the  boundary  at  /",  tfi  is  the  strength  of  the  shell.  This 
force  acts  along  the  line  which  is  at  right  angles  both 
to  AP  and  the  tangent  to  the  boundary  at  P.  The 
direction  in  which  the  force  acts  along  this  line  may 
be  found  by  the  rule  that  it  is  oppfisite  to  the  foree  acting 
on  the  clement  of  the  boundary  at  P  arising  from  unit 
magnetic  pole  at  A,  this  latter  force  may  be  found  by  the 
method  given  at  the  end  of  the  preceding  article. 

137.  If  the  external  magnetic  field  in  Art.  135  were 
due  to  a  second  magnetic  shell,  then  the  mutual  potential 
energy  of  the  two  shells  is  equal  to 

I  -*", 

»irtiere  <p  is  the  streDgth  of  the  Hrst  shell,  and  N  the 
number  of  lines  of  force  which  pass  through  the  first 
shell,  and  are  produced  by  the  second.     It  is  also  equal  to 

-  4>'^', 

where  <(>'  is  the  strength  of  the  second  shell,  and  N'  the 
number  of  lines  of  force  which  pass  through  the  tiecond 
shell  and  are  produced  by  the  first.  Hence  by  making 
^  =  0'  we  Bee  that,  if  we  have  two  shells  a  and  ff  of 
eipial  strengths,  the  number  of  lines  of  force  which  pass 
■ugh  o  and  are  due  to  0  is  equal  to  the  number  of 
les  of  force  which  pass  through  0  and  arc  iluc'  to  a. 

138.  Magnetic  Field  due  to  a  uniformly  mag- 
netiied  sphere.  Let  the  sphere  bo  magnetized  parallel 
to  J,  and  let  /  be  the  intensity  of  magnetization.  We 
may  regard  the  sphere  as  made  up,  as  in  Fig.  68,  of  a 
great  number  of  uniformly  magnetized  bar  magnets  of 
uniform  crosa  section  o,  the  axes  of  these  magnets  being 


^^broi 
^Bbes 

H    1 
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parallel  to  the  axis  of  x.  On  the  ends  of  each  of  then 
magnets  we  have  charges  of  magnetism  equal  to  l/& 
Now  consider  a  sphere  whose  radius  is  equal  to  that  of 
the  magnetized  sphere  and  built  up  of  bars  in  the  bum 
way,  each  of  these  bars  being  however  wholly  filled  with 
positive  magnetism  whose  volume  density  is  p :  omsider 
also  another  equal  sphere  divided  up  into  bars  in  the 
same  way,  each  of  these  bars  being  however  filled  with 
negative  magnetism  whose  volume  density  is  — p ;  suppose 


d 


+ 

n 
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that  these  spheres  have  their  centres  at  0"  and  0,  Fig.  69, 
two  points  very  close  together,  00'  being  parallel  to  the 
axis  of  X.  Consider  now  the  result  of  superposing  these 
two  spheres :  take  two  corresponding  bars ;  the  parts  of 
the  bars  which  coincide  will  neutralize  each  other's  effects, 
but  the  negative  bar  will  project  a  distance  00'  to  the 
left,  and  on  this  part  of  the  bar  there  will  be  a  charge  of 
negative  magnetism  equal  to  00'  x  a  x  p :  the  positive  bar 
will  project  a  distance  00'  to  the  right,  and  on  this  part 
of  the  bar  there  will  be  a  charge  of  positive  magnetism 
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Now  we  have  seen  that  this  case  coincides  with  tluil 
of  the  uniformly  magnetized  sphere  if  p  x  00'  ==  /,  where 
/  is  the  intensity  of  magnetization  of  the  sphere ;  hence 
the  potential  due  to  the  uniformly  magnetized  sphere 
at  an  external  point  P  is 

4      ,r  cosd 
g7ra»/.-^  , 

where  r  =  OP, 

Comparing  this  result  with  that  given  in  Art.  122  we 
see  that  the  uniformly  magnetized  sphere  produces  the 
same  effect  as  a  very  small  magnet  placed  at  the  centre 
of  the  sphere,  the  axis  of  the  small  magnet  being  parallel 
to  the  direction  of  magnetization  of  the  sphere,  while 
the  moment  of  the  magnet  is  equal  to  the  intensity  of 
magnetization  multiplied  by  the  volume  of  the  sphere. 

The  magnetic  force  inside  the  sphere  is  indefinite 
without  further  definition,  since  to  measure  the  force  on 
the  unit  pole,  we  have  to  make  a  cavity  to  receive  the 
pole  and  the  force  on  the  pole  depends  on  the  shape  of 
the  cavity  so  made :  this  point  is  discussed  at  length  in 
Chapter  Vlli. 

For  the  sake  of  completing  the  solution  of  this  case, 
we  shall  anticipate  the  results  of  that  chapter  and  assume 
that  the  quantity  which  is  defined  as  '  the  magnetic  force ' 
inside  the  sphere  is  the  force  which  would  be  exerted  on 
the  unit  pole  if  the  sphere  were  regarded  as  a  spherical 
air  cavity  in  a  magnet,  the  surface  of  the  cavity  having 
spread  over  it  the  same  distribution  of  magnetic  charge 
as  actually  exists  over  the  surface  of  the  magnetized 
sphere.     We  may  thus  in  calculating  the  effect  of  the 
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dbarges  on  the  surface  suppose  that  they  exert  the  same 
magnetic  forces  as  they  would  in  air. 

To  find  the  magnetic  force  at  an  internal  point  Q, 
Fig.  69,  we  return  to  the  case  of  the  two  uniformly  charged 
spheres. 

The  force  due  to   the  uniformly  positively  charged 


sphere  at  Q  is  equal  to 


f'V- 


(<f(k) 


iwp.O'Q.  "    '  L^W"^  -^ 

\    and  acts  along  0'(i ;  the  force  due  to  the  negative  sphere  is 
equal  to 

and  acts  along  QO, 
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Bt  die  titti^^  of  fbrees  tlie  resultant  of  the  ban 
exencd  bj  the  podUTe  and  nqjatiye  sfdiere  is  equal  to 

and  ftcte  along  OO.  We  have  seem  that  the  case  of  tlx 
poative  and  negadre  spheres  c<Hncides  with  that  of  dK 
uniformlT  magnetixed  sphere  if  00'  x p^I.  Henoe  th( 
force  inside  the  nnifonnlv  magnetized  sphere  is  uniforn 
and  parallel  to  the  direction  of  magnetization  of  the  sphtf 
and  e^ual  to 

The  lines  of  force  inside  and  ontside  the  sphere  « 
given  in  Fig.  70. 


CHAPTER    VII. 


Tebhestrial  Magnetism, 


The  pointing  of  the  compass  in  a  definite  direc- 
s  at  first  ascribed  to  the  special  attraction  for  iron 
Kttsed  by  the  pole  star.  Gilbert,  however,  in  his  work 
J)e  Mugnete,  publishet]  in  1600,  pointed  ont  that  it  showed 
that  the  earth  wa«  itself  a  magnet.  Since  Gilbert's  time 
the  study  of  Terrestrial  Magnetism,  i.e.  the  state  of  the 
earth's  magnetic  field,  has  received  a  great  deal  of  attention 
and  forms  one  of  the  moat  important,  and  undoubtedly 
one  of  the  most  mysterious  departments  of  Physical 
Science. 

140.  To  fix  the  state  of  the  earth's  magnetic  field 
wt-  require  to  know  the  magnetic  force  over  the  whole 
<if  the  surface  of  the  earth;  the  observations  made  at  a 
number  of  magnetic  observatories,  scattered  unfortunately 
•'.iiiewhat  irregularly  at  very  wide  intervals  over  the  earth, 
L,'ive  ua  an  appi«ximation  to  this. 

To  determine  the  magnitude  and  direction  of  the 
■  Jirth's  magnetic  force  we  require  to  know  three  things: 
lilt'  three  usually  taken  are  (!)  the  magnitude  of  the 
horizimtal  component  of  the  earth's  magnetic  force,  uwially 
ciiltai  the  earth's  horizontal  force;  (2)  the  angle  which 
_the  direction  of  the  horizontal  force  makes  with  the 
^phical  mt.'ridtiin,  this  nnglc  is  called  the  de^Hnation, 
r.E.  15 
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the  vertical  plane  through  the  direction  of  the  eaiih'i 
horizontal  force  is  called  the  magnetic  meridiaD ;  (3)  tk 
dip,  that  is  the  complement  of  the  angle  which  a  magDet^ 
when  suspended  so  as  to  be  able  to  turn  freely  about  aa 
axis  through  its  centre  of  gravity  at  right  angles  to  the 
magnetic  meridian,  makes  with  the  vei'tical.  The  fact  thift 
a  compass  needle  when  free  to  turn  about  a  horizontil 
axis  would  not  settle  in  a  horizontal  position,  but  'dipped,' 
so  that  the  north  end  pointed  downwards,  was  discovered 
by  Norman  in  1576. 

For  a  full  description  of  the  methods  and  precautions 
which  must  be  taken  to  determine  accurately  the  values 
of  the  magnetic  elements  the  student  is  referred  to  the 
article  on  Terrestrial  Magnetism  in  the  Encyclopaedia 
liritanmca:  we  shall  in  what  follows  merely  give  a  general 
account  of  these  methods  without  entering  into  the  details 
which  must  be  attended  to  if  the  most  accurate  result*^  are 
to  be  obti\ined. 

The  method  of  determining  the  horizontal  force  has 
been  described  in  Art.  132. 

141.  Declination.  To  determine  the  declination  an 
instrument  called  a  declinometer  may  be  employed ;  this 
instrument  is  represented  in  Fig.  71.  The  magnet — 
which  is  a  hollow  tube  with  a  piece  of  plane  glass  with  a 
scale  engraved  on  it  at  the  north  end  and  a  lens  at  the 
south  end — is  suspended  by  a  single  long  silk  thread  from 
which  the  torsion  has  been  removed  by  suspending  from 
it  a  plummet  of  the  same  weight  as  the  magnet:  the 
suspension  and  the  reading  telescope  can  rotate  about  a 
vertical  axis  and  the  azimuth  of  the  system  determined 
by  means  of  a  scale  engraved  on  the  fixed  horizontal  base. 
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jervor  looks  through  the  telescope  and  observes  the 
a  on  the  scale  at  the  end  of  the  magnet  with  which 
roes  wire  in  the  telescope  coincides;  the  magnet  is 
0  tamed  upside  down  and  resuspcnded  and  the  division 
scale  with   which  the  cross  wire  coincides  again 
i.s  done  to  correct  for  the  error  that  would 


B  ensue  if  the  magnetic  axis  of  the  cylinder  did 
cide  with  the  geometrical  axis.  The  moan  of  the 
I  gives  the  [josition  of  the  magnetic  axis.  If  now 
the  reading  on  the  graduated  circle  and  add  to 
known  value  in  terms  of  the  graduations  on  this 
the  scale  divisions  seen  through  the  telescope,  we 
id  the  circle  reading  which  corresponds  to  the 
e  meridiEin.  Now  remove  the  magnet  and  turn 
Mco]ii^   round    until   some   distant   object,   whose 

Jo— a 
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Btath  is  knowii,  is  in  the  6eld  of  view ;  t 

i  the  graduated  circle,  the  difference  betwaev!| 

the  previous  rcadiog  will  give  na  the  angular  disti 

the  magaetic  meridian  fruia  n.  plane  whose  asim 

in  other  words,  it  gives  ub  the  magoelac  it 


Dip.     The  dip  is  determinfd  by 
ninient  called  the  dip-circli',  rfiiros(-iiti.-<l  iii  Fi 


|$i"ts  of  a  thin  magnet  with  an  axle  of  hard  steel ' 
!  IB  at  right  angles  I'i)  the  plane  of  the  magnel 
onght  to  pass  throngh  the  centre  of  gravity  of  the  tu 
Diis  axle  renfs   in   a   huriKontal   pciHitiou   ou   two 
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edges,  and  the  angle  the  needle  makes  with  the  vertical 
is  road  ofl'  by  means  of  the  vertical  circle.  The  needle 
and  the  vertical  circle  can  turn  about  a  vertical  axia. 
To  set  the  plane  of  motion  of  the  needle  in  the  magnetic 
meridian,  the  plane  of  the  needle  is  turned  about  the 
vertical  axis  until  the  magnet  stands  exactly  vertical ; 
when  in  this  position  the  plane  of  the  needle  must  be 
at  right  angles  to  the  magnetic  meridian.  The  instrument 
is  then  twisted  through  90"  (measured  on  the  horizontal 
circle)  and  the  magnet  is  then  in  the  magnetic  meridian ; 
the  angle  it  makes  with  the  horizontal  in  this  position  is 
the  dip.  To  avoid  the  error  arising  from  the  axle  of  the 
needle  not  being  coincident  with  the  centre  of  the  vertical 
circle  the  positions  of  the  two  ends  of  the  needle  are  read ; 
to  avoid  the  error  dne  to  the  magnetic  axis  not  being 
coincident  with  the  line  joining  the  ends  of  the  needle, 
the  needle  is  reversed  so  that  the  face  which  originally 
was  to  the  east  is  now  to  the  west  and  a  fresh  set  of 
readings  taken ;  and  to  avoid  the  errors  which  would  arise 
if  the  centre  of  gravity  were  not  on  the  axle  the  needle 
is  remagnctized  so  that  the  end  which  was  previously 
uorth  is  now  siiuth  and  a  fresh  set  of  readings  is  taken. 

fi  mean  of  these  readings  gives  the  dip. 
143.  We  can  embody  in  the  form  uf  charti^  the  dett^r- 
miuations  of  these  elements  made  at  the  various  magnetic 
obscni-atories :  thus,  for  example,  we  can  draw  a  series  uf 
lines  over  the  map  of  the  world  such  that  all  points  on  one 
of  these  lines  have  the  same  declination,  these  are  called 
isogonic  lines :  we  may  also  draw  another  set  of  lines  so 
I  all  the  places  on  a  line  have  the  same  dip,  these  are 
I  ijwcliuic  lines.     The  lines  however  which  give  the 
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i  on  iho  earth's  surface,  Lc.  the  lines  which  would  be 

1  out  by  a  travellur  starling  fi'Oin  any  puiut  and 

i  travelling  in  the  direction  in  which  the  compass 

;  they  were  first  used  by  Duperrey  in  1836. 

"he  isoclinic  lines,  the  isogenic  lines  and  Diiperrey's 

p  for  the  Northern  and  Southern  Hemispherea  for  1876 

^hown  in  Figs.  73,  74,  75,  and  76  respectively. 

hich  Duperrey's  lines  of  force 
places  where  the 
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longitude  262"   1'  E,,  and  of  the  pole  id  the  Sontha 
HemiBphere,  latitude  78' 35',  longitude  150' Iff  E. 


poles  are  thus  not  nearly  at  oppuetite  unds  nf  a  dianiei 
of  the  earth, 

145.  An  approximation,  though  only  a  very  rough  » 
to  the  state  of  the  earth's  niagnetic  sphere,  may  be  got 
regarding  the  earth  as  a  uniformly  magnetized  sphere. 

On  thia  supposition  we  should  have  ty  Art.  138  thj 
if  6  is  the  dip  at  any  place,  le.  the  complement  of  tt 
angle  between  the  magnetic  force  and  the  lino  joining  t 
place  to  the  centre  of  the  earth,  I  the  niognelic  latitui 
i.e.  the  complement  of  the  angle  this  line  makes  with  t 
direction  of  mi^etization  of  the  sphere, 

tan  ff  =  2  tan  I. 
while  the  resultant  magnetic  force  would  V 
[l+Sain'/i*. 
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These  are  only  very  rough  appi-oxiniatiuus  to  the  truth 
kit  are  sometimes  useful  when  more  accumte  kuowlcdge 
t  the  magnetic  elements  is  not  available. 

146.     Variatlona    In    the   Magnetic    Elementi. 

During  the  time  within  which  ob.se rvntionw  of  the  luagnc- 
.  tic  elements  have  been  earned  on  the  declinatiou  at  London 
i  changed  from  pointing  11°  15'  to  the  East  of  North 
B  it  did  in  1580  to  24°  38'  25"  to  the  West  of  North  as 
i  did  in  181S.  It  is  now  going  back  again  to  the  E&st, 
i  still  points  between  17°  und  18°  to  the  West.  The 
lationa  in  the  declination  and  dip  in  London  are  shown 
i  following  table. 

Date  Dec!  i  nation  Dip 

1576  71"  50' 

1580  11"15'E. 

1600  72"    0' 

1622  6     U'E. 


1631 
1667 


4"    O'E. 
0°    O'E. 


24' 34' 30"  W.      70°    3' 


IPM«I 
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Date 

Declination 

Dip 

1838 

69°  17' 

1860 

21  39' 51" 

68°19'-29 

1870 

20°  18'  52" 

67°  57'-98 

1880 

18'  57'  59" 

1893 

17°  27' 

67°  SC 

This  slow  change  in  the  magnetic  elements  is  often 
called  the  secular  variation.  The  points  of  zero  declina- 
tion seem  to  travel  westward. 

147.  Besides  these  slow  changes  in  the  earth  s  mag- 
netic force,  there  are  other  changes  which  take  place  with 
much  greater  rapidity. 

Diurnal  Vaiiatioii.  A  freely  suspended  magnetic 
needle  does  not  point  continually  in  one  direction  during 
the  whole  of  the  day.  In  England  in  the  night  from 
about  7  p.m.  to  10  a.m.  it  points  to  the  Elast  of  magnetic 
North  and  South  (i.e.  to  the  East  of  the  mean  position  of 
the  needle),  and  during  the  day  from  10  a.m.  to  7  p.m.  to 
the  West  of  magnetic  North  and  South.  It  reaches  the 
westerly  limit  about  2  in  the  afternoon,  its  easterly  one 
about  8  in  the  morning,  the  arc  travelled  over  by  the 
compass  being  about  10  minutes.  This  arc  varies  however 
with  the  time  of  the  year,  being  greatest  at  midsummer 
and  least  at  midwinter. 

The  diurnal  variation  changes  very  much  frt>m  one 
place  to  another,  it  is  exceedingly  small  at  Trevandrum, 
a  place  near  the  equator. 

In  the  Southern  Hemisphere  the  diurnal  variation  is 
of  the  opposite  kind  to  that  in  the  Northern,  Le.  the 
easterly  limit  in  the  Southern  Hemisphere  is  reached  in 
the  afternoon,  the  westerly  in  the  morning. 
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I 

^^H  In    the  following   diagram,  due   to  Prof.  Lloyd,   the 

^iHiuH  vector  represents  the  rlisturbing  force  acting  on 

the  magnet  at  different  times  of  the  day  in  Dublin,  the 


i  at  any  hour  are  the  average  of  those  at  that  hour 
for  the  year.  The  curve  would  be  different  for  different 
seaiMns  of  the  year. 

There  is  also  a  diurnal  variation  in  the  vertical  cona- 
[Hinent  of  the  earth's  magnetic  furee.  In  England  the 
vertical  force  ia  least  between  10  and  11  a.m.,  greatest  at 
about  Q  p.m. 

Tbo  extent  of  the  diiuoal  variation  depends  upon  the 
condition  of  the  sun's  surface,  being  greater  when  there  are 
many  sun  spots.     As  the  state  of  thu  sun  with  regard  to 
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sun  spots  is  periodic,  going  through  a  cycle  in  about 
eleven  years,  there  is  an  eleven-yearly  period  in  the  mag- 
nitude of  the  diurnal  variation. 

148.  Effect  of  the  Moon.  The  magnetic  declina- 
tion shows  a  variation  depending  on  the  position  of  the 
moon  with  respect  to  the  meridian,  the  nature  of  this 
variation  varies  very  much  in  different  localities. 

149.  Magnetic  Disturbances.  In  addition  to  the 
periodic  and  regular  disturbances  previously  described, 
rapid  and  irregular  changes  in  the  earth's  magnetic  field, 
called  magnetic  storms,  frequently  take  place ;  these  ofiien 
occur  simultaneously  over  a  large  portion  of  the  earth  s 
surface. 

Aurone  are  mostly  accompanied  by  magnetic  storms, 
and  there  is  very  strong  evidence  that  a  magnetic  storm 
accompanies  the  sudden  formation  of  a  sun  spot. 

160.  Very  importiint  evidence  as  to  the  locality  of  the 
origin  of  the  earth's  magnetic  field,  or  of  its  variations,  is 
afforded  by  a  method  due  to  Gauss  which  enables  us  to 
determine  whether  the  earth's  magnetic  field  arises  from  a 
magnetic  system  above  or  below  the  surface  of  the  earth. 
The  complete  discussion  of  this  method  requires  the  use  of 
Spherical  Harmonic  Analyses.  The  principle  underlying 
it  however  can  be  illustrated  by  considering  a  simple  case, 
that  of  a  uniformly  magnetized  sphere. 

Let  PQ  be  two  points  on  a  spherical  surfiu^  con- 
centric with  the  sphere,  then  by  observation  of  the  hori- 
zontal force  at  a  series  of  stations  between  P  and  Q,  we  can 
ietermine  the  difference  between  the  magnetic  potential 
&t  P  and  Q.     If  flp  and  ilq  are  the  magnetic  potentials 
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at  P  and  Q  respectively  these  observations  will  give  us 
n^-lV  ByArt.  138  if  e,.fl,  are  the  angles  OP  and  OQ 
make  with  the  direction  of  magnetization  of  the  sphere 


li;,  -  n^  =  -  (cos  B,  -  COS  6.;)  . 


-.(1). 


-(2), 


rhere  M  is  the  magnetic  moment  of  the  sphere  and 
r=op=oq. 

where  0  is  the  centre  of  the  sphere. 

If  Zi-,  Z^  are  the  vertical  components  of  the  earth's 

tDWgnetic  force,  ie.  the  forces  in  the  direction  OP,  and 
PQ  reRpoctively,  then 

Z,.  and  2^  can  of  course  be  determined  by  observations 
made  at  P  and  Q.     By  eqiiatiuus  (1)  and  (2),  we  have 

il^-!l,~HZ,-Z,)r (3). 

snce  if  the  field  over  the  surface  of  the  sphere  through 

'  and  Q  wore  duo  to  an  internal  uniformly  magnetized 

there,  the  relation  (3)  would  exist  between  the  horizontal 

1  vertical  comijononts  of  the  earth's  magnetic  force. 

Now  suppose  that  PandQ  are  points  inside  a  uniformly 

^etized  sphere,  iho  force  inside  the  sphere  is  uniform 

I  parallel  lo  the  direction  of  magnetization,  let  H  Ix.- 

s  of  this  force,  then  in  this  case 

n,,  -  n,  =  ff?-(coB  e,  -  cts  e,). 

^„=//C0S^,. 
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hence  in  this  case 

np-n^  =  -r(^p-^^) (4). 

Thus  if  the  magnetic  system  were  above  the  places  at 
which  the  elements  of  the  magnetic  field  were  determined, 
the  relation  (4)  would  exist  between  the  horizontal  and 
vertical  components  of  the  earth's  magnetic  force.  Con- 
versely if  we  found  that  relation  (3)  existed  between  these 
components  we  should  conclude  that  the  magnets  pro- 
duciug  the  field  were  below  the  surface  of  the  earth,  while 
if  relation  (4)  existed  we  should  conclude  the  magnets 
were  above  the  surface  of  the  earth;  if  neither  of  these 
relations  was  true  we  should  conclude  that  the  magnets 
were  partly  above  and  partly  below  the  surface  of  the 
earth. 

Qauss  showed  that  no  appreciable  part  of  the  mean 
values  of  the  magnetic  elements  was  due  to  causes  above 
the  surface  of  the  earth.  Schuster  has  however  recently 
shown  by  the  application  of  the  same  method  that  the 
diurnal  variation  must  be  largely  due  to  such  causes. 
Balfour  Stewart  had  previously  suggested  as  the  probable 
causes  of  this  variation  the  magnetic  action  of  electric 
currents  flowing  through  rarified  air  in  the  upper  regions 
of  the  earth's  atmosphere. 


CHAPTER   VIII. 
Magnetic  Induction. 


161.     Wben  a  piece  of  unmagnetized  iron  ia  placed  in 
Kmagnetic  lielrl   it  becomes  a  magnet,  and   is  able   to 
ict  iron  filings ;  it  is  then  said  to  be  magnetized  by 

iction.    Thus  if  a  piece  of  aoft  iron  {a  common  nail  for 
■mpie)  is  placed  against  a  magnet  it  becomes  maguet- 

1  hy  induction  and  is  able  to  support  another  nail, 

ile  thia  nail  can  support  another  one,  and  so  on  until  a 
.  long  string  of  nails  may  bo  supported  by  the  magnc^t. 

If  the  positive  pole  of  a  bar  magnet  be  brought  near 
to  one  end  of  a  piece  of  soft  iron,  that  end  will  become 
charged  with  negative  magnetism,  while  the  remote  end  of 
the  piece  of  iron  will  be  charged  with  positive  magnetism. 
Thns  the  opposite  poles  of  these  two  m^nets  are  nearest 
isaf^h  other,  and  there  will  therefore  be  an  attraction 
l)etwoen  them,  so  that  the  piece  of  iron,  if  free  to  move,  will 
move  towaHs  the  inducing  magnet,  i.e.  it  will  move  from 
the  weak  to  the  strong  parts  of  the  magnetic  field  due  to 
this  maf^ict.  If,  instead  of  iron,  pieces  of  nickel  or  cobalt 
are  nswl  they  will  tend  to  move  in  the  same  way  as  the 
iron,  thongh  not  to  so  great  an  extent.  If  however  wc  use 
btsmnth  instead  of  iron  we  shall  find  that  the  bismuth 
i.i  repeliwi  from  the  maguet.  instead  of  being  attracted 
l^twanlx  it,  the  bismuth  tending  to  movf  frrnn  the  strong 
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to  the  weak  parts  of  tho  field :  the  eflFect  is  however 
very  small  compared  with  that  exhibited  by  iron ;  and  to 
make  the  repulsioD  evident  it  is  necessary  to  use  a  strong 
electromagnet.  When  the  positive  pole  of  a  magnet  is 
brought  near  a  bar  of  bismuth  the  end  of  the  bflj*  next 
the  positive  pole  becomes  itself  a  positive  pole,  while  the  i 
further  end  of  the  bar  becomes  a  negative  pole. 

Substances  which  behave  like  iron,  i.e.  which  move 
from  the  weak  to  the  strong  parts  of  the  magnetic  field, 
are  called  puramagiietic  substances,  while  those  which 
behave  like  bismuth  and  tend  to  move  from  the  strong 
to  the  weak  parts  of  the  field  are  called  dianuxgneiie 
subhtances. 

When  tested  in  very  strong  fields  all  substances  are 
found  to  be  pai*a-  or  dia-magnetic  to  some  degree,  though 
the  extent  to  which  iron  transcends  all  other  substances 
is  very  remarkable. 

162.    Magnetic  Force  and  Magnetic  Induction. 

The  magnetic  force  at  any  point  in  air  is  defined  to  be 
the  force  on  unit  pole  placed  at  that  point,  or — ^what  is 
equivalent  to  this — the  couple  on  a  magnet  of  unit 
moment  placed  with  its  axis  at  right  angles  to  the 
magnetic  force.  When  however  we  wish  to  measure  the 
magnetic  force  inside  a  magnetizable  substance  we  have 
to  make  a  cavity  in  the  substance  in  which  to  place  the 
magnet  used  in  measuring  the  force.  The  walls  of  the 
cavity  will  however  become  magnetized  by  induction,  and 
this  magnetization  will  affect  the  force  inside  the  cavity. 
The  magnetic  force  thus  depends  upon  the  shape  of  the 
cavity,  and  this  shape  must  be  specified  if  the  expression 
magnetic  /(tree  is  to  have  a  definite  meaning. 
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t  i*  be  a  pouit  in  a  piece  of  iron  or  other  magiiet- 

substaucG,  and  let  ua  ronn  about  P  a  cytindrical 

ty,  the   axis   of  the   cylinder   being   parallel  to  the 

iioii  of  magnetization  at  P.    Let  us  first  take  the  case 

the  cylinder  ia  a  very  long  and  narrow  one.     Then 

•□sequence  of  tho  magnetization  at  P,  there  will  be 

ibution  of  positive  magnetism  over  one  end  uf  the 

ider.  and  a  diotribution  of  negative  magnetism  over 

.other.     Let  /  be  the  intensity  of  the  niagnetizatiou 

reckoned  positive  when  the  axis  of  the  magnet  ia 

n  from  left  to  right,  then  when  the  cylindrical  cavity 

has  been  formed  round  P  there  will  be,  if  a  ia  the  cross 

section  of  tho  cavity,  a  charge  !a  of  magnetism  on  the 

end  to  the  left,  and  a  charge  —  la  ou  the  end  to  the  right. 

If  2i,  the  length  of  the  cylinder,  ia  very  great  compared 

with  the  diameter,  then   the  force  on  unit  pole  at  the 

middle  of  the  cylinder  due  to  the  magnetism  at  the  ends 

■  t    the  cylinder  will  be  'ila/l'  and   will  be  indefinitely 

-ijiall  if  the  breadth  of  the  cylinder  is  indefinitely  small 

iiijHired  with  ita  length.     In  this  case  the  force  on  unit 

li'   in  the  cavity   is   independent  of   the   intensity  of 

iiiiiguetizatiou  at  P.     The  force  in  this  cavity  is  defined 

be  'the  iRognetic force  at  P.'     Let  na  denote  it  by  H. 

Let  us  now  take  another  cu-itxiul  cylindrical  cavity, 

this  case  make  the  length  of  the  cylinder  very 

small  compared  with  its  diameter  so  that  the  shape  of 

the  cavity  Is  that  of  a  narrow  crevasse.     On  the  left  end 

of  this  crovjsae  there  is  a  charge  of  magnetism  of  surface 

ty  /.  and  on  the  right  end  of  the  crevasse,  a  charge 

iCtiam  of  surface  density  — /.     If  a  unit  pole  be 

1  inside   the   crevasse   the    force  on   it  due  to  this 

ibution  of  magnetism  will  be  the  same  as  the  force 

It) 


oil  uiiit  chiii'ge  of  electricity  placed  between  two  a 
plates  charged  with  electricity  of  sartace  deuHity  +/  ad 
—  /  resjwctively,  i,e.  by  Art.  li.  the  force  on  the  unil 
pule  ID  this  case  will  be  iwl.  Tbtia  in  a  crvvaMe  tibe 
total  force  on  the  unit  pole  at  P.  will  be  the  rcsultaai  ot 
the  viagiietic  force  at  P  and  a  magnetic  force  4^7  in  the 
direction  of  the  magnetization  at  P.  The  foi-ce  on  tbo 
unit  pole  in  the  crevasse  is  defined  to  be  the '  MMurnetK 
induction'  at  P,  we  shall  denote  it  by  B.  If  we  had  t^en 
a  cavity  of  any  other  shape  the  force  due  tu  the  magneCi 
cation  at  P  would  have  been  intermediate  in  value  be- 
tween zero  for  the  long  cylinder  and  iirl  for  the  crevase; 
thus  if  the  cavity  had  been  spherical  the  force  due  to  the 
magoetization  would  (Art,  138)  have  been  47r//3, 

The  magnetic  induction  is  not  necessarily  in  the  tuiDa 
direction  as  the  magnetic  force,  it  will  only  be  so  wheD 
the  magnetization  at  P  is  jiarjillel  to  the  magnetic  foroa 

163.     Tubei   of  Magnetic    Induction.      A  cuno 

drawn  such  that  its  tangent  at  any  point  is  parallel  to 
the  magnetic  induction  at  that  point  is  called  a  tine 
of  magnetic  induction:  in  uoo -magnetizable  sub»taDocS 
the  lines  of  magnetic  induction  coincide  with  the  lines' 
of  magnetic  force.  We  can  also  draw  tubes  of  inagnctio 
induction  just  as  we  draw  tubes  of  magnetic  force. 

We  shall  choose  the  unit  tube  so  that  the  magnetia 
induction  at  any  place  whether  in  the  aii-  or  iron  in  equal 
tu  the  number  of  tubes  of  iuductiun  which  cross  &  unit 
area  at  right  angles  to  the  induction. 

Let  us  consider  the  case  of  a  small  bar  magnet,  th« 
rni'tisni  being  entirely  at  its  ends.  Suppose  A  and  I 
the  ends  of  the  nmgnet,  A  being  the  negative,  B  Uu 
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fKNtitive  emi,  thi>a  in  the  nit  the  lines  of  magnL<tic  in- 
vlucbiun  coincidi;  with   thuse  of  mjignctic  tijrcc  aud  go 


Fio.  7fl. 

lixiu  /'  lo  A,  To  lind  the  Unas  uf  magnetic  induction 
.A  a  point  P  ismiih  tht-  uuignet,  imagine  the  magnet  cut 
^■y  a  plane  at  right  augles  to  the  axis  and  the  two  portions 
x-purated  by  a  short  diHtance,  the  Hnca  of  magnetic  force 
ill  ibis  tthort  air  space  will  be  tho  linea  of  magnetic  In- 
duction in  tho  section  through  P.  If  the  magnet  is  cub 
u.H  in  the  figure  then  the  end  C  will  be  a  positive  pole  of 
the  »ame  Ktrength  as  A,  the  end  D  a  negative  pole  of  the 
siMie  fitrength  ott  B.  Thua  through  the  ehort  air  space 
liitw«en  C  and  D  tubes  of  induction  will  pass  running  in 
'  III'  direction  AB.  Draw  a  closed  surface  passing  through 
I  he  gap  between  C  and  D  and  enclosing  AC  or  DB.  (Tbe  i 
iiiagoetic  force  at  any  point  on  this  surfiicc  is  equal  to  the 
ni;ignetic  induction  at  the  same  point  due  to  the  undivided  ' 
(iiiiguet.  j  Since  this  surface  encloses  aa  much  positive  as 

j'gative  magnetism,  we  see  as  in  Art,  10  that  the  total 
magnetic  force  over  ita  surface  vanishes.  Hence  we  sec 
t^nSi  the  tubea  of  induction  inBide  tbe  magnet  are  equal 

itjonmber  at  each  cross-section  and  this  numbur  ia  tbe 
10—2 
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same  as  the  uuiiiber  of  those  which  leave  the  pole  B  and 
entcT  A.  In  fact  the  lines  of  magnetic  induction  doe 
to  the  magnet  form  a  series  of  closed  curves  all  passing; 
through  the  magnet  and  then  spreading  out  in  the  air, 
the  lines  running  from  £  to  il  in  the  air  and  fix>m  AtoB 
in  the  magnet 

Thus  we  may  regard  any  small  magnet,  whose  in- 
tensity is  /  and  area  of  cross-section  a  as  the  origin  of 
a  bundle  of  closed  tubes  of  induction,  the  number  of 
tubi^s  being  47r/a;  every  tube  in  this  bundle  passes 
through  the  magnet;  running  through  the  magnet  in 
the  direction  of  the  magnetization. 

It  is  instructive  to  compare  the  diiference-s  between 
the  properties  of  the  tubes  of  electric  polarization  in 
electrostiitics  and  those  of  magnetic  induction  in  mag- 
netism: the  most  striking  difference  is  that  whereas  in 
electrostatics  the  tubes  are  not  closed  but  begin  at  posi- 
tive electrification  and  end  on  negative,  in  magnetism  the 
tubes  of  induction  always  form  closed  curves  and  have 
neither  beginning  nor  end. 

A  surface  charged  with  electricity  of  surface  density  a 
is  the  origin  of  cr  tubes  of  electric  {lolarization  per  unit 
area.  A  small  magnet  whose  intensity  of  magnetization 
is  /  is  the  origin  of  47r/  tubes  of  magnetic  induction  per 
unit  area  of  cross-section  of  the  magnet,  all  these  tubes 
pjussing  through  the  magnet  which  acts  as  a  kind  of  girdle 
to  them. 

The  properties  of  these  tubes  are  well  summed  up 
by  Faraday  in  the  following  passage  {Experimeivtal  Re- 
searcliesy  §  3117);  "there  exist  lines  of  force  within  the 
magnet,  of  the  same  nature  as  those  without.  What  is 
more,  they  are  exactly  equal  in  anwunt  to  those  without 
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rhey  havo  a  relatioQ  in  direction  tn  thijse  without  and 
D  fiict  are  continuations  of  bhem,  absolutely  unchanged 
n  their  nature  so  far  as  the  experimental  test  can  bi^ 
applied  to  them.  Every  line  of  force  therefore,  at  what- 
iver  distance  it  may  be  taken  from  the  magnet,  must  be 
NKlsidered  as  a  closed  circuit  passing  in  some  part  of  its 
xmrae  through  the  magnet,  and  having  an  equal  amount 
if  force  in  every  part  of  its  course."  Faraday's  lines  of 
\\r<-f  are  what  we  have  called  tubes  of  induction. 

164.  We  ehall  now  proceed  to  consider  the  special 
»se,  including  that  of  iron  and  all  non-crystalline  sub- 
ttances  when  magnetieed  entirely  by  induction,  in  which 
the  direction  of  the  magnetization  and  consequently  of 
the  magnetic  induction  is  parallel  to  the  magnetic  force. 
Let  H  be  the  magnetic  force,  B  the  magnetic  induction, 
ind  /  the  intensity  of  magnetization,  then  we  have  by 
Art.  152, 

B=H  +  47r/. 

The  ratio  o(  I  toH  when  the  magnetization  is  entirely 
Induced  is  called  the  magnetic  axisceptihUity  and  is  usually 
denoted  by  the  letter  k.  The  ratio  of  B  to  H  under  the 
«iiie  circumstances  is  called  tlie  maijiietic  permeiibtlilit 
nnd  is  denoted  by  the  letti-r  p. 

We  thus  have 

stance  B  =  ft  +  47r/. 

we  have  ^  =  1  +  iirk. 

The  ((iiaatityM  which  occurs  iu  magnetiwm  is  analogous 
;  111-  itpecitic  inductive  capacity  in  electrostatics,  there  is 
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however  this  iJifTereDce  between  them,  that  whereas  as  bt 
as  our  knowledge  at  present  goes,  the  specific  indactin 
capacity  at  any  time  does  not  depend  nioch  if  at  all  Dpuo 
the  value  of  the  electric  intvn«ty  at  that  time  ntv  on  tbe 
electric  intcniiity  to  which  the  dielectric  has  prenooalj 
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1)0011  exposed  ;  the  permeability  however,  if  the  magnetic 
funie  exceeds  a  certain  value  (about  1/10  of  the  earth's 
horiiinntal  force),  depends  vciy  greatly  upon  the  magni- 
(Ufle  of  the  magnetic  force  and  also  upon  the  magnetic 
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fiirces  which  have  previously  beeu  applied  to  the  iron. 
The  relation  between  the  magnetic  permeability  is  moat 
convejiiently  represented  by  curves  in  which  the  ordinate 
ropresents  the  magnetic  induction,  the  abscissa  the  corre- 
sponding magnetic  force.  HP  be  a  point  on  such  a  curve, 
PN  the  ordinate,  01^  the  abscissa,  then  the  magnetic 
permeability  is  PNjON. 

Such  a  curve  is  shown  in  Fig.  79,  in  which  the 
ordinates  represent  the  values  of  B,  the  magnetic  in- 
duction, the  abscissEB  the  values  of  H,  the  magnetic 
force.  For  small  values  of  H  the  curve  is  straight,  in- 
dicating that  the  permeability  is  independent  of  the 
magnetic  force.  When  however  the  magnetic  force  in- 
creases beyond  about  -j^  of  the  earth's  horizontal  force, 
or  about  018  in  c.q,  s.  units,  the  curve  begins  to  rise 
rapidly,  and  the  value  of  ^  is  greater  than  it  was  for  small 
magnetic  forces.  The  curve  rises  rapidly  for  some  time, 
the  maximum  value  of  ji  occurring  when  the  magnetic 
force  is  about  6  co.s.  units,  then  it  begins  to  get  flatter 
and  there  are  indications  that  for  very  great  values  of  the 
magnetic  force  the  curve  again  becomes  a  straight  line 
making  an  angle  of  in"  with  the  axia  along  which  the 
magnetic  force  is  measured.  The  relation  between  B  ami 
H  along  this  part  of  the  curve  is 

B=  H+  constant: 
comparing  this  with  the  relation 

B=H  +  iTrI. 

B  aee  that  it  indicates  that  the  intensity  of  magnetization 

I  become  constant.     In  other  words,  the  intensity  of 

^etization  docs  not  increase  as  the  magnetic   force 

When    this    is    the    caw    the    iron   or  other 
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ma^etizable  substance  ia  said  to  be  '  saturated'  Thu 
iron  scema  not  to  be  able  to  be  magnetized  be}'ODd  > 
certain  intensity.  lu  a  specimen  of  soft  iron  examined  bj 
Prof.  Ewing,  saturation  was  practically  reached  when  the 
magnetic  Force  was  about  20U0  in  c.  a.  s.  units.  For 
titccl  the  magnetic  force  required  for  saturation  ia  veiy 
much  greater  than  for  soft>  iron,  and  in  some  specimens  of 
steel  exaaiincd  by  Prof.  Ewing  saturation  was  not  attained 
oven  when  the  nia^etizing  force  was  as  great  as  lOOOO. 
For  a  particular  kind  of  steel  called  Hadfield's  mangane^ 
steel  the  value  of  /«  was  practically  constant  even  in  the 
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Bbrougest    magnetic    fields,  this    steel    however  is  only 
slightly  magnetic^  the  value  of  ft  being  about  1-4.    The 
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I  greatest  value  of  /i  which  has  been  observed  is  20000  fof^ 

^^t  soft  iron,  in  this  case  however  the  iron  was  tapped  when 

^^M  under  the  influence  of  the  magnetic  force.     Fig.  (80)  re- 

^^r  presents  the  results  of  Ewing's  experiments  on  the  relation 

I  between  magnetic  permeability  and  magnetic  induction  inj 

f,  very  intense  magnetic  fields,  ■ 

1  ' 

I  156.     Effect   of  Temperature  on  the  Magnetic 

(Permeability.     The  pcmirability  of  iron  depends  very 
much  upon  the  tempei'ature.    Dr  J.  Hopkinson  found  that 
as  the  temperature  increases,  starting  from  about  15°  C, 
g'        the  magnetic  permeability  at  first  slowly  increases;  thia 
alow  rate  of  increase  is  however  exchanged  for  an  exceed- 
ing rapid  one  when  the  tempei-aturc  approaehes  a  'critical 
temperature '  which  for  different  samples  of  iron  and  steel 
ranges  from  690°  C.  to  870°  C.,and  at  this  temperature  the' 
value  of  the  permeability  is  many  times  greater  than  that. 
at  15°  C. :  after  passing  this  value  the  permeability  falls 
even   more   rapidly  than  it  previously  rose.     Indeed  so 
fast  is  the  fall  that  at  a  few  degrees  above  the  critical 
temperature  iron  practically  ceases  to  be  magnetic     Just 
below  this  temperature  iron  is  an  intensely  magnetic  sub- 
stance, while  above  that  temperature  it  is  not,  magnetioi 
at  all.     There  are  other  indications  that  iron  change* 
character  in  passing  through  this  temperature,  for  here- 
I        its  thermo-electric  properties  as  well  as  its  electrical  re- 
I        sistance  suffer  abnipt  changes.     This  temperature  is  often 
^^1       called  the  temperature  of  recalescenee  from  the  fact  that 
^^B     a  piece  of  iren  wire  heate<i  above   this  temperature  to 
^^1       redness  and  then  allowed  to  cool,  will  get  dull  before 
i        reaching   this   temperature   and   will   glow   out  brightly 
again  when  it  passes  through  it. 
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Thoogh  the  ralue  of  ft  at  higher  tcmperatuivs  (lower 
however  than  that  of  recalescence)  is  for  amall  maguetie 
Ibrces  greater  than  at  lower  tempemtiires,  still  u  it 
is  foiuu)  that  at  the  higher  temperatures,  iron  is  much 
tnore  easily  saturated  than  at  lower  ones,  the  value  of  ^ 
for  the  hot  iron  might  be  smaller  thao  for  the  cold  if  the 
magnetic  forces  were  large. 

156.  Magnetic  SeteotiTeneAfl.  Hrrtere*l«.  Wbea 
a  pibce  of  iron  or  steel  is  magnetlziK]  iu  a  strong  magiietia 
field  it  will  retain  a  considerable  proportion  of  its  inag- 
nc'lization  even  after  the  applied  field  has  been  removed 
and  the  iron  no  longer  under  the  influence  of  any  apf^ed 
magnetic  force.  This  power  of  remaining  magnetized 
after  the  magnetic  force  has  been  removed,  is  called 
magnetic  retentiveness ;  permanent  magnets  are  a  familiar 
instance  of  this  property.  This  effect  of  the  previou* 
magnetic  history  of  a  substance  on  its  behaviour  when 
exposed  to  given  magnetic  conditions  has  been  studied  in 
great  detail  by  Prof,  Ewing,  who  has  given  to  thia  property 
the  name  of  hysteresis.  To  illustrate  this  properly,  let 
consider  the  curve  (Fig.  81)  which  is  taken  from  Prof. 
Ewing's  paper  on  the  magnetic  properties  of  iron  (PAii 
Trans.  Part  il,.  1885),  and  which  represents  thv  relation  for 
B  sample  of  sofl  iron  between  theptensity  off^gnetizstaaii 
(the  ordinate)  and  the  magnetizing  force  (the  abacioaa) 
when  the  magnetic  force  increases  from  zero  up  to  OV, 
then  diminishes  from  ON  through  zero  to  —  OM,  and  thi 
increiiats  again  up  to  its  original  value.  When  the  forot 
is  first  applied  we  have  tho  state  represoatcii  by  tho  pofl 
tion  OP  of  the  curve,  which  begins  by  being  stmight,  thci 
iniTeasi«  more  rapidly,  heuds  round  and  finally  reaches  I 
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point  correaponding  to  the  greatest  magnetic  force 
Itlit-d  to  the  iron.     If  now  the  force  is  diminished  it  will 
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t  the  magnetization  for  a  given  force  is  greater 
I  when  the  magnet  was   initially  under  the 
t  aame   force,  i,e,  the  magnet  has  retained 
vious  magnetization,  thus  the  curve  PE, 
:  is  diminishing,  will   not  correspond  to 
ftp  bat  will   be  above  it.     OE  is  the  mag- 
ained    by    the    magnet    when    free    from 
;  in  some  cases  it  amounts  to  more  than 
Eof  the  greatest  magnetization  attained  by  the 
Then    the   magnetizing  force  is  reversed  the 
LiBpidJy  Insoa  its  magnetization  and  the  negative 
loted  by  OK  is  sufficient  to  deprive  it  of  atl 
When    the   negative   magnetic   force   is 
d  this  value,  the  magnetization  is  negative, 
fnetic  force  is  ngain  reversed  it  ref|uires  a 
I  equal    t-o  OL  to  deprive   the  iron   of  iu 


the 


252  MAGNETIC   INDUCTION.  [CH.  T 

negative  magnetization,  When  the  force  is  again  in- 
creased to  ita  original  value  the  relation  between  the 
force  and  induction  ia  rcprosontcd  by  the  portion  LGP 
of  the  curve.  If  after  attaining  thia  value  the  force  ia 
again  diminished  to  —  ON  and  back  again,  the  corro  J 
sponding  curve  is  the  curve  PEK. 

The  fact  that  this  curve  encloses  a  finite  area  shows 
that  a  certain  amount  of  energy  must  be  dissipated  and 
converted  into  heat  when  the  magnetic  force  goes  through 
a  complete  cycle.  To  show  this  let  us  suppose  that  we 
have  a  small  magnet  whose  intensity  is  /,  cross-section  a, 
and  length  I,  and  that  it  is  moved  from  a  place  where  the 
magpetic  force  is  if  to  one  where  it  is  H+Sff.  W*| 
shall  show  that  the  work  done  on  the  magnet  is 

IBHai. 

H  is  considered  positive  when  it  acts  in  the  direction  of 
magnetization  of  the  iron.     For  if  fJ,   is  the  ma^etic 
potential  at  .d,  the  negative  pole;  fl,  that  at  B,  the  positive   ' 
pole,  then  the  potential  energy  of  the  magnet  is  equal  to  ' 
-  /Kfl,  +  /an, 
=  /a{Il,-ft,)  =  -/aiff- 
When  the  magnetic  force  is  H+  &U  the  potential  enei 
is  equal  to 

-Icd(H  +  hH). 

Thus  the  diminution  in  the  potential  energy  when  t 
magnet  moves  into  the  stronger  field  is  lalBII,  this  is  equal' 
to  the  work  done  by  the  magnet.  If  the  intensity  of 
magnetization  changes  from  /  to  /  +  S/  during  the  motion 
of  the  magnet,  the  work  done  is  intermediate  between 
lalSH  and  (/  +  SI)  al&H;  hence  neglecting  the  small  terms 
depending  upon  BIBH,  we  may  etill  take  lalhH  as  the 
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Hcpressiun  lor  ihe  work  done,     yiiico  la  is  th«  volume 
the  miigiict  the  work  dune  by  the  niagiiet  per  unit 
rolume  is  IBH. 

If  in  Fig.  82  OS  =  H.  OT  =  H  +  BH.  iiml  SP  =  /  then 
iSH  is  represented  on  the  diugrani  by  the  area  SPQT. 

Thus  the  total  work  done  by  the  magnet  when  the 
field  is  increased  from  OK  to  OL  is  represented  by  the 
area  CKLDE.  Simihu-ly  the  woik  done  on  the  magnet 
when  the  field  is  diminished  from  OL  to  OK  is  represented 
by  the  area  DFCKL.  Thus  the  excess  of  the  work  done 
UD  the  magnet  over  that  done  by  the  magnet,  when  the 
magnetic  force  goes  through  a  complete  cycle,  is  repre- 
"  anted  by  the  area  of  the  loop  CEDFC.    The  area  of  the 


I  thus  represents  the  excess  of  the  work  spent  over 
obtained  :  but  since  the  magnetic  force  and  magnet- 
ization at  the  end  of  the  cycle  ai-e  the  samo  as  at  the  begin- 
ning, this  work  must  have  been  dissipated  and  converted 
ifito  heat.     The  mechanical  equivalent  of  the  amount  of 
sat  produced  in  each  unit  volume  of  the  iron  is  repre- 
fflted  by  the  area  of  the  loop. 
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If  iLr-ceari  o€  a  corre  «hi>«i]ig  tlie  relmtioB  belveoi 
/  *i>i  i^  v^  Qse  'joe  ^>win^  the  relation  between  B  aal 
//.  :r.r:rr  viH  be  similar  l>x>|»  id  this  seoood  coire  ani 
:h-r  &p^  of  irKsse  Ioop§  will  be  4r  times  the  mrea  of  tbe 
^/rre^p.'Cyiiz&g  i*>:>ps  oo  the  /and  £r  corre. 

Flt  ihe  area  uf  a  l«jop  od  the  first  curre  is 

-  r/djsr. 

:hi*  L*  ►ij'ia!  to 

T-in-v  jHdlI  =  *>,  Ae^  thv  initial  and  final  values  of  E 
an:  •*»juiil.  The  area  of  a  loop  on  the  B  and  H  cun'e  is 
however  e«|ual  to 

-  iMH. 

Hence  we  »*ee  that  this  area  is  4ir  times  the  area  of  the 
corresprjriding  l<^>p  on  the  /  and  H  curve. 

167.  Conditioiis  which  must  hold  at  the  boim- 
dary  of  two  rabstancea. 

At  the  surface  separating  two  media  the  magnetic 
Held  must  satifify  the  following  conditions. 

1.  The  magnetic  force  parallel  to  the  surfisice  must  be 
the  same  in  the  two  media. 

2.  The  magnetic  induction  at  right  angles  to  the 
surface  must  be  the  same  in  the  two  media. 

To  prove  the  first  condition,  let  P  and  Q  be  two  points 
close  to  the  surface  of  separation,  Q  being  in  the  air,  P  in 
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the  inin.  Now  t.hi;  uiagiictic  furce  at  P  is  by  dehnitktn 
{jxe  Art.  152)  the  force  on  a  unit  pole  placed  in  a  cavity 
ruand  P,  when  the  magnetiKm  on  the  walls  of  the  cavity 
CKD  be  neglected:  hence  since  this  magnetism  is  to  be-  dis- 
regarded the  only  difference  between  the  nii^nctie  forccji 
ii  P  and  Q  must  arise  from  the  magnetism  on  the 
-mface  between  P  and  Q  :  but  though  the  forces  at  right 
dugles  to  thia  portion  of  the  surface  due  to  its  mog- 
Dctiam  are  different  at  P  and  Q.  the  forces  parallel  to  the 
surface  arc  the  same.  Hence  we  see  that  the  tangential 
niaguetic  forces  will  be  the  same  at  i'  as  at  Q. 

We  shall  now  show  that  the  noiTnal  magnetic  induction 
is  continuous.  All  the  tubes  of  maguetic  induction  form 
closed  curvea  Hence  any  tube  must  cut  a  closed  surface 
:tri  even  number  of  times;  half  these  times  it  will  be 
iiitering  the  surface,  half  leaving  it.  The  contributions  of 
each  tube  to  the  total  normal  magnetic  induction  will  be 
l.ho  same  in  amount  hut  opposite  in  sign  when  it  enters  and 
when  it  leaves  the  snrface.  Hence  the  total  contribution 
uf  each  tube  is  zero,  and  thus  the  total  normal  magnetic 
induction  over  any  closed  surface  vanishes.  Consider  the 
surfcce  of  a  very  short  cylinder  whase  sides  arc  parallel  to 
the  normal  at  P,  one  end  being  in  the  medium  (1), 
the  other  in  (2).  The  total  normal  induction  over  this 
surface  is  zero,  but  as  the  area  of  the  sides  is  negligible 
jipareil  with  that  of  the  ends,  this  implies  that  the  total 
Tiiftl  inducliou  across  the  end  in  (1)  is  equal  to  that 
e  the  end  in  (2),  or  that,  since  the  areas  of  these  ends 
B  tiiiual,  the  induction  parallel  to  the  normal  in  (1)  is  the 
e  OS  that  in  the  same  direction  in  (2).  This  is  always 
I  whether  the  magnet  is  pcnnimently  magnetized  or 
bl?  iDAgnetized  by  induction. 


256 


HAQNETIC  INDUCTION. 


[cavui 


In  Art.  73  we  proved  that  the  conditions  satisfied  at 
the  boundary  of  two  dielectrics  are 

1.  The  tangential  electric  intensity  must  be  the  same 
in  both  media. 

2.  When  there  is  no  free  electricity  on  the  surfieMse 
the  normal  electric  polarization  must  be  the  same  in 
both.  That  is,  if  F,  F'  are  the  normal  electric  intensitieB 
in  the  media  whotie  specific  inductive  capacities  are  re- 
spectively K  and  K\ 

KF^K'F'. 

If  we  compare  these  with  the  conditions  satisfied 
at  the  boundary  of  two  media  in  the  magnetic  field 
and  with  the  condition  that  when  the  magnetization 
is  induced,  the  magnetic  induction  is  equal  to  fjL  times  the 
maguetic  force,  we  see  that  we  have  complete  analogy 
between  the  disturbance  of  an  electric  field  produced  bjr 
the  presence  of  uncharged  dielectrics  and  the  distiurbaDce 
in  a  magnetic  field  produced  by  para-  or  dia-magnetic 
bodies  in  which  the  magnetism  is  entirely  induced. 
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I  Hence  from  the  solution  of  any  electrical  problem 
I  cau  deduce  that  of  the  corresponding  magnetic  one 
I  writing  magnetic  force  for  electric   intensity,  and  /t 

\k. 

I  We  can  prove,  as  in  Art.  74,  that  if  ff,  ia  the  angle 

Ecb  the  direction  of  the  magnetic  force  in  air  makea 

I  the  normal  at  a  point  P  on  a  surface,  0,  the  angle 

I  the  magnetic  force  in  the  magnetizable  Biibstance 

ties  with  the  normal  at  the  same  point,  then 

/i  taufi  =  tan^,. 

I  Thus  when  the  lines  of  force  go  from  air  to  a  ptira- 

[notio  substance  they  are  bent  away  from  the  normal 

(the  substance,  since  in  tWs  case  ft  is  gieater  than  1 ; 

Kn  they  go  from  air  to  a  diamagnetic  substance  they 

I  bent  towards  the  normal,  since  in  this  case  fi  is  less 

ian  1. 

The  effects  produced  when  paramagnetic  and  diamag- 

netic  spheres  are  placed  in  a  uniform  field  of  force  arc 

shown  in  Figs.  39  and  83. 

168.  If  fi  is  infinite  tan  &i  vanishes,  and  then  the  lines 
of  force  in  air  are  at  right  angles  to  the  surface,  so  that 
the  surface  of  a  substance  of  infinite  pei'meability  is  a 
surface  of  cqui-magnetic  potential.  The  surface  of  such 
:i  substance  corresponds  to  the  surface  of  an  insulated 
conductor  without  charge  in  electrostatics,  and  any  problem 
relating  to  such  conductors  can  be  at  once  applied  to  the 
responding  case  in  magnetism.  In  particular  we  can 
ply  the  principle  of  images  (Chap.  V.)  to  find  the  effect 
duced  by  any  distribution  of  magnetic  poles 
t  ft  sphere  of  infinite  magnetic  permeability. 

T.  B.  17 
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109.  Sphere  In  oailbim  ftdd.  We  showed  id  Aii 
UKi  that  if  a  5!phere,  whose  radios  is  a,  and  whose  qiecific 
inductive:  capacity  is  A^  id  placed  in  a  uniform  electric  field, 
and  if  //  u  th*:  electric  inteositv  before  the  introdaction 
of  the  nphere,  then  the  field  when  the  sphere  is  present  will 
at  a  |KHrit  P  outAide  the  sphere  consist  of  ^T  and  an  electric 
inten.Hity  wh^j^e  component  along  PO  is  equal  to 


and  wh'ise  oonqK^nent  at  right  angles  to  PO  in  the  directioD 
U^ndirig  to  diniini-sh  0  is 

in  thes<j  <:xpressions  OP  =  r,  ^  is  the  angle  OP  makes  with 
the  direction  of  U,  0  in  the  centre  of  the  sphere. 

Iri.sirh;  th(;  Hphere  the  electric  intensity  is  constant, 
purall(;l  to  //  and  e(|ual  to 

K+2  "■ 

If  we  write  ft  for  K  the  preceding  expressions  will  give  us 
the  magnetic  force  when  a  sphere  of  magnetic  permea- 
bility fi  is  placed  in  a  uniform  magnetic  field  where  the 
magnetic;  force  is  H. 

A  very  important  special  case  is  when  /li  is  very  large 
eompan^d  with  unity.  In  this  case  the  magnetic  forces  due 
to  till'  sphere  are  approximately 

2H  '^l  cos  0 
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J  PO.  aiid 
right  angles  to  it. 


I  Itiaide  the  sphei 


-H. 


i  is  vary  Email  ctimpared  with  that  uutsidc.     The  mag- 

lic  iuductiuu  inside  the  aphcre  is  HH.     Thus  through 

f  area  in  the  sphere  at  right  angles  to  the  magnetic 

,  three   times   as   many  tubes  of  iuductiou  pass  as 

igh  AD  equal  aod  parallel  area  at  an  infinite  distauce 

i  the  sphere. 

e  resultant  m^aetic  force  in  air  vanishes  round  the 
■r  of  the  sphere. 


160.  Ha^etlc  Shielding.  Just  as  a  conductor 
is  .ihlo  to  shield  off  the  electric  disturbance  which  one 
i  kc'trical  system  would  produce  on  another,  so  masses  of 
in.ignetizable  material,  for  which  /*  ha«  a  large  value,  will 
^liiold  off  from  one  system  magnetic  forces  due  to  another. 
Inasmuch  however  as  /i  has  a  finite  value  for  all  sub- 
stances the  magnetic  shielding  will  not  be  so  complete 
as  the  electrical. 


161.  Iron  Shell.  We  shall  consider  the  protection 
afforded  by  a  sphericjil  iron  shell  against  a  uniform  mag- 
netic field.  We  saw  in  Art.  159  that,  when  a  solid  iron 
Bpbvre  is  placed  in  a  uniform  magnetic  field,  the  magnetism 
iudaced  on  the  sphere  produces  outside  it  a  radial  niitg- 
nctic  force  proportional  to  2coftd/t*',  and  a  tangential  force 
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pr()ix)rti<)iiul  to  sin  ^/r*,  and  a  constant  force  inside  ik 
sj)lu»ro.  Wo  shall  now  proceed  to  show  that  we  can 
Hjitisfy  the  conditions  of  tlie  problem  of  the  spherical  iron 
shell  by  aiippcx^ing  each  of  the  distributions  of  magnetism 
induced  on  the  two  surfiices  of  the  shell  to  give  rise  to 
forces  of  this  character.  I 

Let  a  be  the  radius  of  the  inner  surface  of  the  shell 
b  that  of  the  outer  surface.  Let  H  be  the  force  in  the 
uniform  field  Ix^fore  the  shell  was  introduced.  Let  tlie 
magnetic  forces  due  to  the  magnetism  on  the  outer  sur&oe 
of  the  shell  consist,  at  a  point  P  outside  the  sphere,  of  a 
nuliul  force  I 


i. 


2  JA,  cos  0 


i-» 


a  tangiMitial  force 


Ml  sin  0 


wherc  r=OP  and  0  is  the  angle  OP  makes  with  ;lie 
dinvtion  of /A.  The  magnetic  force  due  to  this  dismlw- 
tion  of  magnetism  ^-ill  be  uniform  inside  the  qJKR 
whiVk^  radius  is  6.  it  will  act  in  the  dir«rtion  of  H  dd 
bo  oijual  to  —  Ml  &*. 

Let  the  magnetization  on  the  inner  snr&ce  v^  tk 
shell  give  rise  to  m;\guetio  forcos  given  by  sizuildkr  es- 
pre:s<dons  with  M^  written  for  M-,  and  a  for  6. 

This  sv^tem  of   forces,   whatever  be  the   ^^^ms 
Jf,  axKl  Jfj,  ^tisfies  the  condition  that  as  we  cnxF 
aorfiioes  of  ihe  shell  the  tangential  oompooentis   o^ 
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nagnetic  force  are  continuous.  We  must  now  see  if  we 
san  choose  ilfi,  if,  so  as  to  make  the  normal  magnetic 
induction  continuous. 

The  normal  magnetic  induction  (reckoned  positive 
along  the  outward  drawn  normal)  in  the  air  just  outside 
'he  outer  shell  is  equal  to 

„        ^     2ifi        ^     2ifs        ^ 

Ji  cos  ^  +  -vz-^  cos  ^  +  -TT"  COS  6, 

he  normal  magnetic  induction  iu  the  iron  just  inside  the 
liter  surface  of  the  shell  is  equal  to 

fi  f  fi"  cos  ^  —  -7j^  cos  ^  +  -T^  cos  5  j . 
These  are  equal  if 

(>itg)Mr20-i)Jf.,0._i)g („. 

The  normal  magnetic  induction  in  the  iron  just 
outside  the  inner  surface  of  the  shell  is 

fil H cos 0--^  cos 0  +  —^ cos  ^  j , 

he  normal  magnetic  induction  in  the  air  just  inside  the 
hell  is  equal  to 

HcosO—  , ,  cos  ^ ^  cos  0: 

hese  are  equal  if 

(M-l)^'-(2M  +  l)^'  =  0t-l)^ (2). 
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Equations  (1)  and  (2)  are  satisfied  if 

Jtf.  =  0.-l)g      (^(2M-fl)-2a>-l){ 

(2,*  +  1)(m  +  2)-2(;*-1)«| 

M,=-(ji-i)n 22! 


o' 


(2,*  +  l)0*  +  2)-20*-l)'^ 
The  magnetic  force  in  the  hollow  cavity  is  equal  to 

Substituting  the  values  of  My  and  M^  we  see  that  thi 
is  equal  to 

9/ig 


9M+2(M-i)'(i-^y 


If  ft,  is  very  large  compared  with  unity  this  is  approx 
mately  equal  to 

H 


1  + 


s-l'-D 


The  denominator  may  be  written  in  the  form 

1  J.1  volume  of  shell 

^^  *  volume  of  outer  sphere' 

Hence  the  force  inside  the  shell  will  not  be  great 
less  than  the  force  outside  unless  fi  is  greater  than  tl 
ratio  of  the  volume  of  the  outer  sphere  to  that  of  tl 
shell. 

In  the  cases  where  ft  =  1000  and  fi  =  100,  the  rat 
off/',  the  force  inside  the  sphere,  to  H  for  different  valu 
<>f  a/5  is  given  in  the  following  table. 


U'lH 

B/4 

■99 

3/23 

■9 

1/or 

•8 

1/109 

•7 

I/IW 

■6 

1/175 

•5 

1/195 

•4 

1/209 

•3 

1/216 

■2 

1/221 

■1 

1/223 

■0 

1/223 

X 


U'jH 
*.=  100 

9/15 

1/7 

1/12 

1/15 

1/18 

1/20 

1/22 

1/22 

1/23 

1/23 

1/23 
Galvanometers  which  have  to  be  uscwl  in  places  esponed 
to  the  action  of  extraneous  magnets  are  sometimes  pro- 
tected by  surrounding  them  with  a  thick-walled  tube 
made  of  soft  iron. 

We  may  regard  the  shielding  effect  of  the  shell  as  an 
example  of  the  tendency  of  the  tubes  of  magnetic  induction 
to  run  as  much  as  possible  through  iron;  to  do  this  they 
leave  the  hollow  and  crowd  into  the  shell. 

162.  ExpreBBlon  for  the  energy  in  the  magnetic 
field.  We  shall  suppose  that  the  field  contains  per- 
manent magnets  as  well  Jia  pieces  of  magnetizable 
siibatances  magnetized  by  induction.  If  the  distribution 
of  the  permanent  magnets  is  given,  the  magnetic  field  will 
be  quite  determinate.  The  forces  between  magnetic 
charges  follow  the  same  laws  as  those  between  electrical 
imof*.  Hence  the  energy  duo  to  any  system  of  magnetized 
bodies  will,  if  the  magnetization  due  to  induction  is 
proportional  to  the  magnetic  force,  i,a  if  m  is  constant, 
be  equal  to  tho   sum   of  oiio   half  the   product   of  the 
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strength  of  each  permanent  pole  into  the  magnetie 
potential  at  that  pole.  Thus  if  Q  is  the  potential  eneigf 
of  the  magnetic  field, 

where  m  is  the  strength  of  the  permanent  pole  and  fi  the 
magnetic  potential  at  that  pole.  Let  us  divide  each  of 
the  permanent  magnets  up  into  little  magnets  and  con- 
sider the  contribution  of  one  of  these  to  the  energy.  Let 
/o  be  the  intensity  of  the  permanent  magnetization,  and  a  1 
the  area  of  the  cross  section :  then  the  magnet  has  a  pole 
of  permanent  magnetism  of  strength  /oa  at  A,  another 
pole  of  strength  — /oO  at  B.  If  fl^,  fljj  are  the  values  of 
the  magnetic  potentials  at  A  and  B,  the  contribution  of 
this  magnet  to  the  energy  is  therefore  equal  to 

Now  the  magnet  may  be  regarded  as  the  origin  of  47r/,B 
tubes  of  magnetic  induction  forming  closed  curves  running 
through  the  magnet,  leaving  it  at  A  and  entering  it  at  B\ 
if  ds  is  an  element  of  one  of  these  tubes,  and  It  the 
resultant  magnetic  force  which  acts  along  this  element, 
then 

the  integration  being  extended  over  the  part  of  the  tube 
outside  the  magnet.  Hence  the  contribution  of  this 
niagiiot  to  the  energy  is  the  same  as  it  would  be  if  each 
tube  of  which  it  is  the  origin  had  per  unit  length  at  P 
an  amount  of  energy  equal  to  I/Stt  of  the  resultant 
magnetic  force  at  P,  The  portion  of  the  tube  inside  the 
little  magnet  in  which  it  has  its  origin,  must  not  be  taken 
into  account. 
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Now  let  us  consider  any  small  element  of  volume  in 
the  laagnutic  field,  let  us  take  it  as  cylindrical  in  shape, 
the  axis  of  the  cylinder  being  parallel  to  the  resultant 
inagnetic  force  B  at  the  element.  Let  I  he  the  length  of 
this  cylinder,  m  the  area  of  its  cross  section.  Now  each 
of  the  tubes  of  magnetic  induction  which  pass  through 
the  element  and  have  not  their  origin  within  it,  con- 
tributes ii/Sir  units  of  energy  for  each  unit  of  length  of 
the  tube.  Let  /j  be  the  intensity  of  the  permanent 
inagnetization  of  the  element,  /  the  induced  magnetization, 
then  the  number  of  tubes  of  induction  which  pass  through 
unit  area  of  the  base  of  the  cylinder  is  equal  to  the  value 
of  the  magnetic  induction,  i,e.  it  is  equal  to 

fl+47r(/  +  /,); 
but  of  these,  iTrl^  have  their  origin  in  the  element,  and 
hence  the  number  of  tubes  per  unit  area  which  contribute 
tij  the  energy  is  equal  to 

fl-l-47r/, 
and  since  I  =  kR  and  ji=  1  +  iTrk,  this  ia  equal  to 

I'll. 

therefore  the  number  passing  through  the  base  of  the 
cylinder  is  equal  to 

The  energy  of  the  portion  of  each  of  the  tubes  within  the 
element  is  equal  to  Rt/^v,  hence  the  energy  contributed 
by  the  element  is 


^H- 


B  the  energy  per  unit  volume  is  equal  to  ftR'/Hir.     We 
f  then  regard  the  energy  of  the  magnetised  system  b 


266  MAQNETIG  INDUCTION.  [CH.Ym|l^ 

distributed  throughout  the  magnetio   field,  there  bong 
fiR^ISir  units  of  energy  in  each  unit  volume  of  the  field 

163.     When  a  tube  of  induction  enters  a  paramag- 
netie  substance  from  air  the  resultant  magnetic  force  is 
— when  the  magnetization  is  entirely  induced — less  in 
the  paramagnetic  substance  than  in  air,  the  energy  pa 
unit  length  will  be  less  in  the  magnetic  substance  than 
in  the  air  since  the  energy  per  unit  length  of  a  tube  of 
induction  is  proportional  to  the  resultant  magnetic  force 
along   it.     Thus   in  accordance  with  the  principle  that 
when  a  system  is  in  equilibrium  the  potential  energy  is  a 
minimum,  the  tubes  of  induction  will  tend  to  leave  the  air 
and  crowd  into  the  magnet,  when  this  act  does  not  involve 
so  great  an   increase  in  their  length  in  the  air  as  to 
neutralize  the  diminution  of  the  energy  due  to  the  parts 
passing  through  the  magnet 

Again,  when  a  tube  of  induction  enters  a  diamagnetic 
substance  the  magnetic  force  inside  this  substance  is 
greater  than  it  is  in  the  air  just  outside,  the  tubes  of 
induction  will  therefore  tend  to  avoid  the  diamagnetic 
siibstiince.  Examples  of  this  and  the  previous  effect  are 
seen  in  Figs.  83  and  39. 

A  small  piece  of  iron  placed  in  a  magnetic  field  where 
the  force  is  not  uniform  will  tend  to  move  from  the  weak 
to  the  strong  parts  of  the  field,  since  by  doing  so  it 
encloses  a  greater  number  of  tubes  of  induction  and  thus 
produces  a  greater  decrease  in  the  energy.  The  direction 
of  the  force  tending  to  move  the  iron  is  in  the  direction 
along  which  the  rate  of  increase  of  i?  is  greatest.  This 
is  not  in  general  the  direction  of  the  magnetic  force. 
Thus   in   the   case   of  a   bar   magnet  AB,  the  greatest 
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be  of  increase  in  R'  a.t  C  a,  point  equidistant  frani  A 

td  £  is  along  the  perpendicular  let  fall  from  C  on  AB, 

td  this  ia  the  direction  in  which  a  small  sphere  placed 

.  C  will  tend  to  move  ;  it  is  however  at  right  angles  to 

le  direction  of  the  magnetic  force  at  C. 

There  will  be  no  force  tending  to  move  a  piece  of  soft 

1  placed  in  a  uniform  magnetic  field. 

A  diamaguetic  sulffitance  will  tend  to  move  from  the 

rong  to  the  weak  parts  of  the  field,  ttince  by  so  doing 

will  diminish  the  number  of  tubes  of  magnetic  induc- 

m  enclosed  by  it  and  hence  also  the  energy,  for  the  tubea 

induction  have  more  energy  per  unit  length  when  they 

i  in  the  diamaguetic  substance  than  when  they  are  in 

164.  BlUpBoidB.  Wo  have  hitherto  only  considered 
e  case  of  spheres  placed  in  a  uniform  field.  Bodies 
jich  are  much  longer  in  one  direction  than  another 
,ve  very  interesting  properties  which  are  conveniently 
idled  by  investigating  the  behaviour  of  ellipsoids  placed 
a  uniform  magnetic  field. 

We  saw  in  Art.  138  that  the  magnetic  field,  due  to  a 
sphere  uniformly  magnetized  in  the  direction  of  the  axis 
of  X.  might  be  regarded  as  due  to  two  spheres,  one  of 
uniform  density  p  with  its  centre  at  0',  the  other  of 
unifunn  density  —p  with  its  centre  at  0,  the  points  0 
and  1/  being  very  close  together  and  00"  parallel  to  the 
axis  of  x:  the  distance  OC  is  given  by  the  condition 
,t  pOO'  is  ci{ual  to  the  intensity  of  magnetization  of 
sphere.  An  exactly  similar  proof  will  show  that  if  we 
a  body  of  any  shape  uniformly  magnetized,  the 
letic  potential  due  to  it  is  the  same  as  that  duu  to 
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two  bodies  of  the  shape  and  size  of  the  magnet,  one 
having  the  density  p,  the  other  the  density  —  p,  and  n 
placed  that  if  the  negative  body  is  displaced  through  tite 
distance  ^  in  the  direction  of  magnetization,  it  will  coincide 
with  the  positive  body  H  p(=A,  A  being  the  intensity  d 
magnetization  of  the  body. 

Let  us  suppose  that  the  body  is  uniformly  magnetized 
with  intensity  A  in  the  direction  of  the  axis  of  x,  and  let 
pil  be  the  potential  of  the  positive  body  at  the  point  P, 
then  the  potential  of  the  negative  body  at  P  ¥dll  be  equal 
to  —  pft',  where  pft'  is  the  potential  of  the  positive  body  al 
i^,  if  PR  is  parallel  to  the  axis  of  a?  and  equal  to  f. 

But  since  RP  is  small, 

The  potential  of  the  negative  body  is  therefore 

Thus  the  potential  of  the  positive  and  negative  bodies 
together,  and  therefore  of  the  magnetized  body,  will  be 

.dil 

since  p^  =  A, 

If  the  body  instead  of  being  magnetized  parallel  to  x 
is  uniformly  magnetized  so  that  the  components  of  the 
intensity  parallel  to  x,  y,  z  arc  respectively  A,  B,  C,  the 
magnetic  i)otential  is 
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I  We  Bhfiil  now  show  that  if  an  ellipsoirl  is  placed  in  ft 
Ibrm  maguetic  field  it  will    be  uniformly  magnetized 
pinduction.     To  prove  thia  it  will  be  sufficient  to  show 
t  if  we  Huporpose  on  to  the  uniform  field,  the  field  due 
I  a   uniformly  magnetized   ellipsoid,   it   is   possible   to 
intensity  of  magnetization    so    as    to  satisfy 
t^  two  conditions,  (1)  that  the  tangential  magnetic  force 
1  (2)  that  the  normal  magnetic  induction,  are  continuous 
(the  surface  of  the  ellipsoid.     The  first  of  these  cou- 
pons  U   evidently  satisfied  whatever   the  intensity  of 
[netization  may  be :  we  proceed  to  discuss  the  second 
idition.     The  forces  due  to  the  attraction  of  an  ellipsoid 
I  uniform  density,  parallel  to  the  axes  of  w,  y,  z  (these 
B  taken  along  the  axes  of  the  ellipsoid)  are,  see  Ruuth's 
Jtica,  vol,  II.  p.  112,  equal  to 

Lx,     My,    Nz 
respectively,  where  L,  M,  N  are  constant  as  long  as  the 
point  whose  coordinates  are  x,  y,  z  is  inside  the  ellipsoid. 
^H     Hence  by  (1)  since 

the   ningnetic   potential   inside   the  ellipsoid  due  to  its 
maguvtization  will  be 

{ALx  +  BMy  +  CNz), 
so  that  the  magnetic  foi-ces  parallel  to  the  axes  of  a,  y,  z 
due  to  the  magnetization  of  the  ellipsoid  will  bo 
-AL,    ~BM.    "CN 
tively. 

e  if  J\r,  is  the  component  of  these  forces  along  the 
i  drawn  nonnal  to  the  surface  of  the  ellipsoid, 
J^,  =  -  {d£/  +  BMm  +  CNn). 


-  Lx,  &c.. 
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where  /,  m,  n  are  the  direction  coeines  of  the  outward 
dravm  normal.  If  N^  is  the  force  due  to  the  magnetixatioii 
on  the  ellipsoid  in  the  same  direction  just  outside  the 
ellipsoid,  then 

Let  X,  Y,  Z  he  the  components  of  the  force  due  to 
the  uniform  field.  Then  Ni,  the  total  force  inside  the 
ellipsoid  along  the  outward  drawn  normal,  will  be  given 
by  the  equation 

and  if  N^'  is  the  total  force  just  outside  the  ellipsoid  along 
the  outward  drawn  normal 

N^'=lX  +  mY+nZ  +  If^. 

If  /li  is  the  magnetic  permeability  of  the  ellipsoid,  the 
normal  magnetic  induction  will  be  continuous  if 

that  is  if 

I  {/j,X  -  fiAL)  +  m  0*F-  iiBM)  +  n  (/i*^  -  fiCN) 
=  1{X  +  A  {^ - L)]-\-m{Y  +  B{^ - M)\ 

+  n{^+C(47r-JV)j. 
But  this  condition  will  be  satisfied  if 


A  =  J^^^-\ 
4ir  +  Z  (/n  -  1) 

o_    (a*-i)F 

47r  +  if(/*-l) 

„_      (/t-l)Z 
^ir  +  N{ji.-\)\ 


(2). 
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These  equations  give  ihe  intGnsity  of  magnetization  of 
'nn  eliipfloid  ])liu:Gd  in  a  uniform  magnetic  field. 

The  force  inside  the  ellipsoid  due  to  its  magnetization 
hiis  —AL,  -  BM,  -  CN  for  components  parallel  to  the 
axes  of  iT,  y,  e  respectively;  these  components  act  in  the 
opposite  direction  to  the  external  field  and  the  force  of 
which  these  are  the  components  is  called  the  demagnetiz- 
ing force.  We  aee  from  equations  (2)  that  the  com- 
ponents of  the  demagnetizing  force  are 


b 


^Plli 


We  shall  now  consider  some  special  cases  in  detail.  Let 
lis  take  the  case  of  an  infinitely  long  elliptic  cylinder, 
let  the  infinite  axis  be  parallel  to  i.  let  2(t.  2ii  he  the  axes 
in  the  direction  of  x  and  y;  then  (Routh's  Analytical 
Statics,  vol  n.  p.  112) 


a+b                 a+b 
((L~1)X kX 


4^|l  +  (^-l)- 
47rjl  +  (M-l)-^ 


1+(a— 1)- 


where  k  is  the  maguetic  stLsceptibility. 
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We  see  from  this  equation  that  AjX  is  approzimale^; 
equal  to  A:  when  {fi-'l)b/{a+  b)  is  very  small,  but  only 
then.  A  very  common  way  of  measuring  ^  is  to  measmf 
A/X  in  the  case  of  an  elongated  solid,  magnetized  along 
the  long  axis ;  but  we  see  that  in  the  case  of  an  elougated 
cylinder  this  will  be  equal  to  k  only  when  (fi  —  1)  6/(a  +  5) 
is  very  small.  Now  for  some  kinds  of  iron  /a  is  as  great  as 
1000,  hence  if  this  method  were  to  give  in  this  case  results 
correct  to  one  per  cent.,  the  long  axis  would  have  to  be 
100,000  times  as  long  as  the  short  one.  This  extreme 
case  will  show  the  importance  of  using  very  elongated 
figures  when  experimenting  with  substances  of  great 
permeability.  Uuless  this  precaution  is  taken  the  ex- 
periments really  determine  the  value  of  a/b  and  not  any 
magnetic  property  of  the  body. 

When  the  body  is  an  elongated  ellipsoid  of  revolution 
the  ratio  of  the  long  to  the  short  axis  need  not  be  so 
enormous  as  in  the  case  of  the  cylinder,  but  it  must  still 
be  very  considerable.  If  the  axis  of  x  is  the  axis  of 
revolution,  then  by  Routh's  Analytical  Statics,  voL  n. 
p.  112,  we  have  approximately 

2;  =  47r^Ilog^-l},Af  =  J\r=2^. 


Thus  J  = 


l+(/x-l) 


"^ 


a? 


log'^'-l 


Thus  if  fi  were  1000,  the  ratio  of  o  to  6  would  have  to 
be  about  900  to  1  in  order  that  the  assumption  AjX  =  k 
should  bo  correct  to  one  per  cent. 
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Couple  acting  on  the  Ellipsoid.     The  nio- 
mt  of  tbe  couple  tendiog  to  twist  the  aUipHfiid  round 
B  axis  uf  .2,  in  the  direction  from  a:  to  y,  is  equni  to 
(volume  of  ellipsoid)  (_YA  -  XB) 
abc(M-iy  XY(M-L) 

i  If  the  magnetic  force  in  the  external  field  is  parallel 
tthe  plane  a-y  and  ia  equal  to  H  and  makes  an  angle  0 
1  the  I 

X=Hcose.   y=Hsmd, 
I  the  coupio  is  t-qtial  to 

8ingcosg(M-l)'(^^-/') 
"  [W  +  {fi-  I)  L\  {i-TT  +  (fj,  ~  I)  M\' 
Wa>  6.  if  is  greater  than  L.  Thus  the  couple  tends  to 
3  the  long  axis  coincide  in  direction  with  the  external 
!,  BO  that  the  ellipsoid,  if  free  Uy  turn,  will  set  with  its 
;  axis  in  the  direction  of  the  external  force.  This  will 
be  the  case  whether  /i  is  greater  or  less  than  unity,  i.a 
whether  the  substance  is  paramagnetic  or  dianiagnetio, 
so  that  in  a  uniform  field  both  paramagnetic  and  dia- 
iiiagnetic  needles  point  along  the  lines  of  force.  It 
f^cnerally  happens  that  a  diamagiietic  substance  places 
itself  athwart  the  lines  of  magnetic  force,  this  is  due  to 
the  want  of  uniformity  in  the  field,  in  consequence  of 
which  the  diamagnetic  substance  tries  to  get  as  much  of 
itself  as  {HMBible  in  the  weakest  part  of  the  field.  This 
t,f  udency  varies  as  (/*  —  I) ;  the  couple  we  are  investigating 
in  this  Article  varies  as  {jt  —  iy,  and  as  (/i—  1 )  ia  exceed- 
ingly sfaall  for  bismuth,  this  coupio  will  be  overpowered 
nide«s  the  field  is  exceptionally  uniform. 
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166.    EUlpMid  in  Electric  Field.    The  inveitig^ 
tion  of  Art.  164  enables  us  to  find  the  distribniioD  i\ 
electrification  induced  on  a  conducting  ellipsoid  littki 
placed  in  a  uniform  electric  field.     To  do  this  we  mvAlii 
make  p,  infinite  in  the  expressions  of  Art  164  Tblt 
quantity  lA+mB  +  nC  which   occurs   in   the  inagnetiBi 
problem  corresponds  to  a.  Putting  /l(=  oo  in  equations  (il)^ 
we  find 


ax  .  mY 


^- 


If  the  force  in  the  electric  field  is  parallel  to  the  axis  oft 

IX 

Thus  when  the  electric  field  is  parallel  to  one  of  the  axes 
of  the  ellipsoid,  the  density  of  the  electrification  is,  as  in 
the  case  of  a  sphere,  proportional  to  the  cosine  of  the 
angle  which  the  normal  to  the  surface  makes  with  the 
direction  of  the  electric  intensity  in  the  undisturbed  field 

By  Coulomb's  law  the  normal  electric  intensity  at  the 
surface  of  the  ellipsoid  is  equal  to  47r<r,  i.e.  to 

^irlX 


Thus  the  electric  intensity  at  the  surface  of  the  ellipsoic 
is  47r/Z  times  the  electric  intensity  in  the  same  directioi 
in  the  undisturbed  field. 

If  the  ellipsoid  is  a  very  elongated  one  with  its  longei 
axis  in  the  direction  of  the  electric  force,  then  by  Art  16^ 

47r  a" 


6« 


log-=--l 
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Thus,  wheu  alb  is  large,  AnrlL  is  a  large  quantity,  and  the 
electric  intensity  at  the  surface  of  the  ellipsoid  is  very 
large  compared  with  the  intensity  in  the  undisturbed 
field.  Thus  if  a/6  =  100.  the  electric  intensity  at  the 
surface  is  about  2500  times  that  iu  the  undisturbed  field. 
This  result  explains  the  power  of  sharply  pointed  con- 
ductors in  discharging  an  electric  field,  for  when  these  are 
placed  in  even  a  moderate  field  the  electric  intensity  at 
the  surface  of  the  conductor  is  great  enough  to  overcome 
the  insulating  power  of  the  air,  see  Art.  37,  and  the 
olectritication  escapea 


k 


167.  Let  two  conductors  A  and  fi  be  at  diflfercnt 
potentials,  A  being  at  the  higher  potential  and  having 
a  charge  of  positive  electricity,  while  £  is  at  a  lower  ] 
potential  and  has  a  charge  of  negative  electricity ;  then  ' 
if  j4  is  connected  to  B  by  a  metallic  wire  the  potential 
of  A  will  begin  to  dimiiiiah  and  A  will  lose  some 
of  its  positive  charge,  the  potential  of  B  will  inci-ease 
and  B  will  lose  some  of  its  negative  charge,  so  that  in  a 
short  time  the  potentials  of  A  and  B  will  be  equaliztjd. 
During  the  time  in  which  the  potentials  of  A  and  5 
are  changing  the  following  phenomena  will  occur :  the 
wire  connecting  A  and  B  will  be  heated  and  a  magnetic 
field  will  be  produced  which  is  most  intense  near  the  wire. 
liA  and  B  are  merely  charged  conductors,  their  potentials 
are  equalized  so  rapidly,  and  the  thermal  and  magnetic 
effects  are  in  consequence  no  transient,  that  it  is  some- 
what difficult  to  observe  them.  If,  however,  we  maintain 
A  and  B  at  constant  potentials  by  connecting  them 
with  the  terminals  of  a  voltaic  battery  the  thermal  and 
magnetic  effects  will  persist  as  long  as  the  connectiou 
with  the  battery  is  maintained,  and  are  then  easily 
observed. 
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The  wire  connecting  the  two  bodies  A  und  B  at  different 
^entialn  is  said  to  be  conveying  a  current  of  electricity, 
d  when  A  ia  losing  its  positive  charge  and  B  its  negative 
Inrge  the  current  is  said  to  flow  from  A  U>  B  along  the 


Irfit  us  consider  the  behaviour  of  the  Faraday  tubea 
ring  the  discharge  of  the  conductors  A,  B.  Before  tho 
inductors  were  connected  by  the  wire  these  tubea  may 
I  supposed  to  bo  distributed  somewhat  an  in  the  flgurc ; 


I 

I 

I 


'when  the  conducting  wire  CD  is  inscrttsi  the  tubes  which 
were  previously  in  the  region  occupied  by  the  wire  cannot 
Bubtost  in  the  conductor,  they  therefore  shrink,  their 
codfi  travelling  along  the  wire  until  the  ends  which  were 
previously  on  A  and  B  come  close  tt^ther  and  the  effect 
■"td  these  tubes  is  annulled.  The  distribution  of  the  tubes 
the  field  before  the  wire  was  inserted  was  one  io  which 
thore  was  equilibrium  between  the  tensions  along  the 
tube  and  the  lateral  ropultdon  they  exert  on  each  other : 
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now  after  the  tubes  in  the  wire  have  shrunk  the  latent 
repulsion  they  exerted  is  annulled  and  there  will  therefore 
be  an  unbalanced  pressure  tending  to  push  the  surround- 
ing tubes  such  as  EF,  GH  into  the  wire,  where  they  wffl 
shrink  like  those  previously  in  the  wire.  This  prooes 
will  go  on  until  all  the  tubes  which  originally  stretched 
from  A  io  B  have  been  forced  into  the  wire  and  thdr 
effects  annulled. 

The  discharge  of  the  conductors  is  thus  accompanied 
by  the  movement  of  the  tubes  in  towards  the  wire  and 
the  sliding  of  the  ends  of  these  tubes  along  the  wire. 
The  positive  ends  of  the  tubes  move  on  the  whole  from 
A  towards  B  along  the  wire,  the  negative  ends  from 
B  towards  A, 

168.  Strength  of  the  current.  If  we  consider 
any  cross-section  of  the  wire  at  P,  and  if  in  the  time  U 
N  units  of  positive  electricity  cross  it  from  A  towards  B 
and  N'  units  of  negative  electricity  ftx)m  B  towards  A, 
{N'  +  N')/Bt  is  called  the  strength  of  the  current  at  P. 
When  the  wire  is  in  a  steady  state  the  strength  of  the 
current  must  be  the  same  at  all  points  along  the  wire, 
for  if  it  were  not  the  same  at  P  as  at  Q  a  positive  or 
negative  charge  would  accumulate  between  P  and  Q  and 
the  state  of  the  wire  would  not  be  steady. 

169.  Electrodes.  Anode.  Cathode.  If  the  ends 
iJ,  iS  of  a  body  through  which  a  current  is  flowing  are 
portions  of  equipotential  surfaces,  then  JB  and  S  are  called 
the  electrodes,  and  if  the  current  is  in  the  direction  RS, 
R  is  called  the  anode  and  S  the  cathode. 

170.  Electrolyiis.     In  addition  to  the  thermal  and 


^^1 
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kgnetic  effects  mentioned  in  Art.  167,  there  is  another 

:t  characteristic  of  the  passage  of  the  current  through 

rge  class  of  substances  called  electrolytes.     Suppose 

pie  that  a  current  passes  between  platinum  plates 

lerscd  in  a  dilute  solution  of  sulphuric  acid,  then  the 

:tion  suffers  chemical  decomposition  to  some  extent 

oxygein  is  liberated  at  the  platinum  anode,  hydrogen 

the  platinum  cathode.    There  is  no  liberation  of  hydro- 

or  osygon  in  the  portions  of  the  liquid  not  in  contact 

<h  the  platinum  plates  however  far  apart  these  plates 

ly  be.     Substances  which  are  decomposed  in  this  way 

called  electrolytes,  and  the  aet  of  decomposition  is 

led  electrolysis.     Electrolytes  may  be  solids,  liquids,  or 

Eis  recent  experiments  have  shown,  gases.    Iodide  of  silver 

is  an  example  of  a  solid  electrolytE;,  while  as  examples 

of  liquid  electrolytes  we  have  solutions  of  a  great  number 

of  mineral  salts  or  acids  as  well  as  many  fused  salts. 

The  constituents  into  which  the  electrolyte  is  split  up 
by  the  current  are  called  the  ions :  the  constituent  which 
is  deposited  at  the  anode  is  called  the  union,  that  which  is 
deposited  at  the  cathode  the  cation.  With  very  few 
exceptions  an  element,  or  such  a  group  of  elements  as 
is  called  by  chemists  a '  radical,'  is  deposited  at  the  same 
electrode  from  whatever  compound  it  is  liberated ;  thus 
for  example  hydrogen  and  the  metals  are  cations  from 
whatever  compounds  they  are  liberated,  while  chlorine 
always  an  anion. 

The  amount  of  the  ions  deposited  by  the  passage  of  a 
irrent  through  an  electrolyte  was  shown  by  Faraday  to 
be  connected  by  a  very  simple  relation  with  the  (juantity 
of  electricity  which  passes  through  the  electrolyte. 
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f     171.    Faraday's  Fint  laaw  of  Kleotrolyiifl.    Tk 

quantitxj  of  an  electrolyte  decomposed  by  the  postage  ^ 
a  current  of  electricity  is  directly  proportional  to  Ik 
quantity  of  electricity  which  passes  through  iL 

Thus  €LS  long  as  the  quantity  of  electricity  passing 
through  an  electrolyte  remains  the  same,  it  is  immateiial 
whether  the  electricity  passes  as  a  very  intense  current 
for  a  short  time  or  as  a  very  weak  current  for  a  long 
time. 

^  172.    Faraday's  Second  Law  of  Elec^trolyris.    If 

the  same  quantity  of  electricity  passes  through  different  I 
electrolytes  the  weights  of  the  different  ions  deposited  will 
he  proportional  to  the  chemical  equivalents  of  the  ions. 

Thus,  if  the  same  current  passes  through  a  series 
of  electrolytes  from  which  it  deposits  as  ions,  hydrogen, 
oxygen,  silver,  and  chlorine,  then  for  every  gramme  of 
hydrogen  deposited,  8  grammes  of  oxygen,  108  grammes 
of  silver  and  35'5  grammes  of  chlorine  will  be  deposited. 

If  we  define  the  electro-chemical  equivalent  of  a  sub- 
stance as  the  number  of  grammes  of  that  substance  depo- 
sited during  the  passage  of  the  unit  charge  of  electricity, 
we  see  that  Farnday  s  Laws  may  be  comprised  in  the 
statement  that  the  number  of  granmies  of  an  ion  deposited 
during  the  passage  of  a  current  through  an  electrolyte  is 
equal  to  the  number  of  units  of  electricity  which  have 
passed  through  the  electrolyte  multiplied  by  the  electro- 
chemical equivalent  of  the  ion. 

Elements  which  form  two  series  of  salts,  such  as  copper, 
which  forms  cuprous  and  cupric  salts,  or  iron,  which  forms 
ferrous  and  ferric  salts,  have  dilBferent  electro-chemical 
equivalents  according  as  they  are  deposited  firom  solutions 
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of  tho  cuprous  or  cupric,  ferrous  or  ferric  salts.  The 
electro-chemical  equivalents  of  a  few  substances  are  given 
in  the  following  table;  the  numbers  represent  the  weight 
in  grammes  of  the  substance  deposited  by  the  passage  of 
one  electro-magnetic  unit  of  electricity  (see  chap.  xn.). 


Hydrogen 

■00010352. 

Oxygen 

■000828. 

Chlorine 

■000367.5. 

Iron  (from 

ferrous  salts) 

■002898. 

„     (from 

ferric  salts) 

001932. 

Clopper  (from  cuprous  salts 

■006522. 

„       (from  cupric  salts) 

■003261. 

Silver 

■fl4180.-.O'W¥ 

Since  the  portions  of  the  electrolyte  situated  between 
the  electro<les  are  unaltered  by  the  passage  of  the  current, 
if  we  imagine  a  plane  drawn  across  the  electrolyte,  then 
there  must  pass  in  any  time  towards  the  cathode  across 
the  plane  an  amount  of  the  cation  equal  to  that  deposited 
in  the  same  time  at  the  cathode ;  while  a  corresponding 
amount  of  the  anion  must  cross  the  plane  towards  the 
anode.  Thus  in  every  part  of  the  electrolyte  the  cation 
is  moving  in  the  direction  of  the  current,  the  anion  in 
the  opposite  direction. 

Faraday's  laws  of  electrolysis  give  a  method  of 
measuring  the  quantity  of  electricity  which  has  passed 
through  a  conductor  in  any  time  and  hence  of  measuring 
tho  average  current.  For  if  we  place  an  electrolyte  in 
circuit  with  the  conductor  in  such  a  way  that  the  current 
through  the  electrolyte  is  always  equal  to  that  through  the 
conductor,  then  the  amount  of  the  electrolyte  decomposed 
will  be  proportional  to  the  quantity  of  electricity  which 
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has  passed  through  the  conductor;  if  we  divide  the 
weight  in  grammes  of  the  deposit  of  one  of  the  ions  by 
the  electro-chemical  equivalent  of  that  ion  we  get  the 
number  of  electro-magnetic  units  of  electricity  which  has 
passed  through  the  conductor,  dividing  this  by  the  time 
we  get  the  average  current  in  electro-magnetic  units. 

An  electrolytic  cell  used  in  this  way  is  called  a  volta- 
meter ;  the  forms  most  frequently  used  are  those  in  which 
we  weigh  the  amount  of  copper  deposited  from  a  solution 
of  copper  sulphate,  or  of  silver  fix)m  a  solution  of  silver 
nitrate,  or  measure  the  amount  of  hydrogen  liberated  by 
the  passage  of  the  current  through  acidulated  water. 

173.  Relation  between  Electromotive  Force 
and  Current.  Ohm's  Law.  The  work  done  by  the 
electric  forces  on  unit  charge  of  electricity  in  going 
from  a  point  A  to  another  point  B  is  called  the  electro- 
motive force  from  A  to  B,  It  is  fi^uently  ^mtten  as 
the  E.M.F.  from  A  to  B. 

Ohm's  Law.  The  relation  between  the  electromotive 
force  and  the  current  was  enunciated  by  Ohm  in  1827, 
and  goes  by  the  name  of  Ohm's  Law. 

This  law  states  that  if  i?  is  the  electromotive  force 
between  two  points  A  and  jB  of  a  wire,  /  the  current 
passing  along  the  wire  between  these  points,  then 

where  U  is  a  quantity  called  the  resistance  of  the  wire ; 
it  is  independent  of  the  strength  of  the  current  flowing 
through  the  wire,  and  depends  only  upon  the  shape  and 
size  of  the  wire,  the  material  of  which  it  is  made,  and 
upon  its  temperature  and  state  of  strain. 
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The  most  searching  investigiitions  have  bcea  innde  as 
to  the  truth  of  this  law  when  currents  pass  through 
metals  or  electrolytes;  these  have  all  failed  to  discover 
any  exceptions  to  it,  though  from  the  accuracy  with 
ivbich  resistances  can  be  measured  (in  several  investiga- 
tiuDS  an  accuracy  of  one  part  in  100,000  has  been  attained) 
the  tests  to  which  it  has  been  subjected  are  exceptionally 
^overe. 

Ohm's  Law  does  not  however  hold  when  the  currents 
]i;ws  through  rarefied  gases, 

174  ReiUtance  of  a  number  of  Conductors  in 
Seiiei.     Suppose  we  have  a  number  of  wires  AU,  CD, 

». ik sli A 5 
Fio.  8fi. 
EF...  (Fig.  85)  connected  together  bo  that  B  is  in  contact 
with  C.  D  with  E,  F  with  G  and  bo  on.     This  method  of 
cuimoction  is  called  putting  the  wires  in  series. 

Lot  r,,  »■„  r,...    be  the  resistances  of  tho  wires  AB, 

CD,  EF...  and  let  i  be  the  current  entering  the  circuit 

AB,  CD...  at  A,  then  the  current  i  will  flow   through 

ich  of  the  conductors.     Let  us  consider  the  caae  when 

Hie  field  is  steady,  then  if  v^,  Vg,  v^  &c,  denote  the  poten- 

kls  at  A,  B,  C,  &c.  respectively,  the  E.M.F.  from  .d  to  fi  ia 

-p,;  thus  we  have  by  Ohm's  Law, 

f  >  —  "a  =  ''i*< 
Vf.  —  i)„  =  r,i, 

!',—  »,=  Tfi, 

tat  dnce  H  and  C  are  in  contact  thov  will,  if  the  wires 
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are  made  of  the  same  substance,  be  at  the  same  pot^tial; 
hence  Vg^v^,  v^  =  Vjg,  and  so  on;  hence  adding  the  {»«- 
ceding  equations  we  get 

t;^-t;,  =  (r, -f  rj  +  r,  +  ...)». 

But  if  U  is  the  resistance  between  A  and  F,  then  by 
Ohm's  Law  we  have 

v^  —  v,  =  Ri. 

Comparing  this  expression  with  the  preceding,  we  see 
that 

U  =  ri  +  r,  +  r,+  .... 

Hence  when  a  system  of  conductors  are  put  in  series,  the 
resistance  of  the  series  is  equal  to  the  sum  of  the  resist- 
ances of  the  individual  conductors. 

176.  ReslBtance  of  a  number  of  Conducton 
arraiiged  in  Parallel.  If  the  wires  instead  of  being 
arranged  so  that  the  end  of  one  coincides  with  the 
beginning  of  the  next,  as  in  the  last  example,  are  arranged 
as  in  Fig.  86,  the  beginnings  of  all  the  wires  being  in 


Fio.  86. 


contact,  as  are  also  their  ends,  the  resistances  are  said  to 
be  arranged  in  parallel,  or  in  multiple  arc 

We  proceed  now  to  find  the  resistance  of  a  system  of 
wires  so  arranged.  Let  i  be  the  current  flowing  up  to  il, 
let  this  divide  itself  into  currents  »i,  H,  h. . .  flowing  through 
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!  circuits  ACB,  ADB,  AEB...  whose  reaintances  i 
&■  »■«.  »■«■••  respectively.  Then  if  u^,  n,  are  the  potent 
wA  and  fi  respectively,  we  have  by  Ohm's  Law 


-(«.- 


<^l-b-) 


But  \i  R\s  the  resistance  of  the  Bystem  of  couductore, 
then  by  Ohm's  Law, 

hence  comparing  this  expression  with  the  preceding  one 
we  see  that 

1111 

^  =  -  +  ^+^  +  -- 

or  the  reciprocal  of  the  resistance  of  a  number  of  con- 
diictorR  in  parallel  ia  equal  to  the  sum  of  the  reciprocals 
of  the  individual  resistances.  The  reciprocal  of  the  resist- 
ance of  a  conductor  ia  called  its  conductivity,  hence  we 
see  that  we  may  express  the  result  of  this  investigation 
by  saying  that  the  conductivity  of  a  number  of  conductors 
in  parallel  is  equal  to  the  sum  of  the  conductivities  of 
■be  individual  conductors. 

In  the  special  caae  when  all  the  wires  connected  np  in 
^Itiple  arc  have  the  same  resistance,  and  if  there  are  n 
B8,  their  reaistance  when  in  multiple  arc  is  1/n  of  the 
e  of  one  of  the  individual  wires. 
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176.  Specific  reeistance  of  a  ralMtanee.    If 

have  a  wire  whose  length  is  I  and  whose  cross  seetMai 
uniform  and  of  area  a,  we  may  regard  it  as  built  19 
cubes  whose  edges  are  of  unit  length,  in  the  followiif : 
way ;  take  a  wire  formed  by  placing  I  of  these  cabea  i 
scries,  and  then  place  a  of  these  filaments  in  parallel;  tk 
resistance  of  this  system  is  evidently  the  same  as  thrt 
of  the  wire  under  consideration.  If  or  is  the  resistance  d 
one  of  the  cubes  the  resistance  of  the  filament  formed  lij 
placing  I  such  cubes  in  series  is  lor,  and  when  a  of  these 
filaments  are  placed  in  parallel  the  resistance  of  the 
system  is  la/a ;  hence  the  resistance  of  the  wire  is 

la 
a 

Since  a  only  depends  on  the  material  of  which  the  wire 
is  made  we  see  that  the  resistance  of  a  wire  of  uuiform 
cross  section  is  proportional  to  the  length  and  inversely 
proportional  to  the  area  of  the  cross  section. 

The  quantity  denoted  by  a  in  the  preceding  expression 
is  called  the  specific  resistance  of  the  substance  of  which 
the  wire  is  made ;  it  is  the  resistance  of  a  cube  of  the 
substance  of  which  the  edge  is  equal  to  the  unit  of  length, 
the  current  passing  through  the  cube  parallel  to  one  of  its 
edges. 

177.  Heat  generated  by  the  panage  of  a  cur- 
rent through  a  conductor.  Let  A  and  B  be  two  points 
connected  by  a  conductor,  let  E  be  the  electromotive 
force  from  A  to  B.  By  the  definition  of  electromotive 
force,  work  equal  to  E  is  done  on  unit  positive  charge 
when  it  goes  from  A  to  B,  and  on  unit  negative  charge 
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^fhen  it  goes  from  S  to  A;  hence  if  in  unit  time  N  units 
rf  positive  charge  go  from  A  to  B  and  Jf'  units  of  negs- 
iive  charge  from  B  to  A,  the  work  done  la  E(N  +  N'). 
But  jV+jV"  is  equal  to  C,  the  strength  of  the  current 
flowing  from  A  to  B,  thus  the  work  done  ia  equal  to  EC. 
If  i2  is  the  resistance  of  the  conductor  between  A  and  B, 
E  =  RC;  thus  the  work  dune  in  unit  time  is  equal  to  RO'. 
We  sea  that  the  same  amount  of  work  would  be  spent 
in  driving  a  current  of  the  same  intensity  in  the  reverse 
direction,  viz.  from  B  to  A. 

This  work,  by  the  principle  of  the  Conservation  of 
Energy,  cannot  be  lost ;  the  work  spent  by  the  electric 
forces  in  driving  the  current  must  give  rise  to  an  equiva- 
lent amount  of  energy  of  some  kind  or  other.  The  passage 
of  the  current  heats  the  conductor,  but  if  the  heat  is 
caused  to  leave  the  conductor  as  soon  aa  produced  the 
state  of  the  conductor  is  not  altered  by  the  passage  of 
the  current.  The  mechanical  equivalent  of  the  heat  pro- 
duced in  the  conductor  was  shown  by  Joule  to  be  efjual 
to  the  work  s]>ent  in  driving  the  current  through  the  con- 
ductor„BO  that  the  work  done  in  driving  the  current  is 
in  this  case  entirely  convertetl  into  heat.  Thus  if  H  is 
the  mechanical  equivalent  of  the  heat  produced  in  time  t, 

H  =  RC*t. 
The  law  expressed  by  this  equation  is  called  Joule's  Law, 
It  states  that  the  heat  produced  in  a  given  time  is  pro- 
portional to  the  square  of  the  strength  of  the  current. 
■  Since  by  Ohm's  Law  E=RG,  the  heat  produced  in 
Ltime  t  ifi  also  equal  to 

^t  =  ECl. 


2S8  ELECTRIC   CURRENTS.  [ci 

178.    Vott&lc  0«U.   We  h&w  seen  that  iu  tin  dee 

Held  due  to  any  distribiitiou  of  poeitivG  and  i 
electricity,  the  work  done  when  unit  charge  i»  t 
round  a  clwted  circuit  vanishes;  the  electric  intt 
due  to  such  a  field  tending  in  some  parts  of  the  c 
to  atop  the  unit  charge  in  some  parts  of  its  course  ami  t 
help  it  OD  in  others.  Hence  such  n  field  cannot  {nrNlna 
a  steady  current  round  a  closed  circuit.  To  mainta: 
such  a  current  work  must  be  done ;  this  work  may  b 
supplied  from  chemical  sources,  aa  in  the  voltaic  buttoj; 
from  thermal  sources,  as  in  the  thermoolectric  circuit,  v 
by  mechanical  means,  as  wheu  currents  are  produced  il 
dynamos.  We  shall  consider  here  the  case  uf  the  vulta 
circuit.  Let  us  consider  the  simple  form  of  baltia; 
conBistiiig  of  two  plates,  one  of  zinc,  the  other  of  cuppa 
dipping  into  a  vessel  containing  dilute  sulphuric  i 
If  the  zinc  and  copper  plates  aie  connected  hy  a  i 
a  current  will  flow  round  the  circuit,  flowing  from  I 
zinc  to  the  copper  through  the  acid,  and  from  the  ooppe 
to  the  zinc  through  the  wire.  When  the  current  flow 
round  the  circuit  the  zinc  is  attacked  hy  the  acid  i 
sine  sulphate  is  formed.  For  each  unit  of  electricity  tha 
flows  round  the  circuit  one  electro-chemical  equivalent  o 
zinc  and  sulphuric  acid  disappears  and  etjulvatcnt  amount 
of  zinc  sulphate  and  hydrogen  arc  formed,  Now  if  a  pieo( 
of  pure  zinc  is  placed  in  dilute  acid  very  Uttlc  chemid 
action  goes  on,  but  if  a  piece  of  copper  is  attached  t 
the  zinc  the  latter  is  immediately  attacked  by  the  i 
and  zinc  sulphate  and  hydrogen  are  produced ;  this  nctioU 
is  accompanied  by  a  considerable  heating  effect^  and  w< 
find  that  for  each  gramme  uf  zinc  consumed  a  dvfliiiU 
amount  of  heat  is  produced.     Now  let  ua  oousider  t 
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■HBselii  (a)  atid  (^).  such  that  in  (a)  the  zinc  and  copper 
liibnn  the  plates  of  a  battery,  while  in  O)  the  zinc  has 
merely  got  a  bit  of  copper  fastened  to  it :  let  a  deAtuto 
Pmoount  of  zinc  be  consumed  in  the  hitter  and  then  let  the 
I  through  the  battery  until  the  same  amount 
r  zinc  has  been  consumed  in  (a)  as  in  (8)-  The  same 
nount  of  chemical  combination  has  gone  on  in  the  two 
lella,  hence  the  loss  of  chemical  energy  is  the  same  in 
[a)  as  in  (/9).  This  energy  has  been  converted  into  heat 
I  both  cases,  the  diflference  being  that  in  the  cell  (/3) 
J  heat  is  produced  close  to  the  zinc  plate,  while  in  (o) 
B  places  where  heat  is  produced  are  distributed  through 
i  whole  of  the  circuit,  and  if  the  wire  connecting  the 
^tes  has  a  much  greater  resistance  than  the  liquid 
■tween  them,  by  far  the  greater  portion  of  the  heat 
f  produced  iu  the  wire,  and  not  in  the  liquid  in  the 
lighbouThood  of  the  zinc.  Though  the  distribution  of 
i  places  in  which  the  heat  is  produced  is  different  in  the 
Wo  cases,  yet,  since  the  same  changes  have  gone  on  in  the 
two  cells,  it  follows  from  the  principle  of  the  Conservation 
iif  Energy,  that  the  total  amount  of  heat  produced  in  the 
two  cases  must  be  the  8ame.  Thus  the  total  amount  of 
heat  produced  by  the  battery  cell  (a)  must  be  equivalent 
to  that  developed  by  the  combination  of  the  amount  of 
zinc  consumed  in  the  cell  while  the  current  is  passing 
with  the  equivalent  amount  of  sulphuric  acid. 

179.  Electromotive  Force  of  a  Cell.  IfC  is  the 
current,  li  the  resistance  of  the  wire  between  the  plates, 
r  that  of  the  liquid  between  the  plates,  t  the  time  the 
current  has  been  tiowing,  then  by  Joule's  law  the  mechanical 
eqai^'alent  of  the  heat  generated  in  the  wire  is  RCt,  that 
of  the  heat  generated  in  the  liquid  is  rCt,     We  shall 
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see  in  Chapter  XIII,  that  when  a  curreDt  flows 
the  junction  of  two  different  metals,  heat  is  produce! I?:': 
or  absorbed   at   the  junction ;   this  efifect  is  called  the  It  ' 
Peltier  effect.     The  laws  governing  the  thermal  efccli  |»-'-^ 
at  the  junction  of  two  metals  differ  very  materially  &• 
Joule's  Law.      The  heat  developed   in   accordance  ii4 
Joule  8  Law  in  a  conductor  AB  is,  as  long  as  the  straigi 
of  the  current  remains  unaltered,  the  same  whether  tie 
current  flows  from  il  to  jB  or  from  B  to  A.     The  thernal 
effects  at  the  junction  of  two  metals  C  and  D  depend  I* 
upon  the  direction  of  the  current;  thus  if  there  is^lr* 
development  of  heat  when  the  current  flows  across  the  |ii 
junction  from  C  to  JO  there  will  be  an  absorption  of  heifc 
at  the  junction  if  the  current  flows  from  D  to  C.    The« 
heat  effects  which  change  sign  are  called  reversible  hsA 
effects.      The   heat  developed  at  the  junction   of  two 
substances  in  unit  time  is  directly  proportional  to  the 
strength  of  the  current  and  not  to  its  square. 

In  the  case  of  the  voltaic  cell  foiined  of  dilute  acid 
and  zinc  and  copper  plates,  the  current  passes  across  the 
junction  of  the  zinc  and  acid,  of  the  acid  and  copper  as 
well  as  across  the  metallic  junctions  which  occur  in  the 
wire  used  to  connect  up  the  two  plate&  Let  P  be  the 
heat  developed  at  all  these  junctions  when  traversed  by 
unit  current  for  unit  time.  Then  the  total  amount  of 
heat  developed  in  the  voltaic  cell  is 

RCH  +  rCH  +  PCt. 

Since  a  current  C  has  passed  through  the  cell  for  a 
time  t,  the  number  of  units  of  electricity  which  have 
passed  through  the  cell  is  Ct,  hence,  if  6  is  the  electro- 
chemical equivalent  of  zinc,  eCt  grammes  of  zinc  have  been 
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converted  into  zinc  sulphate.  Let  w  be  the  mechanical 
oqnivalent  of  the  heat  produced  when  one  gramme  of  zinc 
is  turned  into  zinc  sulphate,  then  the  mechanical  eqiii- 
valont  of  the  heat  which  would  be  developed  by  the 
chemical  action  which  haa  taken  place  in  the  cell  is  eCtvi ; 
but  this  must  be  equal  to  the  mechanical  equivalent  of 
the  heat  developed  in  the  cell,  and  hence  we  have 

RCH  +  rCH  +  PCt  =  eCtw, 
or  (R-^r)a  =  ew-P. 

The  quantity  on  the  right-hand  side  is  called  the  electro- 
motive force  of  the  cell. 

We  see  that  it  is  equal  to  the  sum  of  the  products  of 
the  curreut  through  the  external  circuit  and  its  resistance 
and  the  current  through  the  battery  and  its  resistance, 

I  We  shall  now  prove  that  if  the  zinc  and  copper  plates 
Pinstead  of  being  connected  by  a  wire  are  connected  to 
the  plates  of  a  condenser,  then  if  these  plates  are  made 
of  the  same  material,  they  will  be  at  different  potentials 
and  the  difference  between  their  potentials  will  equal  the 
electromotive  force  of  the  batteiy.  For  if  the  system  has 
got  into  a  state  of  equilibrium,  then  when  any  change 
is  made  in  the  electrical  conditions,  the  increase  in  the 
electrical  energy  must  equal  the  energy  lost  in  making 
the  chauga  Suppose  that  the  potential  of  the  plate  of 
the  condenser  in  connection  with  the  copper  plate  in  the 
batteiy  exceeils  by  E  the  potential  of  the  other  plate 
of  the  condenser  in  connection  with  the  zinc  plate  of 
the  battery,  and  suppose  now  that  the  electrical  state  is 
altered  by  a  quantity  of  electricity  equal  to  hQ  pas.iing 
from  the  plate  of  the  condenser  at  low  potential  to  the 
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plate  at  high  potential  through  the  battery  from  the  m 
to  the  copper.     The  electrical  energy  of  the  condenser 
increased  by  E&Q.  while  the  passage  of  this  ((iiantiiv 
electricity  will  develop  at  the  junctions  of  the  diffci'  i 
Hubatancea  in  the  cell  a  quantity  of  heat  whose  mechaiiKM' 
equivalent  is  equal  to  PZQ.     If  (  were  the   time  thi* 
charge  took  to  pass  from  the  one  plate  to  the  other  ih. 
average  current  would  be  equal  to  SQ/(,  hence  the  li'   ■ 
developed  in  accordance  with  Joule's  law  would  be  jr 
portional  to  (BQItf  x  i  or  to  (&Q)'lt;  by  making  SQ  sm  ; 
enough  we  can  make  this  excessively  small  compared  w  i  r 
either  EBQ  or  P&Q  which  depend  on  the  first  power:- 
8Q.     The  loss  of  chemical  energy  is  ehQ  x  iv,  and  Ui 
must  be  equal  to  the  heat  produced  plus  the  iricrcBse  in 
the  electrical  energy,  hence  we  have 

MQ  +  PSQ  =  eBQxw. 
or  E^ew-P, 

that  is,  the  difference  of  potential  between  the  plato  ■ 
the  condenser  is  equal  to  the  electromotive  force  of  li 
battery.  Hence  we  can  determine  this  electroraoir 
force  by  measuring  the  difference  of  potential. 

The  simple  form  of  voltaic  cell  jnst  described  ( 
not  give  a  constant  E.  M.  F.,  as  the  hydrogen  produl 
by  the  chemical  action  does  not  all  escape  from  the  o 
some  of  it  adheres  to  the  copper  plate,  forming  a  gaseous 
film  which  increases  the  resistance  and  diminish^  th<? 
electromotive  force  of  the  cell. 

The  copper  plate  with  the  hydrogen  adhering  to  I 
said  to  be  polarized  and  to  be  the  seat  of  a  back  ela 
motive  force  which  makes  the  electromotive  forge  c 
batteiy  less  than  its  maximum  theoretical   VRlao. 
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lall  perhaps  get  a  clearer  view  of  the  condition  of  the 
ipper  plate  with  its  film  of  hydrogen  from  the  following 
isiderationa.  The  hydrogen  in  an  electrolyte  follows 
:  current  and  thus  behaves  as  if  it  had  a  positive 
e  of  electricity ;  if  now  the  atoms  of  hydrogen  when 
ley  come  np  to  the  copper  plate  do  not  at  once  give  up 
teir  charges  to  the  plate  but  remain  charged  at  a  small 
distance  from  it,  then  we  shall  have  what  is  equivalent 
to  a  charged  parallel  plate  condenser  at  the  copper  plate, 
the  positively  charged  hydrogen  atoms  corresponding  to 
the  positive  plate  of  the  condenser,  and  the  copper  to  the 
negative  plate.  The  condenser  will  tend  to  discharge  itself 
through  the  cell  in  the  direction  of  the  arrow  (Fig.  87), 


Pio.  87. 

i.e.  in  the  opposite  direction  to  that  of  the  current  through 
the  cell ;  the  difference  of  potential  between  the  plates  of 
this  condenser  corresponds  to  the  back  electromotive  force 
due  to  the  polarization  of  the  copper  plate. 

Another  cause  of  inconstancy  is  that  the  zinc  sulphate 
furniod  acta  as  an  electrolyte  and  carries  some  of  the 
cummt ;  the  zinc,  travelling  with  the  current,  is  deposited 
against  the  copper  plato  and  alters  the  electromotive  force 
<.f  the  cell. 

The  deposition  of  hydrogen  against  the  positive  plate 
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of  the  battery,  and  its  liberation  iis  free  hydrogen  can  be 
avoided  in  several  waya ;  in  the  Bichromate  Battery  tihe 
copiier  plate  is  replaci^d  by  carbon,  and  potassium  bichro- 
mate ia  abided  to  the  sulphuric  acid ;  as  the  bichromate  ii 
an  active  oxidising  agent  it  oxidises  the  hydrogen  ae  soon 
as  it  ia  formed  and  thus  prevents  its  accumulation  on  tbe 
positive  plate. 

180.     Danlell'i  Cell.     In  Darnell's  cell,  tbe  zinc  and 
sulphuric  acid  are  enclosed  in  a  porous  pot  (Fig.  88)  made 


of  unglazed   earthenware;   tbe  copper  electrode  usually 
takes  the  shape  of  a  cylindrical  copper  vessel,  in  whiih   I 
the  porous  pot  is  placed.     The  space  between  the  poi"  ■ 
pot  and  the  copper  is  filled  with  a  saturated  solution 
copper  sulphate  in  which  crystals  of  copper  sulphate  ai.    i 
placed  to  replace  the  copper  sulphate  used  up  during  the 
working  of  the  coll.     When  the  sulphuric  acid  acts  upon 
the  zinc,  zinc  sulphate  is  formed  and  hydrogen  gas  libe- 
rated; the  hydrogen  following  the  current,  travels  thpoo^  I 
the  porous  pot,  where  it  meets  with  the  copper  e 
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chomical  action  takes  place  and  sulphonc  add  is  Tormcd 
and  copper  set  free.  Thia  coppt-r  travels  to  the  copper 
cj-lindor  and  is  there  deposited.  Thtia  in  thiji  cell  ijoAead 
of  hydrogen  being  deposited  on  the  copper,  we  have  o^per 
deposited,  so  that  no  change  takes  place  in  the  condition 
of  the  positive  pole  and  there  is  no  polarization. 

181.    Calculation  of  E.  H.  T.  of  Daolell't  CeU. 

The  chemical  energy  lost  in  the  cell  during  the  pawage 
of  one  unit  of  electricity  may  be  calculated  as  follows: 
in  the  porous  pot  we  have  one  electro-chemical  equivalent 
of  zinc  sulphate  formed  while  one  equivalent  of  aulpburic 
acid  disappears ;  in  the  Suid  outbade  this  pot  one  equiva- 
lent of  sulphuric  acid  is  formed  and  one  equivalent  of 
copper  sulphate  disappears,  thus  the  chemical  energy  lost 
is  that  which  is  lost  when  the  copper  in  one  electro- 
chemical equivalent  of  copper  sulphate  is  replaced  by  the 
equivalent  quantity  of  zinc. 

Now  the  electro-chemical  equivalent  of  copper  is 
'0032G1  grammes,  and  when  1  gramme  of  copper  is 
dissolved  in  sulphuric  acid  the  heat  given  out  is  909*5 
thermal  units  or  909.5  x  4*2  x  10'  mechanical  units,  since 

P  mechanical  equivalent  of  heat  on  the  c.  0.  a.  system 
■2  X  10'.  Thus  the  heat  given  out  when  one  electro- 
mical  equivalent  of  copper  in  dissolved  in  sulphuric 
I  is  -003261  X  909-5  x  42  x  l(y=  1-245  x  10"  In  me- 
nical  units. 
The  electro-chemical  equivalent  of  zinc  is  003364 
grammes,  and  the  heat  developed  when  1  gramme  ot 
zinc  is  dissolved  in  sulphuric  acid  is  1670  x  4"2  x  10'  in 
mechanical  unita  Hence  the  heat  developed  when  one 
ictro-chemicftl  eifuivaleiit  of  zinc  is  dissolved  in  sulphinic 
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acid  is  003364  x  1670  x  4*2  x  10" »  2*359  x  lO^mechan 
unita 

Thus  the  loss  of  chemical  energy  in  the  porous  p 
2*359  X  10"  while  the  gain  in  the  copper  sulpbat 
1-245  X  10»,  thus  the  total  loss  is  1114  x  10».  Thu 
in  Art  179=  1*114  x  10».  The  electromotive  fore 
a  Daniell's  cell  is  about  1028  x  10".  We  see  fron 
near  agreement  of  these  values  that  the  reversible 
mal  eflfects  (see  Art  179)  are  of  relatively  small  import 
though  if  we  ascribe  the  difference  between  the  two 
bers  to  this  cause  these  effects  would  be  much  gi 
than  those  observed  when  a  current  flows  acros! 
junction  of  two  metala 

182.  In  Grove's  cell  the  hydrogen  at  the  pc 
pole  is  got  rid  of  by  oxidising  it  by  strong  nitric  acid, 
zinc  and  sulphuric  acid  are  placed  in  a  porous  pot,  an 
is  placed  in  a  larger  cell  of  glazed  earthenware  contf 
nitric  acid ;  the  positive  pole  is  a  strip  of  platinui 
dipping  into  the  nitric  acid.  This  cell  has  a  large  el 
motive  force,  viz.  1*97  x  10*. 

Bunsen's  cell  is  a  modification  of  Qrove's,  in 
the  platinum  is  replaced  by  hard  gas  carbon. 

183.  Clark's  ceU,  which  on  account  of  its  cons 
has  been  legalized  as  the  standard  of  electromotive 
is  made  as  follows.  The  outer  vessel  (Fig.  89)  is  a 
test  tube  containing  a  glass  tube  down  which  a  plal 
wire  passes ;  a  quantity  of  pure  redistilled  mercury 
cient  to  cover  the  end  of  this  wire  is  then  pourec 
the  tube ;  on  the  mercury  rests  a  paste  made  by  n; 
mercurous  sulphate,  saturated  zinc  sulphate  and  a 


jrsed   in  a  cell 


U4 


^  the  »aur.  ••  in)  tkM  tkt  aaMM  <v  •«>• 

olame  tlie  acoditka  af  a,  plMai^  n  ital 
nriiaDadkanaMlkailaMJ.MlHwk  Ika  <• 


ajipsua 

^  the  cdL  •Ule  k;4nc>a  aOoa  M  Ika  •<*«  f<M« 
jwhieb  It«  mreU  karaa  Ika  aft    U  ikMt  ylato 
t  imutrjami  wi— ■*«><  >y 
I  a  cnnat  will  flmr  noad  tfca  Micait  a*  tfiywaal, 
,  gong  ftmB  Um  |ila4e  tf  l/>  tb«  flMD  A 
the  deelroljta  and  frwn  jl  u>  JV  llir<^gl^  Ow. 
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plates  are  said  to  be  polarized,  and  the  E.lf.F.  round  the 
circuit,  when  they  are  first  connected  by  the  wire,  is  called 
the  electromotive  force  of  polarization.     When  the  platai 
are  disconnected  from  the  battery  and  connected  by  the 
wire  the  hydrogen  and  oxygen  gradually  disappear  from 
the  plates  as  the  current  passes.     In  fact  we  may  regard 
the  polarized  plates  as  forming  a  voltaic  battery,  in  whidi 
the  chemical  action  maintaining  the  current  is  the  c(hd- 
bination  of  hydrogen  and  oxygen  to  form  water.     Thoq^ 
hydrogen  and  oxygen  do  not  combine  at  ordinary  tem- 
peratures if  merely  mixed  together,  yet  the  oxygen  and 
hydrogen  condensed  on    the    platinum   plates   combine 
readily  as  soon  as  these  plates  are  connected  by  a  wire 
so  as  to  make  the  oxygen  and  hydrogen  parts  of  a  closed 
electrical  circuit.     There  are  numerous  other  examples  of 
the  way  in  which  the  formation  of  such  a  circuit  facilitates 
chemical  combination. 

186.  A  Finite  Electromotive  Force  is  required 
to  liberate  the  Ions  from  an  electrolyte.  This  follows 
at  once  by  the  principle  of  the  Conservation  of  Enei^ 
if  we  assume  the  truth  of  Faraday's  Law  of  ElectrolysiB. 
Thus  suppose  for  example  that  we  have  a  single  Daniell's 
cell  placed  in  series  with  an  electrolytic  cell  containing 
acidulated  water;  then  if  this  arrangement  could  produce 
a  current  which  would  liberate  hydrogen  and  oxygen  from 
the  electrolytic  cell,  for  each  electro-chemical  equivalent  of 
zinc  consumed  in  the  battery  an  electro-chemical  equiva- 
lent of  water  would  be  decomposed  in  the  electrolytic  cell. 
Now  when  one  electro-chemical  equivalent  of  hydrogen 
combines  with  oxygen  to  form  water,  1*47  x  10"  mechanical 
units  of  heat  are  produced,  and  the  decomposition  of  one 


ItayffM 
mt  of 
»t  of  sine  r  ihmhI  m  tfee  hillaj'  AedMXBsml  «MIJ0' 
i  is  (Art.  ]S1)  eqMl  lo  1114  x  1»  nnbuiic*!  units. 
!  we  flee  that  if  the  mlo-  in  the  eiedrolj-tic  cell 
I  deeoaipaaed,  3*56  x  IV  onits  of  energy  would  bo 
bned  for  aid)  unit  of  dectncitj  Umt  p«usod  through 
•  G«U :  as  this  is  not  in  acoordance  with  the  pnnciplo 
F  tlie  Conservation  of  Ener;^  the  de<^>m position  of  thn 
Bter  cannot  go  on.  We  see  that  cloctrolytic  doconi- 
Rtion  can  only  go  on  when  the  loss  of  cnorgy  in  the 
Itteiy  is  grcAter  than  the  g^n  of  energy  in  the  electro* 
c  cell. 

If  we  attempt  to  decompone  an  electrolyte,  Rciddlatod 
later  for  example,  by  an  insufficient  electromotive  torcn 
■  following  phenomena  occur.  When  the  battery  in 
first  connected  to  the  cell  a  ciirrt^nt  of  electricity  mw 
through  the  cell,  hydrogen  travelling  with  the  mrrmt  Ut 
the  plate  where  the  current  leaves  the  cell.  OKfgat 
travelling  up  against  the  current  to  th*  tAher  fHatg. 
Neither  the  hydrogen  nor  the  oxygen,  hnw^rer. 


^H      dtesol' 
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dtesolved  in  the  electrglytic  cell  and  does  not  inTDlve  u; 
aeparation  of  water  into  free  hydrogen  and  oxygen, 
way  in  which  the  residual  current  is  carried  is  some) 
as  follows.  Suppose  that  the  battery  with  its  small  G.] 
has  caused  the  current  to  flow  through  the  cell  until 
polarization  of  the  plates  is  just  suflicient  to  balance  ibe 
E.M. F.  of  the  battery;  the  oxygen  ditisolred  in  the  yniet 
near  the  hydrogen  coated  plate  will  attack  the  h^'dm^fii 
on  this  plate,  combining  with  it  to  form  water,  and  «i- 
by  removing  some  of  the  hydrogen,  reduce  the  poInnzali<  i 
of  the  plate;  similarly  the  hydrogen  dissolved  in  the  wai'  '■ 
or  it  may  be  absorbed  in  the  plate,  will  attack  the  oxy^< : 
on  the  oxygen  coated  plate  and  reduce  ite  p<jlaruntii<t: 
The  E.  M.  F.  of  the  polarization  being  reduced  in  this  w»j 
no  longer  balances  the  e.  m.  f.  of  the  battery ;  a  current 
therefore  flows  through  the  cell  until  the  polarizatioa 
is  again  restored  to  its  original  value,  to  be  again  redoced 
by  the  action  of  the  dissolved  gasea.  Thus  in  consi^quenor 
of  the  depolarizing  action  of  the  dissolved  gascB  there 
will  be  a  continual  current  tending  to  keep  the  K.M,  F. 
of  the  polarization  equal  to  that  of  the  battery;  thi^ 
current  however  is  not  accompanied  by  the  liberati'^i 
of  free  hydrogen  and  oxygon  and  its  production  does  n<'t 
violate  the  principle  of  the  Conservation  of  Energy. 

186.  CeUs  in  Series.  When  a  series  of  voltaic  odiy 
Daniell's  cells  for  example,  are  connected  so  that  the  ain 
pole  of  the  first  is  joined  up  to  the  c^>pper  pole  of  tfan 
second,  the  zinc  pole  of  the  second  to  tlie  cup])er  ptim 
of  the  third,  and  so  on,  the  cells  are  stud  to  be  ooDDecUd 
up  in  series.  In  this  caae  the  total  electromotive  force  H 
the  cells  so  connected  up  is  equal    to    thti   sum    tit'  t^| 
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iinotive  forces  of  the  iudtvidual  cells.     Wc  can  sec 
once  if  we  remember  (see  Art.  179)  that  the  electro- 
force  of  any  system  is  equal  to  the  difference  be- 
the  chemical  energy  lost,  when  unit  of  electricity 
through  the  system,  and  the  mechanical  equivalent 
reversible  heat  generated  at  junctions  of  diflferent 
itances:   when  the  cells  are  connected  in  series   the 
chemical  changes  and  reversible  heat  effects  go  on 
sach  cell  when  unity  of  electricity  passes  through  as 
n  the  same  quantity  of  electricity  passes  through  the 
by  itself,  hence  the  E.M.F.  of  the  cells  in  series  is  the 
sum  of  the  E.M.  F.'s  of  the  individual  cells. 

The  resistance  of  the  cells  when  in  series  ia  the  sum  of 
thi'ir  resistances  when  separate.  Thus  if  E  is  the  E.  M.  F. 
and  r  the  resistance  of  a  cell,  the  E.M.F.  and  resistance 
of  n  such   cells  arranged   in  series  are  respectively  nE 


Bfald 
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187.  Celti  In  parallel.     If  we  have  n  similar  cells 
id  connect  all  the  copper  terminals  together  for  a  new 

terminal  and  all  the  zincs  together  for  the  other  terminal 
the  colls  are  said  to  be  arranged  in  parallel.  In  this  case 
form  what  is  equivalent  to  a  large  cell  whose  E.h.f. 

equal  to  E,  that  of  any  one  of  the  cells  hut  whose 

listance  is  only  r/«. 

188.  Suppose  that  we  have  N  equal  cells  and  wish  to 
arrange  them  bo  as  to  get  the  greatest  current  through  a 

tn  external  resistance  R.  Let  the  celh  be  divided  into 
its.  each  of  these  seta  consisting  of  n  cells  in  series, 
let  these  ra  sets  be  connected  up  in  parallel.  The 
r.  uf  the  battery  thus  formed  will  be  nE,  its  resistance 
%  where  E  and  r   are   respectively  the   K,  H.  F, 
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through 


resistaoce   of  one   of  the   cells.      The   ciin-ei 
the  external  resistance  B  will  be  equa.1  bo 
nE  E 

Now  nm  —  N,  hence  the  denominator  of  this  expression  is 
the   sum   of  two   terms  whose  product  is  given,  it  will 
therefore  be  leaat  when  the  tenns  are  equal,  i.e.  when 
R     r 


R  =  -r. 

Since  the  denominator  in  this  case  is  as  small  as  possible? 
the  current  will  have  its  maxlnium  value.  Since  nr/m  is 
the  resistance  of  the  battery  we  see  that  we  must  arrange 
the  battery  so  as  to  make,  if  possible,  the  resistance  of  the 
battery  equal  to  the  given  external  resistance.  This 
arrangement,  though  it  gives  the  largest  current,  is  not 
economical,  for  as  much  heat  is  wasted  in  the  battery  as 
is  produced  in  the  external  circuit. 

189.  Distribution  of  a  steady  current  in  a  System  of 
Conductors, 

BUrcbhoff's  Lavrs.  The  distribution  of  a  stead) 
current  in  a  network  of  linear  conductors  can  be  readily 
determined  by  means  of  the  following  laws  which  were 
formulated  by  Kirchhoff. 

1.  The  algebraical  sum  of  the  currents  which  meet  at 
any  point  is  zero. 
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If  we  take  any  closed  cucuit  the  algebraical  sum 
i  products  of  the  current  and  resistance  in  each  of 
conductors  in  the  circuit  is  equal  to  the  electromotive 
e  in  the  circuit. 

The  first  of  these  laws  expresses  that  electricity  is  not 
taulatlng  at  any  point  in  the  system  of  conductors; 
I  must  be  true  if  the  system  is  in  a  steady  state. 
The  second  follows  at   once   from   the   relation   (see 
.  179) 

Rf+rI  =  E. 
s  jR  is  the  external  resistance,  r  the  resistance  of  the 
tery  whose  K.  M.  F.  is  E  and  /  the  current  through  the 
tery.  For  RI  is  the  difference  of  potential  between 
terminals  of  the  battery,  and  by  Ohm's  law  this  is 
to  the  sum  of  the  products  of  the  strength  of 
current  and  the  resistance  for  a  aeries  of  conductors 
ning  a  continuous  link  between  the  terminals  of  the 
tery. 

iga  Wheatrtone'i  Bridge.  We  shall  illustrate 
!  laws  by  applying  them  to  a  very  important  case 
*  network   of  conductors,  the  system  known  as   the 


Fio.  90. 
iatotone's  Bridge.     In  this  system  a  battery  is  placi^d 
»  conductor  AB,  and  live  other  conductors  A  C,  BO,  AD, 
t  CD  are  connected  up  in  the  way  shown  in  Fig.  90. 
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Let  E  be  the  electromotive  force  of  the  battery,  JBdv^l 
resistance  of  the  battery  circuit  AB^  Le.  the  resistam 
of  the  battery  itself  plus  the  resistance  of  the  wires  on- 
necting  its  plates  to  A  and  B.    Let  G  be  the  resistnioa 
of  CZ>,  and  6,  a,  a,  fi  the  resistances  of  AC,  BC,  AD,  M 
respectively.     Let  x  be  the  current  through  the  batloj, 
y  the  current  through  AC,  z  that   through  CD,    6} 
Kirchhoff's  first  law  the  current   through  AD  will  be 
x  —  y,  that  through   CB  y-^z,  and   that   through  DJ 
x-y-k-z. 

Since  there  is  no  electromotive  force  in   the  circoit 
ACD  we  have  by  Kirchhoflf's  second  law, 

the  negative  sign  is  given  to  the  last  term  because  travelling 
round  the  circuit  in  the  direction  ACD  the  current  a;-j 
flows  in  the  direction  opposite  to  that  in  which  we  are 
moving;  rearranging  the  terms  we  get 

(6  +  a)y+0^-ou?  =  0 (1). 

Since  there  is  no  electromotive  force  in    the   circuit 
CDB,  we  have 

Gz  +  /9  (a?  -  y  +  ^)  -  a  (y  -  2:)  =  0, 

or  -(a  +  )8)y  +  (G^  +  a  +  i8)-?  +  i8a;=0 (2). 

From  (1)  and  (2)  we  get 

X ^ y 

G(a  +  6  +  a  +  i8)  +  (6  +  a)(a  +  )8)     (?(a  + j8)  +  a(a  +  i8) 

= -i-r, (3). 

Since  the  electromotive  force  round  the  circuit  ACL 

is  E,  we  have 

-Ba?  +  6y  +  a(y--»)=»JE?; 
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V-W. 


0  (a  +  6  +  a  +  y9)  +  B  (6  +  o)(a  +  /9) 

G (o  +  6)(a  +  0)  +  a(a  +  0)(a  +  b)-a(ati-  hff_ 
B(a*b  +  a  +  ^)  +  B(b  +  «){a  +  /3) 

+  C  (o.  +  6)(a  +  ^)  +  aia  +  ah^  +  tia/S  +  ha^, 
the   Hura   of  the   products   of  the   six  resistaDcefl 
;,  h,  a,  /9,  taken  three  at  a  time,  omitting  the  product 

three  which  meet  in  a.  point. 

the  expressiona  given  in  equations  (4)  for  i 
Its  through  the  various  branches  of  the  netwoi 
Btances,  we  see  that  the  multiplier  of  £/A  i 

ion  for  the  current  through  an  arm  (P)  (other  thai 

the  sum  of  the  products  of  the  resistances  othec 

le  battery  resiutance  and  the  resistance  of  P  t 
id  two.  omitting  the  product  of  any  two  which  roe* 

T  of  the  extremities  of  the  battery  arm  or  at  eitl 

ixtremitiea  of  the  arm  P. 

20 
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From  these  expreasions  we  see  at  once  that  if  we  ke^ 
all  the  resistances  the  same  then  the  current  in  one  am 
{A)  due  to  an  electromotive  force  E  in  another  arm  (B). 
is  equal  to  the  current  in  (B)  when  the  electromotiv«  f 
is  placed  in  the  arm  A.  This  reciprocal  relation  is  n.; 
confined  to  the  case  of  six  conductors,  but  is  true  whiH- 
ever  the  niiinber  of  conductors  may  be. 

We  may  write  the  expression  for  a:  given  by  eqiiiiii 
(4)  in  the  form 

E 
^     B  +  R' 
where 

„      Q  (ft  +  i<)  (a  4-  g)  +  aaj3  +  aah  +  »j3fc  +  afib 
G(n  +  6  +  o+^)  +  (6  +  o)(a  +  yS) 
R  is  the  resistance,  between  A  and  B,  of  the  ctw^-i 
quadrilateral  ACBD. 

We  see  that  R  =  (sum  of  products  of  the  5  reBistanca 
of  this  quadrilateral  taken  3  at  a  time :  leaving  out  tbc 
product  of  any  threti  that  meet  in  a  point) :  divided  Ij 
the  sum  of  the  products  of  the  same  resistances  taken  twi 
at  a  time,  leaving  out  the  product  of  any  pair  that  med 
in  A  or  B. 


191.    Conjugate  Conductors. 

CD  will  vanish  if 


The  current  tbroQi^l 


in  this  case  AB  and  CD  are  said  to  be  conjugate  to  •  m  ■ 
other,  they  are  so  related  that  an  electromotive  for? 
AB  does  not  produce  any  current  in  CD:  it  follows  ti 
the  reciprocal  relation  that  when  this  is  the  cas^ 
electromotive  force  in  CD  will  not  produce  aoy  ciir 
mAB. 


191]  ELECTRIC   CCBRENTR.  307 

'         The  condition  that  CD  should   be   conjugate  to  AB 
"  may  be  got  very  simply  in  the  following  way.    It'  no  current 
*  flows  down  CD,  C  and  D  must  be  at  the  same  potential ; 
hence  since  2  =  0,  we  have  by  Ohm's  Law 

hy  =  a{x-y). 
Bince  the  diflference  of  potential   between   A   and    C  is 
equal  to  that  between  A  and  D. 

Since  the  difference  of  potential  between  C  and  B  is 
equal  to  that  between  D  and  B,  we  have 

ay  =  ^{x-y); 
hence  eliminating  y  and  x  —  y,  we  get 

«-^' 
^  6/3  =  00. 

^B    When  this  relation  holds  we  may  easily  prove  that 

^Rdch  we  may  write  as 

H  A  =  S(G  +  P')(B  +  Py, 

where  S  is  the  resistance  of  ABB.  ACB  placed  in  serieir 
P  the  resistance  of  the  same  conductors  when  in  parallel, 
and  P'  the  resistance  of  CAD,  CBD  in  parallel. 

►         When   AB  ia   conjugate   to   CD,  then   in   whatever 

■  part   of  the   network  an  electromotive   force   is   placed, 

■  the  current  through  one  of  these  arms  is  independent 
of  the  reaiatance  in  the  other.  We  may  deduce  this 
from  the  preceding  expressions  for  the  currents  i 
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arms  of  the  circuit ;  it  can  also  be  proved  in  the  folloiri  i 
way,  which  is  applicable  to  any  number  of  conduc-' 
Suppose  that  an  electromotive  force  in    some  braiicl 
the  ByBtem  produces  a  current  through  AB,  then  we  nuj 
introduce  any  E.H.F.  we  please  into  AB  without  alteritfl 
the  current  through  its  conjugate  CD.     We  may  in  pw^l 
ticular   introduce  such  an  electromotive  force  as  vw'' 
make  the  current  through  AB  vanish,  without  alttr 
the  cUtrent  in  CD,  but  the  effect  of  making  the  cun 
in   AB  vanish  would  be  the  same  as  supposing  Ali 
have    an    infinite    resistance;    hence    wc    may    make  ; 
resistance  of  AB  infinite  without   altering    the   cum.i 
through  CD. 

192.  We  may  use  Wheatstone's  Bridge  to  get  a  differ 
ence  of  potential  which  is  a  very  small  fraction  of  thai 
of  the  battery  in  the  Bridge.  The  difference  of  potential 
between  C  and  D  is  equal  to  Gj,  i.e.  to 

A 
it  thus  bears  to  E  the  ratio  of  0  {aa  —  b^)  to  A.  Br 
making  af<  —  b^  small  we  can  without  using  either  verj 
small  or  very  large  resistances  make  the  ratio  of  the  poten- 
tial difference  between  C  and  D  to  E  exceedingly  small, 
for  example,  let  <£=101,  a=99,  6  =  ^=100,  B  =  6  =  \. 
Thus  we  find  that  this  ratio  is  nearly  equal  to  1/4  x  10', 
or  the  potential  difference  between  0  and  D  is  only  alwot 
one  four- millionth  part  of  the  E.M.F.  of  the  battery.  I 

193.  Heat  produced  in  the  Syatetn  of  Cod-  ' 
ductora.     Assuming  Joule's  law  (see  Art.  177)  we  s!: 

show  that  for  all   possible  distributions   consistent   .i. 
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Kirchhoti's  first  law,  the  one  that  gives  the  minimum  i-atc 
of  heat  production  is  that  which  obeys  the  seconH  law. 

For,  consider  any  closed  circxiit  in  a  network  of  con- 
ductors, let  u,  V,  w  ...  be  the  currents  through  the  arms 
of  this  circuit  as  determined  by  Kirchhoff's  laws,  and 
r,,  r.„  ...  the  corresponding  resistances.  The  rate  of  heat 
production  in  this  closed  circuit  is  by  Joule's  law  equal  to 
ni('+r,u"  + (1). 

Now  suppose  that  the  currenta  in  this  circuit  are 
altered  in  the  most  general  way  possible  consistent  with 
leaving  the  currents  in  the  conductors  not  in  the  closed 
circuit  unaltered,  and  consistent  also  with  the  condition 
that  the  algebraical  sum  of  the  currents  flowing  into 
any  point  should  vanish :  we  see  that  these  conditions 
require  that  all  the  currents  in  the  closed  circuit  should 
■  be  increased  or  diminished  by  the  same  amount.  Let 
•  them  all  be  increased  by  f ;  the  rate  of  heat  production  in 
the  circuit  is  now  by  Joule's  law 
r,(u  +  ?)'+r,(t»  +  e)'+... 
=  iVi'  +  r^v'+  ...  +  2^(r,u  +  r.A>  +  ...)  +  (r,  +  r.,+  r,  +  ...)  ^. 

Now  since  the  currents  n,  v,  w  are  supposed  to  be 
determined  by  Kirchhoff's  laws 

r^ii  +  r.,v-V  ...=0, 
if  there  is  no  electromotive  force  in  the  closed  circuit. 
Hence  the  rate  of  heat  production  is  equal  to 

r,u"+r,D"+...+(r, +  )-,  +  »■, +  ...)?' (2). 

Of  the  two  CKprossions  (1)  and  (2)  for  the  rate  of  heat 
production  (2)  is  always  the  greater;  hence  we  see  that 
any  deviation  of  the  currents  from  the  values  determined 
by  Kirchhoff's  law  would  involve  an  increase  in  the  rate 
of  heat  production. 
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V        194.     Use  of  the  Dissipation  Function.     We  maj 

often  conveniently  deduce  the  actual  distribution  of  tlie 
currents  by  writing  down  F  the  expression  for  the  rate  of 
heat  production  and  making  it  a  minimum,  subject  to  the 
condition  that  the  algebraical  sum  of  the  currents  whidi 
meet  in  a  point  is  zero.  Or  we  may  by  the  aid  of  tim 
condition  express  as  in  the  example  of  the  Wheatstone's 
Bridge,  the  current,  through  the  various  arms  in  terms  of 
a  small  number  of  currents  x,  y,  z,  then  express  the  rate 
of  heat  production  in  terms  of  w,  y,  z. 

F  is  often  called  the  Dissipation  Function. 

When  there  are  electromotive  forces  Ep,  Eg  ia  the 
arms  through  which  currents  Up,  Uq  are  flowing  respec- 
tively, then  the  actual  distribution  of  current  is  that 
which  makes 

F-2(EpUp+EgUg-¥...) 

a  minimum.  Thus  in  the  case  of  the  Wheatstone's 
Bridge  (Art.  190) 

F  =  Ba^ -^bf  •{- a(y -  zy  +  Oz^ •{-  a(x - yy  +  /3 (x  -^ y -{- zf, 
and  equations  (4)  of  Art.  190  are  equivalent  to 

which  are  the  conditions  that  F—  2Ex  should  be  a 
minimum. 

A  very  important  example  of  the  principle  that 
steady  currents  distribute  themselves  so  as  to  make  the 


ELECraiC  CUEHENTS. 


I 

^^Hp  of  heat  prodnctioQ  as  small  as  possible,  is  that  of 

^^^p  flow  of  a  steady  current  through  a  uoiform  wire ;  in 

tfaU  case  the  rate  of  heat  production  is  a  minimum  when 

thf  current  is  uQiformly  distributed  over  the  cross  section 

'if  the  wire, 

196.  It  follows  from  Art.  193  that  if  two  electrodes 
are  connected  by  any  network  of  conductors,  the  equivalent 
resistance  is  in  general  increased,  and  is  never  diminished, 
by  an  bicrease  in  the  resistance  of  any  arm  of  this  net- 
work. 

If  A  is  the  resistance  between  the  electrodes,  »  the 
current  flowing  in  at  one  electrode  and  out  at  the  other, 
then  R^  is  the  rate  of  heat  production.  Let  A  and  B 
respectively  denote  the  network  before  and  after  the 
increase  in  resistance  in  one  or  more  of  its  amis.  By 
suitable  constraints  we  can  make  the  distribution  of 
curreubi  through  A  the  same  as  that  actually  existing  in 
B.  The  rate  of  heat  production  in  the  coustrained  system 
is  however  greater  than  that  in  A.  Now  take  this  con- 
strained system  and  without  altering  the  currents  suppose 
:hiit  the  resistances  are  increased  until  they  are  the  same 
IS  in  B,  But  since  the  resistances  are  increased  without 
altering  the  currents  the  rate  of  heat  production  is  in- 
creased, so  that  as  this  rate  was  greater  than  in  A  before 
the  resistances  were  increased  it  will  a  foriiofi  be  greater 
aftcmvards.  But  after  the  resistances  were  increased  the 
currents  and  resistances  are  the  same  as  B,  hence  the  rate 
of  heat  production  and  therefore  the  resistance  of  B  is 
later  than  that  of  A. 

196.  XHatribution  of  Current  through  an  Infinite 
nductor.     We  shall  now  consider  the  case  when  the 
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currents  instead  of  being  constrained  to  flow  along  wirei 
are  free  to  distribute  themselves  through  an  unlimited 
conductor  whose  conductivity  is  constant  throughout  ite 
volume.  We  shall  suppose  that  the  current  is  introduced 
into  this  conductor  by  means  of  perfectly  oonductiiig 
electrodes,  Le.  electrodes  made  of  a  material  whose  specific 
resistance  vanishes.  The  currents  will  enter  and  leave  these 
electrodes  at  right  angles,  for  a  tangential  current  in  the 
conductor  would  correspond  to  a  finite  tangential  electric 
intensity  in  the  conductor  and  therefore  in  the  electrode, 
but  in  the  perfectly  conducting  electrode  a  finite  electric 
intensity  would  correspond  to  an  infinite  current.  Let  A 
and  B  be  the  electrodes,  i  the  current  which  enters  at  A 
and  leaves  at  B ;  then  we  shall  prove  that  the  current  at 
any  point  P  in  the  conductor  is  in  the  same  direction  as, 
and  numerically  equal  to,  the  electric  intensity  at  the 
same  point,  if  we  suppose  the  conducting  material  between 
the  electrodes  to  be  replaced  by  air,  and  the  electrodes  A 
and  B  to  have  charges  of  electricity  equal  to  i/4gir  and 
—  i/4^  respectively.  For  the  current  is  determined  by  the 
conditions  that  it  is  at  right  angles  to  the  surfaces  A 
and  JB,  and  that  since  the  current  is  steady,  and  there  is 
no  accumulation  of  electricity  at  any  part  of  the  con- 
ductor, the  quantity  of  electricity  which  flows  into  any 
region  equals  the  quantity  which  flows  out.  Hence  we 
see  that  the  outward  flow  over  any  closed  surSsM^e  enclos- 
ing A  and  not  B  is  equal  to  i,  over  any  closed  sur£M» 
enclosing  B  and  not  A  is  equal  to  —  i,  and  over  any  closed 
surface  enclosing  neither  or  both  of  these  surfaces  is  zero. 
But  the  electric  intensity,  when  the  conductor  is  replaced 
by  air  and  A  has  a  charge  i/4^  of  positive  electri- 
city, while  B  has  an  equal  charge  of  negative  electricity, 
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-iitisties  exactly  the  same  conditions,  which  are  sufficient  to 
■  litermine  it  without  ambiguity  ;  hence  the  current  in  the 
conductor  is  equal  to  the  electric  intensity  in  the  air  and 
is  iu  the  same  direction.  A  line  such  that  the  tangent  to 
it  at  any  point  is  in  the  direction  of  the  current  at  that 
point  is  called  a  stream-line,  The  stream-linos  coincide 
with  the  lines  of  force  in  the  electrostatic  problem. 

197.  If  5  is  the  intensity  of  the  current  at  any  point 
P  (i.e.  the  current  flowing  through  unit  area  at  right 
angles  to  the  stream-line  at  P),  a  the  specific  resistance 
of  the  conductor,  ds  an  element  of  the  stream-line,  then 
by  Ohm's  law  the  E.M.F.  between  the  electrodes  A  and  B 
is  equal  to 

the  integral  being  extended  frora  the  surface  of  A  to  that 
of  B.     As  ff  is  constant,  this  is  equal  to 

If  J*  is  the  electric  intensity  at  J*  in  the  electrostatic 
problem,  sine*  f'=fy,  the  E.M.F.  between  A  and  B  is  equal 
to 

but  if  F^  is  the  difference  of  potential  between  A  and  B 
in  the  electrostatic  problem, 

^^K   Hence  the  E.M.t'.  between  A  and  B  is  equal  to  aV. 

^TStit  if  G  ia  the  electrostatic  capacity  of  the  two  conductors, 

-ince  these  have  the  charges  i/47r  and  —i/inr  respectively. 
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Hence  the  E.M.F.  between  A  and  B^ 


at 


or  the  resistance  between  A  and  B  is  equal  to 


We  see  from  this  that  the  resistance  of  a  shell  bounded 
by  concentric  spherical  surfaces,  whose  radii  are  a  and  6, 
is  equal  to 

The  resistance  per  unit  length  of  a  shell  of  conducting 
material  bounded  by  two  coaxial  cylindrical  sur&ces  whose 
radii  are  a  and  6  is  equal  to 

cr  ,      b 

The  resistance  between  two  spherical  electrodes  whose 

radii  are  a  and  b  and  whose   centres  are  separated  by 

a  distance  i2,  where  R  is  very  large  compared  with  either 

a  or  6,  is  equal  to 

a_  jl      1_^  2^ 

47r  (a  "^  6      R)' 
approximately. 

The  resistance  per  unit  length  between  two  straight 

parallel  cylindrical  wires  whose  radii  are   a  and  b,  and 

whose  axes  are  at  a  distance  R  apart,  where  R  is  veiy 

large  compared  with  a  or  6,  is  approximately 

If  we  have  two  infinite  cylinders,  one  with  a  charge 
of  electricity  E  per  unit  length,  the  other  with  the  charge 
—  E\  then  if  A  and  B  are  the  centres  of  the  sections  of 


a 

2^ 
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a  cyliaileru  by  a  plaoe  per[>en<Ucular  to  the  axis  and  1 
■  Pa  point  in  this  plane,  then  the  electrostatic  potential 
I  nt  P  will,  if  the  cylinders  axe  so  far  a})art  that  the  elec- 
tricity may  be   regarded   as    uniformly  distributed  over 
them,  be  equal  to 

thus  thL'  lines  along  which  the  clectrosttilic  potential  i 
constant  are  those  for  which 

-j-p  =  a  constant  quantity. 

That  is,  they  are  the  series  of  circles  for  which  A  and  B 
lire  inverse  points  The  lines  of  force  are  the  lines  which 
cut  these  circles  at  right  angles,  i.e.  they  are  the  series  of 
circles  passing  through  A  and  B.  But  the  lines  of  force  iu 
the  electrostatic  problem  coincide  with  the  lines  along 
which  the  currents  flow  between  two  parallel  cylinders  as 
electrodes;  hence  these  currents  flow  in  planes  at  right 
angles  to  the  axes  of  the  cylinders,  along  the  circles 
passing  througli  the  two  points  in  which  these  planes 
intersect  the  axes  of  the  cylinders. 

Since  the  resistance  of  unit  length  of  the  cylinders  is 
<7    ,       B} 

the  resistanco  of  a  distance  t  is 

This  will  be  the  resistance  of  a  thin  lamina  whose  thick- 
ncfld  is  (  when  the  current  is  led  in  by  circular  elec- 
trodes radii  a  and  h,  if  the  thickness  of   the  lamina  is 
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SO  small  that  the  currents  are  compelled  to  flow  parallel 
to  the  lamina.    The  lines  of  flow  in  this  case  are  dicles 


passing  through  A  and  B;  they  are  represented  in 
Fig.  91. 

SiDce  the  currents  flow  along  these  circles  we  shall 
not  alter  the  distribution  of  current  if  we  imagine  the 
lamina  cut  along  one  or  other  of  these  circles;  hence 
if  the  lamina  is  bounded  by  two  circles  such  as  APB, 
BQB  the  lines  of  flow  will  be  circles  passing  through  A 
and  B. 

To  find  the  resistance  of  a  lamina  so  bounded,  con- 
sider for  a  moment  the  flow  through  the  unlimited 
lamina.  The  current  will  flow  from  out  of  each  electrode 
approximately  uniformly  in  all  directions;  hence  if  we 
draw  a  series  of  circles  intersecting  at  the  constant 
angle  a  At  A  and  B,  we  may  regard  the  lamina  as  a  form 
of  the   conductors  between   the   stream-lines  placed   in 
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■Itiple  arc,  the  mimber  of  these  conductors  is     - ,  and 

^  the  same  current  flows  through  each,  the  resistance 
f  one  of  them  is  2ff/tt  of  the  whole  resistance ;  thus 
i  reaiatance  of  one  of  these  conductors  is 


I  Thus,  for  example,  if  the  electrodes  are  placed  on  the 
Fciiniference  of  a  complete  circle,  a  =  ir  and  the  reaiat- 
I  ance  of  ihe  lamina  is 


I 


Conditions  Batisfied  when  a  current  flowi 
trota  one  medium  to  another.  Let  AB  be  a  portion 
of  the  surface  of  separation  of  two  media,  o-,  the  specific 
rcedstancu  of  tho  upper  medium,  tr.,  that  of  the  lower,  let 
$  and  0  be  the  angles  which  the  directions  of  the  current 
in  the  upper  and  lower  media  respectively  make  with  the 
normal  to  the  mirface.  Let  q,,  q,  he  the  intensities  of 
the  currents  in  the  two  media,  i.e.  the  amount  of  current 
flowing  across  unit  areas  drawn  at  right  angles  to  the 
direction  of  flow.  Then  since,  when  things  are  in  a  steady 
state,  there  ia  no  iacreasc  or  decrease  in  the  electricity  at 
the  Junction  of  the  two  media,  the  currents  along  the 
normal  must  be  the  same  in  the  two  media. 


Thus 


q,  cos  f  =  Ja  C 


■  ■(1). 


Again,  the  electiic  intensity  parallel  to   the   surface 

taUHt  be  the  same  in  the  two  media,  aud  since  the  eloc- 

1  intensity  in  any  direction  is  e()ual   to   tho   specific 
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resistance  of  the  medium  multiplied  by  the  intensi^  of  ■  i 
the  current  in  that  direction,  we  have 

Ciqi  sin  0  =  0-4,  sin  ^ (2), 

hence  from  (1)  and  (2)  we  have 

cTi  tan  0  =  a'i  tan  ^. 

This  relation  between  the  directions  of  the  currentB 
in  the  two  media  is  identical  in  form  with  that  given 
in  Arts.  74  and  157,  for  the  relation  between  the  diIe^ 
tions  of  the  lines  of  electric  intensity  and  of  magnetic 
force  when  these  lines  pass  from  one  medium  to  another. 

We  see  that  if  cr^  is  greater  than  cr^,  then  0  is  greater 
than  0;  hence  when  the  current  flows  from  a  poor  con- 
ductor into  a  better  one  the  current  is  bent  away  fix>m  the 
normal. 

The  bending  of  the  current  as  it  flows  from  one 
medium  into  another  is  illustrated  in  Fig.  92,  which  is 


taken  from  a  paper  by  Quincke.    The  figure  represents 
the  current  lines  in  a  circular  lamina,  one  half  of  which 
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1.  the  other  half  copper,  the  electrodes  being  plaoed 
Itbe  circumference.  It  shows  how  the  currents  in  going 
1  the  worse  conductor  (the  lead)  to  the  better  one  (the 
pper)  get  bent  away  from  the  normal  to  the  surface  of 

■ation. 

I  The  electric  intensity  parallel  to  the  normal  in    the 
lium  whose  specific  resistance  is  ir,  is 
a,qx  cos  9, 
in   the   medium   whose   specific  tesJstanice  ia  iTi  is 
^co0^     Since   q,ca»9  is  by  et^uaiion  (I),  equal   to 
8  0,  we  see   that   if  a,   differs   from   9,  the  normal 
;  intensity  will  be  diBCoatinaons  at  the  KoHaee  i4 
I  seporatioa. 

If  the  normal  electric  tatenaitj  b  diseocitiDaniia  there 
must  be  a  dtstribntioo  of  electricity  over  the  ttir&ce 
such  that  ^  timea  the  auftee  denaty  at  thw  dartribo- 
tion  is  equal  to  the  ineaa^auaty  in  liie  noniMl  electric 
intensity ;  hence  H  m»  the  ■arfiwe  tntea«^  ef  C 
trictty  oo  the  mrfiue,  and  if  the  cvmt  im  flMriqf  4 
the  fint  medinni  to  the  neoacl 

*«  =  «*ft  «•  ♦  -  »,flk  ««•  * 

=  (ff, -#,)y,  CM^. 


•V"? 


CHAPTER  X. 

Maqnetic  Fobce  due  to  Cubrents. 

199.  It  was  uot  until  1820  that  it  was  known  that  an 
electric  current  exerted  any  mechanical  effect  on  a  magnet 
in  its  vicinity.  In  that  year  however  Oersted,  a  Professor 
at  Copenhagen,  showed  that  a  magnet  was  deflected  when 
placed  near  a  wire  conveying  an  electric  current. 

When  a  long  straight  wire  with  a  current  flowing 
through  it  was  held  near  the  magnet,  the  magnet  tended 
to  place  itself  at  right  angles  both  to  the  wire  and  the 
perpendicular  let  &11  from  the  centre  of  the  magnet  on 
the  wire. 

The  lines  of  magnetic  force  due  to  a  long  straight  wire 
may  be  readily  shown  by  making  the  wire  pass  through 
a  hole  in  a  card-board  disc  over  which  iron  filings 
are  sprinkled.  When  the  disc  is  at  right  angles  to  the 
wire,  the  iron  filings  will  arrange  themselves  in  circles 
when  the  current  is  flowing ;  these  circles  are  concentric, 
having  as  their  centre  the  point  where  the  wire  crofises 
the  plane  of  the  disc. 

The  connection  between  the  direction  of  the  current 
and  that  of  the  magnetic  force  is  such  that  if  the  axis 
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__    7    a  right- handed  screw  (Le,  an  ordinary  cork-screw)  coin- 

*  Mc8  with  the  direction  of  the  current,  then  if  the  screw 

screwed  forward  into  a  fixed  nut  in  the  direction  of  the 

*  Jrrent  the  magnetic  force  at  a  point  /*  is  in  the  direc- 
Vnn  in  which  P  would  move  if  it  were  rigidly  attached  Ut 
Iji'  screw. 

Many  students  will  tind  that  they  can  nv^e  «Mily 
'  member  the  connection  between  the  direction  of  the 
iirrent  and  the  magnetic  force  by  means   of  x  figure 

t.hati  by  a  verbal  rule.     The  following  figure  exhibits  thii 

relation. 


CD 


FulSS. 


200.    Ampere'B  law  for  Ute  i 
to  aDy  closed  linear  clrcnit.     This  maf  be  tUttM  m 

followa:  .\l  iiij>  pMii.-.  1'.  i><A  uk  the  Hire  etmnjmg  Uh 
ciirront.  ih.;  miigii-ii-  f/rces  doe  to  thf  r.amtA  «am  b* 
derived  ffum  a  |>-iUuu.>l  fl  wImk  f2  -  1'w,  ■  tmmg  ik» 
current  flowing  round  I'ae  dreait.  m  tlie  aotirl  vngts  an^ 
ti-ndod  by  the  cirtmit  u  P,  mad  C  *  iMMtiMt  vtMok 
dejwndfl  on  ihe  unit  in  wbkh  *hf-  "^Trr" nt  ir  ■mu""***' 

When   th»i  unit  ut   cnrr 

'  ctoctromagiMtic  luut.'  »?•' 

T.  K. 


I 
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shall   ill   the    following   investigations  siipptise   that  tke 
ciuTent  is  measured  in  terms  of  this  unit. 

We  see  from  Art.  133  that  this  is  equivalent  to  nayiag 
that  the  magnetic  field  due  to  a  current  is  the  same 
aa  that  due  to  a  magnetic  shell  whose  strength  is  u 
the  boundary  of  the  shell  coinciding  with  the  circuit  con- 
veying the  current.  The  direction  of  magnetizatimi  of 
the  shell  is  related  to  the  direction  of  the  current  in  such 
a  way  that  if  the  observer  stands  on  the  side  of  the  shell 
which  is  charged  with  positive  magnetism  and  looks  it 
the  current,  the  current  in  front  of  him  fiows  from  ri^ 
to  left. 

The  best  proof  of  the  truth  of  Ampfere'a  law  is  thai 
though  its  consequences  are  being  daily  compared  witi 
the  results  of  experiments,  no  discrepancy  ha»  ever  been 
detected. 

The  potential  due  to  the  magnetic  shell  at  a  point 
in  the  substance  of  the  shell  is  not  the  same  as  that  dot 
to  the  electric  circuit,  nor  is  the  magnetic  force  at  such* 
point  the  same  in  the  two  cases.  This  however  does  nol 
cause  any  difficulty  in  determining  the  magnetic  force  dae 
to  a  circuit  at  any  point  P,  for,  since  only  the  boundary  iif 
the  equivalent  magnetic  shell  ia  fixed,  we  can  alw»ji 
arrange  the  shell  in  such  a  way  that  it  does  not  pa 
through  P. 

We  can  easily  prove  however,  that  at  any  pdnl 
whether  in  the  substance  of  the  shell  or  not,  the  mn^ 
netic  /orce  due  to  the  circuit  is  equal  to  the  magii< ' 
induction  due  to  the  shell.  For  let  P  be  a  point  in  ! 
substance  of  the  shell,  then  though  the  magnetic  force  I' 
to  the  shell  will  not  be  the  same  aa  at  P'  a  point  y. 


s  the  Bhdl,  ret  tbe  Ivo 

\  differ  frnro  that  miPhy 

tbe  duUnw  PP*  » 

tetic  foree  at  i"  dnc  la  ike 

I  magnetic  fofce  at  P'6t  ta  tke 

rnotised  along  the  n«aNl,  the  «i 

:  in  tfa«  abeU  >b  equal  t»  Ac  tai 

duction.     Now,  hj  Art.  157.  Ike  ta 

3  at  i^.  a  point  jnsfc  ovaHdc  ifce  d 

hgential  magnetic  fcfBe  tt  P,  m  fni 

itU,  and  this,  as  we  have  JB*  voi,  ■ 

Btial  magnetic  iDdsetka  at  P.    Ap 

mal  magnetic  foree  at  f  ia  eqpd  t 

{tie  indactioa  &t  i*.    Tina  aaee  the 

iqital  to  the  normal  iaJneti—  M  P,  «■!  tfe  ft 

!  at  P'  is   equal    to  the  taagiMiil  mimtaam  ^  A 

magnetic   force  at   P'  ■  eqpal  ■■  anptfafc  ^ri 

Etion  to  the  magnetic  iMlaEtM  at  P.    Sbas  A* 

[Detic  force  at  P  iae  ta  the  fWt  ii  «^hI  ft*  *e 

^etic    force   at  i^  dae  le  the  iheB,  >•  mb  A« 

magnetic  for«e  dae  ta  the  c^rna*  aC  P  »  tifiri 

Itbe  magnetic  indoeciaa  da*  t»  the  AeB  at  P. 

Tbtts  moce  the  Hnea  of  n 

shell  furm  a  aerie*  at  c 

shell,  the  ttum  of  mi^Betie  S«ee  dae  lo  a  «feaft  ftwvg 

round  n  ct<«et!    1tnt«r  cJrcait  vtll   be  a  aOKe  W  daaed 

ciirv'CK  threwling  tbe  rinaiit. 

301.     Work   done  ' 
round  a  cloaed  corre  in   a 
electric  cttireota.     U:  EFGfi  be  i 
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circuit  traversed  by  the  current,  then  the  magnetic  shd 
whose  magnetic  effect  is  equivalent  to  that  of  the  coneflli 


Fio.  94. 

must  cut  the  curve,  let  it  do  so  in  PQ,  Let  a,  6,  c  be  the 
components  of  magnetic  induction  due  to  the  shell  at  aaj 
point,  a,  /8,  7  the  components  of  the  magnetic  force  at  the 
same  point,  and  A,  B,  C  the  components  of  the  intensity 
of  magnetization.  Since  the  magnetic  force  due  to  the 
circuit  is  the  same  as  the  magnetic  induction  due  to  the 
shell,  TT,  the  work  done  on  the  unit  pole  when  it  traverses 
the  closed  curve  EFGH  under  the  influence  of  the 
electrical  currents,  is  given  by  the  equation 

W  =  ^{adx  +  hdy  +  cdz\ 

the  integral  being  taken  round  the  closed  curve. 

Hence  we  have  by  Art.  152 

W  =  J{(a  +  ^wA)  dr  +  (/3  4-  ^ttB)  dy  +  (7  +  47r(7)  dz], 

or  since  by  Art.  133  the  line  integral  of  the  magnetic 

force  due  to  the  shell  vanishes  when  taken  round  a  closed 

circuit,  we  have 

j{adx  +  ^dy  +  ^dz)  =  0 ; 

hence  W  =  4i7rj{Ada!  +  Bdy  +  Cdz\ 

where  the  integral  is  now  taken  from  P  to  Q,  the  points 
where  the  shell  cuts  the  curve  EFOH,  since  it  is  only 
between  P  and  Q  that  A,  B,  C  do  not  vanish. 


Ul]  MAGXEnc  KMi^  sea  i»  eem 

ir  ^  is  the  aUL^lh  «f  <fe  aa^irtB 
Kttkm  or  iategottitm  m  h^  ^svmgmm 
poT  tfaesbell 

It   is   the  fstreagih  «l   Ae  «^BaB  « 

I  ♦  =  i 

i  Art.  200 ;  bew* 

I  Thud  the  work  done  ob  ^bi  pak  vwa:  x  s 

[  curve  wbidi  ttruija  ti>-  oRaia  «c 
^tive  directioD.  ix~  vfceA  As  fni*  «Sa»  s  A 
B  of  the  eqairaleot  AtM  wmi  i^^m  m  ae  f 
mt  whatever  he  iIk  prtfc.  mJ  m  9^mi  ■• 


If  the  cItMed  cnrte  aki^  wtek  lk  mat  fttt  ^pHrib 
dues  not  thread  the  aicait  of  ife  eaom^  4br  ««1  dM» 
>>H  the  uiiit  pnle  vanbbci.  far  we «•■  &■»  tfe  cfvavhat 
nholl  ao  as  to  be  wbollj  oouide  lite  falk  W  ife  yal^^ri 

t!>  tbiscaflc  A,  B,  C  vanid^b  at  aO  pands  «tf  tfee ptfL 

If  the  path  along  wbicb  the  auit  pate  >«  takieo  thnadi 
the  circuit  n  timea  in  tbe  pomtii'e  directjon  Hbe  paahire 
direction  being  when  the  p(^  )□  its  path  eoter^  tbe 
eifiiivaleDt  magnetic  Hbel!  at  tbe  oegstiTe  nde  and  leaves 
it  at  the  positive^  aad  m  timee  in  the  oeg&tive  direction, 
the  work  done  on  tbe  pole  on  its  path  in  eqna)  Ut 

The  valne  of  /(air  +  3dy  +  yde)  lakt-n  round  a  clowd 
rin-iiit  i*  independent  of  tbe  nature  of  the  materiaJ  which 
I  travened  by  the  cinmit ;  it  i.*  the  snuu;.  if  ■■ 
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are  unaltered,  whether  the  circuit  lies  entirely  in  n; 
entirely  in  iron  or  any  other  magnetizable   mediam,  w 
partly  in  air  and  partly  in  iron.     For  the  field  mayk 
regarded  as  made  up  of  two  parts,  one,  in  whidi  (he 
components  of  the  magnetic  force  are  tti,  A,  71  due  to  (he 
magnetic  action  of  the  currents  when  there  is  DothiBg 
but  air  in  the  neighbourhood;  the  other  a  field  whoR 
components  are  Oq,  /So,  70  due  to  the  magnetization  in- 
duced or  permanent  of  the  irou. 

Hence 
J(ada;  +  fidy  +  ydz) 

=  /{(ai  +  «o)dr  +  (A+A)<iy  +  (7i+7.)<fc}- 
Since  oto,  fiot  7o  &i*e  the  forces  due  to  a  distribatioD 
of  vuignets  the  work  done  by  these  forces  on  a  unit  pd* 
taken  round  a  closed  circuit  must  vanish,  hence 

J{a^dx  +  fi^y  +  yodz)  =  0, 
when  the   integral   is   taken    round   any   closed   circuit 

Thus 

f{adx  +  fidy  -f-  ydz)  =  Ka^dx  +  /Sidy  -h  yidz), 
and 

f(a,dx  +  fi4y  +  yidz) 

=  47r  (sum  of  currents  embraced  by  the  circuits). 

Thus  J(adw  +  fidy  +  ydz)  depends  merely  upon  the 
currents  in  the  field  and  not  upon  the  nature  of  the 
material  intersected  by  the  circuit. 

202.  Magnetic  force  due  to  an  infinitely  long 
straight  current^  in  a  field  in  which  there  are  no 
magnetizable  substances.  In  this  case  the  magnetic 
force  is  numerically  equal  to  the  magnetic  induction,  and 
hence  the  total  normal  magnetic  force  taken  over  any 
closed   surface  vanishes.     Take  as   the   closed   surfisu^  a 
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;iit  circular  cylinder  with  the  current  for  axis,  and  k-t 
mhe  the  radial  magaelic  force  at  any  puint  of  the  curved 
!  of  this  cylinder ;  by  symmetry  R  is  constunt  over 
B  curved  surface.  Since  the  current  ia  infinitely  long 
)  mngnetic  force  will  not  vary  ae  we  move  parallel  to 
i  irire  conveying  the  current;  hence  the  normal  mag- 
Kic  force  taken  over  one  of  the  plane  enda  will  eiuicel 
Int  taken  over  the  other.  Thus,  if  S  is  the  curved  surftico 
\  the  cylinder,  the  total  magnetic  force  taken  ovit  the 
^oder  IB  RS,  and  since  this  vanishes,  R  must  vaiiiith; 
bice  there   ia  no   radial   magnetic    force   due    to    tho 


,  To   find    T  the  tangential   magnetic  force,  lot  P  he 

point,  and  OP  the   perpendicular   let   fall   from  P 

I  the  current ;  T  is  the  magnetic  force  at  right  onglen 

i  OP  and  to  the  direction  of  the  current.     With  0  an 

Btre  and  radius  OP  describe  in  a  plane  at  right  angles 

t  the  current  a  circle;   at  each   point  on  the  circuni- 

of  this  circle  the  tangential  magnetic  force  will 

'  symmetry  be  constant,  and   equal    to  T.    The  work 

ffie  when  unit  pole  is  taken  round  this  circle  i«  2wr7', 

and  since  the  path  encircles  the  current  once  this  nmsl 

by  Art.  201  be  equal  to  4-7ri,  if  t  m  the  strength  of  the 

xurrent ;  hence  we  have 

r  the  tangential  magnetic  force  varieH  invci-srty  na  tli<i 
^KDce  from  the  current. 
Wc  shall  now  show  that  the  magnetic  force  pjiralk-l  to 
e  current  vanishes. 
We  can  do  this  by  regarding  the  straight  circuit  as 
I  limit   of  a   circular   one  with   a  very   large   radius. 
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Con8ider  the  magnetic  force  at  a  point  P  due  to  the 
circular  current.  Through  P  draw  a  circle  in  a  plue 
parallel  to  that  of  the  current,  so  that  the  line  joining  0, 
the  centre  of  this  circle,  to  the  centre  of  the  circle  in  whick 
the  current  is  flowing  is  perpendicular  to  the  planes  o( 
these  circles.  Then  if  T  is  the  magnetic  force  along  tk 
tangent  to  this  circle  at  P,  T  will  be,  by  symmetry,  the 
tangential  force  at  each  point  of  this  circle.  Hence  the 
work  done  in  taking  unit  pole  round  the  circumference  of 
this  circle  is  2'rrOP .  T,  this  must  however  vanish  as  the 
circle  does  not  enclose  any  current,  thus  T  must  be  Km 
Proceeding  to  the  limit  when  the  radius  of  the  circle  is 
indefinitely  increased  we  see  that  the  ma^etic  force  due 
to  a  straight  current  has  no  component  parallel  to  the 
current. 

Thus  the  lines  of  magnetic  force  due  to  the  long 
straight  current  are  a  series  of  circles  whose  centres  are 
on  the  axis  of  the  current  and  their  planes  at  right  angles 
to  the  current.  The  direction  of  the  magnetic  force  i? 
related  to  that  of  the  current  in  the  way  shown  in  the 
diagram,  Fig.  93 ;  we  see  that  the  directions  of  current  awi 
niJignetic  force  are  related  in  the  same  way  as  the  direc- 
tions of  translation  and  rotation  in  a  right-handed  screw. 

The  magnetic  force  at  a  point  P  not  in  the  curreni 
itself  is  thus  derivable  from  a  potential  ft,  where 

wheiv  0  is  the  angle  PO,  the  per|)endicular  let  fall  from 
P  on  the  axis  of  the  current,  makes  with  a  fixed  line  in 
the  plane  through  0  at  right  angles  to  the  current:  n 
is  an  integer.  The  potential  is  a  multiple  valued  functicm 
having  at  eaeh  point  an  infinite  series  of  values  differing 
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\  each  other  by  multiples  of  iriri,  which  is  the  work 

I  taking  unit  magnetic  puie  rouud  a  closed  circuit 

icing  the  current.     This  indeterrainatenesN   in  the 

.  arises   from    the   fact   that   the  work  done  on 

e  as  it  goes  from  oue  point  P  to  another  point 

wnds  not  merely  on  the  relative  positions  of  P  and 

lit  also  on  the  number  of  times  the  pole  in  its  path 

'  to  Q  encircles  tlie  current. 

t03.     Magnetic  force  Inside  the  conductor  con- 

the   current.      Wht^n    the   current   i.s   flowing 

tDetrically  through  a  circular  cylinder,  we  can  easily 

\  the  magnetic  force  at  a  point  inside  the  cylinder. 

'  be  the  centre  of  a  cross  section  of  the  conductor, 

^  a  point  at  which  the  tangential  force  T  is  required  ; 

i  plane  of  the  section  draw  a  circle  whose  centre  is 

I  radius  OP.    The  work  done  in   taking  unit  pole 

md  this  circle  is  2-7rOP .  T,  this  by  Art.  201  is  equal  to 

timed  the  current  enclosed  by  the  circle.     Hence  we 


i-rrVP.  T—  iw  (current  enclosed  by  the  circle  with 

couti*  0  and  mdius  OP),   i 
If  the  current  is  all  outaide  this  circle,  the  right-hand   i 
|i   iif  this  equation  vanishes:  hence  7  vanishes  and  there  I 
!■■  no  magnetic  force.     Thus  there  is  no  magnetic  force 

KB  interior  of  a  cylindrical  tube  conveying  a  current. 
!  the  current  is  uniformly  distributed  over  the  cross 
m,  and  t   is  the  total  current  flowing  thi-ough   the 
cylinder  whose  radius  we  shall  denote  by  a,  the  cwn'ent 
through  the  circle  whose  radius  is  OP  is  equal  to 
.     OP* 


3:M) 
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Hence 


OP* 


s     » 


a 

a' 

ThuH  when  the  current  is  uniformly  distributed, 
magnetic  force  inside  the  cylinder  varies  directly  as 
distance  from  the  axis ;  outside  the  cylinder  it  varies 
versely  as  this  distance. 

.^>  204.  The  total  normal  magnetic  induction  thrc 
^i^  any  cylindric  surface  paasing  through  two  lines  which  it 
sect  a  plane  at  right  angles  to  the  current  in  the  pc 
A  and  B,  Fig.  95,  is  the  same  whatever  be  the  shape  oi 
surface  connecting  these  lines :  this  follows  at  once  i 
tho  principle  that  the  total  magnetic  induction  over 
cIosckI  surface  is  zero.  Let  us  take  the  cylindrical  sui 
Huch  that  if  i?  is  the  point  nearest  to  0,  the  normal  sex 


Fks.  ^5. 


of  tho  surface  is  the  oirouhir  are  BC  and  the  radial  por 
CA,     Siuiv  tho  magnetic  force  is  everywhere  tangei 


UAOTtVnC  TOSCK  DtTE  TO   crBTtESTS. 

>  tabe  of  fbree  passes  through  the  portion  corre- 
iding  to  BC\  if  r  is  the  distance  of  any  point  P  «' 
1  from  0,  the  magnetic  force  at  P  is 
2i 


»ce  the   number  of  tubes  of  magnetic   for 
lugh  the  portion  corresponding  " 


/; 


("-•Si,       .,.,      OA 
-dr-2.loggg 


this  represents  the  mimber  pa-'usitig  through  tuvch 
,.  t  of  length  of  any  cylindric  surface  passtug  throiigli 
1  and  B. 

206.  Two  Infinitely  long  straight  parallel  our- 
Mnta  flowing  In  opposite  dlrectloni.     tx't  A  anij  //, 

,  96,  be  the  points  where  the  axes  of  tho  curpi'iitjt 
htereoct  a  plane  drawn  at  right  angles  to  the'  dil'uulioii 

:  currents.     Let  the  direction  of  the  cnrreiit.  at  A 


Pio-M. 

!  dowuwards  through  the  paper,  that  at  B  npwanU ;  if  i 
■  the  strength  of  either  current,  the  inagrieliie  poteDtiAl 
li  A  point  P  is.  Art.  202,  equal  to 

2i  f<  PAB  ±  2ir,i]  -  2i  lw-<  PliA  ±  Z-rrm]. 
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This  may  be  written 

iwHn  +  m)-<  APB  X  2i; 

hence  along  an  equipotential  line  the  angle  APB  is  c« 
Ktant,  hence  the  equipotential  lines  are  the  series  of  circle 
passing  through  AB. 

The  lincH  of  magnetic  force  are  at  right  angles  to  tli 
equipotential  lines,  they  are  therefore  the  series  of  oiclf 
having  their  centres  along  AB  such  that  the  tangeotel 
bhem  from  0,  the  middle  point  of  AB,  are  of  the  coostu 
length  OA. 

The  liiie»  of  magnetic  force  and  the  ei|uipotentii 
linos  are  represented  in  Fig,  97, 


The  direction  of  the  magnetic  force  is  easily  font 
aa  follows.  If  PT  is  the  direction  of  the  magnetic  fon 
at  I',  then  since  PT  is  the  (lormal  to  the  circle  roui 
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,  the  angle  BPT  is  equal  to  the  completnent  of  the 

be  maguetic  funre  ^  at  P  is  the  resultant  of  the 
I  ^jAP  at  right  ajigles  to  J P  and  Si/BP  at  right 
B  W  BP.    Resolving  these  along  PT.  we  have 

=^p-  ^^^^ 

'bus  the  intensity  of  the  ni;^iclic  force  at  P  varies 
[sely  as  the  product  of  the  distanws  of  P  from  A 


hi  a  point  on  the  line  bisecting  AB  at  right  an^ta 
=  fiP,  and  along  this  liue,  vhich  may  be  caDetl  tbe 
of  the  current,  the  magnetic  force  is  inversely  pro- 
ional  to  the  gquare  of  the  distance  frocn  A  and  fi; 
direction  of  the  force  is  parallel  (o  the  aii& 

At  a  point  whose  distances  from  A  aad  B  are  Urg« 
iparod  with  AB  we  may  put  AP==BP  =  OP.  m  tfais 
the  magnetic  force  varies  invereely  aa  OP*,  and  tbe 
ction  of  the  foice  makes  with  OP  the  aame  angte  m 
makes  with  the  line  at  right  angles  to  AB. 

206.  Number  of  tubes  of  maifoctle  lbrc«  da*  to 
two  curreDts  wblcb  paaa  throng  a  cifMrtt  n^m* 
oftwo  parallel  wires.     I^t  J.  £t  be  tbe  jraata 

■e    the  axes    A   ihe  t*-   — -  ■■-    ■■  ■   ,      ' 

n  at  right  angles  to  \t\' . 
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wires  of  the  circuit  cut  the  same  plane.    Then,  ArtS 

the  number  of  tubes  of  magnetic  force  due  to  i  wUi 

AC 
pass  through  CD  per  unit  length  =  2t  log  j^.    Simib^ 

the  number  which  pass  through  CD  and  are  due  to 
current  B  is 

-2tlog5j^; 

huucc  the  number  through  CD  per  unit  length  due  totkj 
current  t  at  A  and  —  t  at  B,  is 


^.  L     AC     .     BC\ 


„.,     AC.BD 

'-^'^''^ADTBCy 

\Vc  see  from  the  symmetry  of  the  expression  that  this 
is  the  number  which  would  pass  through  the  circuit  Al 
due  to  currents  +  %  and  —  i  at  C  and  D  respectively. 

When  the  circuits  AB,  CD  are  so  situated  that  when 
the  totiil  number  of  tubes  passing  through  CD  due  to  the 
current  in  ^,  jB  is  zero,  the  circuits  AB,  CD  are  said  to 
be  conjugate  to  each  other.    The  condition  for  this  is  that 

log  i  i\—up  should  vanish,  or  that 

AC^AD 
BC'BD' 

another  way  of  stating  this  result  is  that  C  and  D  rous 
be  two  points  on  the  same  line  of  magnetic  force  du 
to  the  currents  at  A  and  B;  this  is  equivalent  to  th 
condition  that  A  and  B  should  be  points  on  a  line  ( 
magnetic  force  due  to  equal  and  opposite  currents  fl 
C  and  D.    Since  the  lines  of  magnetic  force  due  to  tl 


XAGSmC  PGttX  2IIX  7f 


^^ents  A  and  A  sr  a  soas  ir  arai»  war 
-^B  it  follow  lias  3f  TI'  »  nmnipB!:  10  .xJ 
c^iin  conjogmie  iti^^Te'  ^'  »  tb 

</  being  the  pcczn  -viis^  «ii£^  infc  mmsms^  '3  f  t 
^les  inteisec^e  AR. 

A  case  <:>f  occia^siaiM^  ynirgfai  jBOMprsoK^  a>  «r>^ 
fc    have  two  am*!   •arcnni  Ai  watL   'U     Ur    -rarpor 

and   that  ihr^nci  Jf  s.  'Sas  soifc  tizivTicqi  jm^  tl-it 
^lough  I>. 

Let  OS  ^JCSiOrs  'Jbk  suit  vii^a  x3  auc  .'3  kp^  -r^.Tiai 
nd  parallel  azti  «:•  luaexfC  "aac  -ati^  ip»iiizt^  JL  J  J  '  ir^ 
t  the  con>er»  -uf  a  ruszuicit.  Tinex  x  ^  lu*  nrr-nr 
owing  rooaid  ^aea.  if  'ait  riiasunr  JL  "n**  lUHfnt^TLc 
otential  at  a  p:cin  /*  viL  i"  jLr  31*  w^  ir^-a  i»" 
he  eqiiat;<£ 

G  =  —  Srf  —  ^<a  —  !ni]i9rjiir. 

rhere  0  aod  ^   »?*  liut   aoip^  iiihr«»nfti>ft    r*ffl»fn- -17 
>y  J5  and  C/>  tt  /•- 

The  liiMS  -.^  TMtfitffiai  Ivrrit  ir*  "aii*  '.nr?*^  -p"!:!'!  •.i*; 
,hese  at  rizht  vuti^sL  laiiur  «u!a.  i^ 


9n  the  li&r  froci  A   b  C.  D  r»j*t»wsrT*i-T 


There  are  two  prA£.>  fT  F  wbrr*:  ice  -uicrj^<;ir,  ir-'sr 
▼anifihes:  these  uAni^  ar%  -va  icr:  jjtfr  'ira^r.  ihrv-.i-?;  ^y 
the  ceotre  of  tbe  rectaihgVr:.  foiailiH  v>  tb*;  wUa  A  h  ^r. 
CD;  we  can  ea^lj  prr>re  that  OE  m  eqruu  V^  ^a4. 
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At  a  pomt  P  on  the  axis  of  the  current,  Le.  on  tl 
through  0  at  right  angles  to  AB,  the  magn^  fi 
parallel  to  the  axis  and  is  by  Art  205  equal  to 


2i,AB^2i.CD 


AP' 


CP^ 


Jt^^^LiJ      ^) 


'  (  ■■ 


TT 


Fio.  9a 

if  OP  =  X,  AB  =  2a,  AC  =^U,  the  magnetic  force 

equal  to 

4ta  4ia 

a«  +  (a:  +  df  "^  a«"+ (d  -  ^)' ' 

This  is,  neglecting  the  fourth  and  higher  powe 

equal  to 

8ia     f        3d«-a»     1 

thus,  if  VSci  =  a,  the  term  in  a?  disappears  aod  th< 
power  of  X  which   appears  in  the  expression 
magnetic  force  is  the  fourth.     Thus  with   this 
between  the  size  of  the  coils  and  the  distance  1 
them  the  force  ne€ur  0  varies  very  slowly  as   w 
along  the  axis. 
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The  number  of  tubes  of  magnetic  force  which  pasa 
■hrough  one  circuit  when  a  current  i  flowa  round  the  other 
lay,  by  using  the  result  given  in  Ai-t.  206,  easily  be  proved 
)  be  equal  to 

4i 


BC 


207.    Direct  and  return   currents  flowing  uni- 
Ibrmly  through  two  parallel  and  infinite  planes. 


n: 


4 


Let  the  two  parallel  planes  be  at  right  angles  to 
the  plane  of  the  paper  and  let  this  plane  intersect  them 
in  the  linea  AB,  CD.  Let  a  current  i  flow  upwards 
at  right  anglea  to  the  plane  of  the  paper  through  each 
unit  length  of  j4  5  and  downwards  through  each  unit  length 
of  CD.  Let  EF  be  the  section  of  the  plane  parallel  to 
AB  and  CD  and  midway  between  them.  We  shall  prove 
that  the  magnetic  force  between  the  planes  is  uniform 
and  parallel  to  HF,  being  thus  parallel  to  the  planes  in 
which  the  currents  are  flowing  and  at  right  angles  to  the 
currents. 

We  shall  begin  by  proving  that  the  magnetic  force 
has  no  component  at  right  angles  to  the  planes  in  which 
the  currents  are  flowing.  This  is  evidently  true  by 
T.  E.  2-2 
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symmetry  at  all  poiuta  in  the  plane  midway  betw 
AB  and  CD;  we  can  prove  it  is  true  at  all  poiotB 
the  following  way.  Take  a  rectangular  parallelepiped < 
of  whose  faces  is  in  the  plane  whose  section  is  EF, 
another  pair  of  faces  be  parallel  to  the  plane  of  the  p^ 
and  the  third  pair  perpendicular  to  the  line  EF.  1 
total  normal  magnetic  induction  over  this  closed  seA 
vanishes.  Since  the  currents  are  uniformly  diKtribu 
in  the  infinite  planes,  the  magnetic  induction  will  be  ■ 
same  at  all  points  in  a  plane  parallel  to  those  in  which' 
currents  are  6owing.  Hence  the  total  magnetic  induct 
over  the  pairs  of  faces  of  the  parallelepiped  which  are 
right  angles  to  the  parallel  planes  will  vanish :  for 
induction  at  a  point  on  one  face  will  be  equal  to  thai 
a  corresponding  point  on  the  opposite  face,  and  in  the 
cose  it  will  be  along  the  inward  normal,  in  the  other  al 
the  outward.  Hence  since  the  total  induction  ove» 
parallelepiped  ia  zero  the  induction  over  one  of  the  fi 
parallel  to  the  planes  must  be  equal  and  opposite  to  t 
over  the  opposite  face.  But  one  of  these  faces  is  in 
plane  EF  where  the  magnetic  induction  normal  to 
face  vanishes;  hence  the  total  normal  Lnduction  over 
other  face  must  vanish,  and  since  the  induction  ia 
same  at  each  point  at  the  face  the  induction  can  havt^ 
component  at  right  angles  to  this  face,  i.e.  at  right  an) 
to  the  planes  iu  which  the  cuiTents  are  flowing.  1 
proof  applies  to  all  parts  of  the  field,  whether  betw 
the  planes  or  outside  them. 

To  prove  that  the  force  parallel  to  the  cum 
vanishes,  we  take  a  rectangle  PQRS  with  two  side« 
JJ.S'  [larallel  to  the  currents,  the  other  sides  PS,  Q&^ 
at  right  angles  to  the  planes  of  the  r.uiTonts.      Noj| 
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V*s  perpendicularly  through  this  rectangle,  hence  (Art. 

■)  the  work  done  when  uuit  magnetic  pole  is   taken 

tnd  its  circumference  is  zero.     But  since  the  magnetic 

1  parallel  to  PS,  RQ  vanishes,  the  work  done  on  unit 

Bo,  if  ^  is  the  force  along  PQ,  F'  that  along  ^.S,  is  equal  to 

Snce  this  vanishes  F  =  F',  i.e.  F  is  constant  throughout 
^*ie  fieUI,  and  since  it  vanishes  at  an  infiaite  distance  it 
^*iii9t  vanish  throughout  the  field. 

"We  have  now  proved  that  throughout  the  field  the 
nponents  of  the  magnetic  force  in  two  directions  at 
ht  angles  to  each  other  vanish,  hence  the  magnetic 
■CO,  where  it  exists,  must  be  parallel  to  EF,  Fig.  S 
By  drawing  a  rectangle  in  the  space  outside  the  planes 
nth  one  pair  of  its  sides  parallel  to  EF  we  can  prove 
ftt  the  force  parallel  to  EF  also  vanishes  outside  the 
nes.  so  that  in  this  region  there  ia  no  magnetic  force. 
\  find  the  magnitude  of  the  magnetic  force  H  between 

planes,  take  a  rectangle  such  as  LMNK,  Fig.  I 
bting  one  of  the  planes,  the  sides  of  the  rectangle  being 
(Ctively  parallel  and  perpendicular  to  EF.  The  quan- 
'  ity  of  current  flowing  through  this  rectangle  is  i  x  LM, 
-nice  i  flows  through  each  unit  of  length  of  the  plane; 
iieoce  4^  X  LM  is  equal  to  the  work  done  in  taking  unit 
magnetic  pole  round  the  rectangle.  But  this  work  is 
//  X  LM,  since  no  work  is  done  when  the  pole  is  moving 
tiling  MN,  NK  and  KL,  hence  we  have 
UxLM=inrixLM. 

I  <    -iii'tic  force  is  independent  of  the  disi 


2^— i 


.  »M 


■iGsenc  roacB  due  to  cTUBKnmL 


[<S 


206.     Solaaatd.     W«  cm   apply   exactly   tbe  t 
netbod  to  tbe  voy  tnpiirtant  caee  of  an  iofimtclr  h 
ri^rt  cbmlar  wJenoid,  Le.  an  mfiniielj  long  "g^^  ci 
cjlfatder  roand   vhidi   ctin«nts    are    flowing    in 
perpendieiilar  to  the  ax».     Sach  a  mlenoid  niay  be  el 
stract«fl  by  vioding  a  right  circular  cylinder  uni 
witb  wire,  tbe  plaoes  of  tbe  winding  being  at  rigbt  w 
to  tbe  axis  of  tbe  cylinder,  eo  that  between  any  two  p 
at  ri^bt  angles  to  the  axta  aod  at  unit  distance  apart  tl 
are  tbe  same  nainber  of  toms  of  wire.      We  can  fifao«| 
the  Bame  method  as  in  Art.  207,  that  inside  the  cylia 
the   radial    magnetic   force  vanishes,  and  that  the  f 
parallel  to  the  axis  of  the  cylinder  is  uniform,  that  tl 
nde  the  cylinder  the  magnetic  force  vanishes:  sndtl 
if  ^  is  the  magnetic  force  inside  tbe  cylinder  paralldfl 
the  axis 

H=i-ir  (current  flowing  between  two  planes  sepa 
by  unit  distance). 

If  there  are  n  turos  of  wire  wound  round  each  a 
length  of  the  cylinder  and  i  ia  the  current  flowing  t! 
the  wire,  this  equation  is  equivalent  to 
J?=4nmt. 

Tbe  preceding  result  is  true  whatever  be  the  a 
of  the  cross  section  of  the  cylinder  on  which  the  w 
wound,  provided  the  number  of  turns  of  wire  between  H 
parallel  planes  at  unit  distance  apart  perpendicular  toi 
axis  of  the  cylinder  is  uniform. 

BndleH  Solenoid*.  Near  the  ends  of  a  s 
Holenoid  the  magnetic  field  is  not  uniform  and  ceaai 
parallel  to  the  axis  of  the  cylinder  and  equal  to  4w7u, 
can.  however,  avoid  this  irregularity  if  we  wind  the  lj 
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h  a  ring  iostead  of  od  a  stnught  ey^atAa.  fioiynw  the 
',  is  generated  by  the  rerolatiioi)  «f  a  plnw  an*  abiMt 
a  its  owu  plaoe  which  dofls  not  cat  it,  and  lei  the 
I  be  wound  with  wire  bo  that  the  windit^  aie  in  planes 
iDiigh  tho  axis  of  the  ring  and  so  that  the  number  of 
kdings  between  two  planes  which  make  an  angle  0  with 
other  is  equal  to  nd;2ir:  n  is  thus  the  whole  nnmber 
(vindiugs  on  the  ring.  Then  we  can  prove  as  in  Art. 
'  that  the  magnetic  force  vanishes  outside  the  solenoid, 
.  that  inside  the  solenoid  the  lines  of  magnetic  force 
k  circles  having  their  centres  on  the  axis  of  the  solenoid 
1  their  planes  at  right  angles  to  the  axis.  Let  H  be 
!  magnetic  force  at  a  distance  r  from  this  axis ;  the  work 
■le  on  unit  pole  when  taken  round  a  circle  whose  radius 
|r  and  whose  centre  is  on  the  axis  and  plane  perpen- 
iular  to  it  is  2trrH ;  this  by  Art.  201  is  equal  to  inr  times 
s  current  flowing  through  this  circle,  and  is  thus  equal 
I  Amni,  if » is  the  current  flowing  through  one  of  the  turns 
r  wire.     Hence 

Ivrli  =  +7rni 

r 

Tbos  the  force  is  inversely  ])roportional  to  the  distance 

1  the  axis, 

Tho  preceding  proof  will  apply  if  the  solenoid  is  wound 

iod  a  closed  iron  ring ;  if  however  there  is  a  gap  in  the 
Tfon  it  requires  modification. 

Let  Fig.  100  represent  a  section  of  the  solenoid  nad 
Kup|)ose  that  ABDC  b  a  gap  in  the  iron,  Uiu  Ciow  i4 
the  iron  being  planes  passing  through  the  axi*  of  Ux^ 
8ol«uoid.     Lot  this  axis  cut  the  plane  of  Ibe  pap«r  ia  0. 
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Let  P  be  a  point  on  the  face  of  one  of  the  gaps,  B  the 
magnetic  induction  in  the  iron  at  right  angles  to  OPt 


Fio.  100. 

then  since  the  normal  magnetic  induction  is  continuous 
B  will  also  be  the  magnetic  induction  in  the  air.  Hence 
if /I  is  the  magnetic  permeability  of  the  iron,  the  magnetic 
force  in  the  iron  is  B/fi  while  that  in  the  air  is  B.  If 
OP  =  r,  the  work  done  in  taking  unit  pole  round  a  circle 
whose  radius  is  r  is 

—  (27r-^)  +  5r^, 

where  0  is  the  angle  subtended  by  the  air  gap  at  the  axis 
of  the  solenoid.     Hence  by  Art.  201  we  have 


or 


2nfii 


B  = 


ri 


l  +  2^(A*-l)l 


This  formula  shows  the  great  effect  produced  by  even 
a  very  small  air  gap  in  diminishing  the  magnetic  induction. 
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I  take  the  caae  of  a  sample  of  imn  for  which 
-1  =  1000.  then  if  tf/2ir  =  1/100,  i.e.  if  the  air  is  only 
■me  per  cunt,  of  the  whole  circuit,  the  value  of  B  is  only 
.mc-elcvcnth  of  what  it  would  be  if  the  iron  circuit  were 
cninplctti.  while  even  though  ^/Stt  were  only  equal  to 
1/1000  the  magnetic  induction  would  be  reduced  one-half 
!<y  the  presence  of  the  gap. 

We  can  explain  this  by  the  tendency  which  the  tubes 
of  magnetic  induction  have  to  leave  air  and  run  through 
iron.  If  the  magnetic  force  in  the  solenoid  due  to  the 
current  circulating  round  it  is  iu  the  direction  of  the 
arrow,  the  face  AB  of  tho  gap  will  be  charged  with 
positive  magnetism,  the  face  CD  with  negative.  If  this 
distribution  of  raagnetism  existed  in  air,  tubes  of  mag- 
netic induction  starting  from  AB  and  running  through 
the  air  to  CD  would  be  pretty  uniformly  distributed  in 
the  lield ;  in  this  cose  they  would  only  be  in  the  solenoid 
for  a  short  part  of  their  courae.  But  as  soon  as  the 
solenoid  is  filled  with  soft  iron  these  tubes  forsake  the  air 

ind  run  through  the  iron,  and  as  they  are  iu  the  opposite 
Motion  to  the  tubes  due  to  the  current  they  diminish 

be  magnetic  induction  in  the  iron. 

Ajnpire'B  Formula.  We  saw,  Art.  136,  that 
Tthe  magnetic  force  exertted  by  a  magnetic  shell  of  uniform 
strength  i^  is  that  which  would  be  produced  if  each  unit 
of  length  at  a  point  P  on  the  boundary  of  the  shell  exerted 
a  magnetic  force  at  Q  ei^ual  to  <fi  sin  BjPQ',  where  6  is  the 
angle  between  PQ  and  the  tangent  at  P  to  the  boundary 
of  the  shell :  the  directioo  of  the  magnetic  force  at  Q  is 
it  angles  to  both  PQ  and  the  tangent  to  the  boundary 
k  P.     Since  the  magnetic  force  due  to  the  shell  is  by 


> 
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Ampere's  rule  the  same  as  that  due  to  a  current  flowing 
round  the  boundary  of  the  shell,  the  intensity  of  tlie 
current  being  equal  to  the  strength  of  the  shell,  it  follow 
that  the  magnetic  force  due  to  a  linear  current  may  be 
calculated  by  supposing  an  element  of  current  of  length  dt 
at  P  to  exert  at  Q  a  magnetic  force  equal  to  ids  sin  ^/PQ*, 
where  i  is  the  strength  of  the  current,  and  0  the  angle 
between  PQ  and  the  direction  of  the  current  at  P:  the 
direction  of  the  magnetic  force  being  at  right  angles  botii 
to  PQ  and  to  the  direction  of  the  current  at  P. 

The  direction  of  the  magnetic  force  is  related  to  the 
direction  of  the  current,  like  rotation  to  translation  in 
a  right-handed  screw  working  in  a  fixed  nut. 

210.    Magnetic  force  due  to  a  circular  current 

The  preceding  rule  will  enable  us  to  find  the  magnetic 
force  along  the  axis  of  a  circular  current. 

Let  the  plane  of  the  current  be  at  right  angles  to  the 
plane  of  the  paper.     Let  the  current  intersect  this  plane 

A  W^ 


%^^ 


Fio.  101. 


in  the  points  A,  B,  Fig.  101,  flowing  upwards  at  A  and 
downwards  at  B.  Let  0  be  the  centre  of  the  circle  round 
which  the  current  is  flowing,  P  a  point  on  the  axis  of 
the  circle.  The  force  at  P  will  by  symmetry  be  along  OP. 
If  i  is  the  intensity  of  the  current,  then  the  force  at  P 
'ue  to  an  element  da  of  the  current  at  A  will  be  at  right 
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angles  to  the  curreat  at  A,  i.e.  it  will  be  in  the  plane 
"~^  the  paper,  it  will  also  be  at  right  angles  to  AP:  the 
magoitot^e  of  this  force  is  idsjAP*,  hence  the  component 
aloDg  OP  is  equal  to 

. .    OA 

By  symmetry  each  unit  length  of  the  current  will  fumiBh 
the  same  contribution  to  the  magnetic  force  along  the 
axis  at  P:  hence  the  magnetic  force  due  to  the  circuit 
is  equal  to 

Thiia  the  force  vanes  inversely  as  the  cube  of  the 
distance  from  the  circumference  of  the  circle.     At  the 


Pio.  103. 
centre  of  the  circle  AP=OA,  hence  the  magnetic  force 
at  the  centre  is  equal  to 

OA- 


346  liAONETIC   FORCE  DUE   TO  CURRENTS.         [CH.1 

and  thus  if  the  current  remains  of  the  same  intensitf 
varies  inversely  as  the  radius  of  the  circle. 

The  lines  of  magnetic  force  round  a  circular  ciUTenk 
are  shown  in  Fig.  102.  The  plane  of  the  current  is  it 
right  angles  to  the  plane  of  the  paper  and  the  current 
passes  through  the  points  A  and  B, 

211.  A  case  of  some  practical  importance  is  that  of 
two  equal  circular  circuits  conveying  equal  currents  and 
placed  with  their  axes  coincident.  Let  A,  B;  (7,  2)  be 
the  points  in  which  the  currents,  which  are  supposed  to 
flow  in  planes  at  right  angles  to  the  plane  of  the  paper, 
cut  this  plane,  the  currents  flowing  upwards  at  A  and  C, 
downwards  at  B  and  D:  let  P  be  a  point  on  the  conmKHi 
axis  of  the  two  circuits.  The  magnetic  foix^  at  P  is, 
if  i  is  the  intensity  of  the  current  through  either  circuit, 
equal  to 

'AP*  "^  CP^  ' 

where  a  is  the  radius  of  the  circuits.  If  2d  is  the 
distance  between  the  planes  of  the  circuits,  and  x=OP, 
where  0  is  the  point  on  the  axis  midway  between  the 
planes  of  the  currents,  the  magnetic  force  at  P  is 


27ria-  \        -    ^ .+ 


I I 


+  terms  in  x*  and  higher  powers  of  xl . 

Thus  if  a  =  2d,  that  is  if  the  distance  between  the 
currents  is  equal  to  the  radius  of  either  circuit,  the 
lowest  power  of  a?  in  the  expression  for  the  magnetic 
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J  will  be  the  founh.     Thus  near  0  where  x  is  smnll 
i  magnetic  force  will  be  exceedingly  uniform. 
I  This  disposition  of  the  coils  is  adopted  in  Helmholtz'e 
uvanotneter. 

212.     Mechanical   Force  acting  on  an  electric 
lirrent  placed  in  a  magnetic  field. 

'I'he  nifch^iiiii'jit  forcfs  exertt'd  by  ciirrt'iits  on  a  inag- 

nic  system  are  equal  and  opposite  to  the  forces  exerted 

t  the  magnetic  sj-stein  on  the  currents.    Since  the  forces 

I  by  the  currents  on  the  magnets  are  the  same  as 

3  exerted  by  Ampfere's  system  of  magnetic  shells,  it 

PJows  that  the  mechanical  forces  on  the  currents  must 

I  the  same  as  those  on  the  magnetic  shells;  hence  the 

fermination  of  the  mechanical  forces  on  a  system  of 

-ents  can  be  effected  by  the  principles  investigated 

j  Art.  135.      Introducing  the  intensity  of  the  current 

ntead  of  strength  of  the  magnetic  shell  we  see  from 

tat  Article  that  the  force  in  any  direction  acting  on 

■circuit  conveying  a  current  i  is  equal  to  i  times  the 

B  of  increase  of  the  number  of  unit  tubes  of  magnetic 

duction  passing  through  the  circuit,  when  the  circuit  is 

placed  in  the  direction  of  the  force.   In  many  cases  the    i 

iHuctron  from  this  principle  given  on  page  216,  is  useful, 

k  it  shows  that  the  forces  on  the  current  are  equivalent 

a  &  system  of  forces  acting  on  each  element  of  the  circuit. 

If  I  ia  the  strength  of  the  current,  ds  the  length  of  an 

element  at  P,   B  the  magnetic  induction  at  P,   $  the 

angle  between  da  and  B,  then  the  force  on  the  element 

iw  equal  in  magnitude  to  idsB^md,  and  its  direction  is  at 

right  angles  both   to  ds  and  B.     The  relation  between 

the  direction  of  the  mechanical  force  and  the  directions 

of  the  carrenl  aud  the  maguetic  induction  is  shown  in 
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the  accompanying  figare,  where  the  magnetic  indociioiiii 
supposed  drawn  upwards  from  the  plane  of  the  psiper. 


mtekamicml  fmxt 
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213.  Couple  acting  on  a  plane  circuit  placed 
in  a  uniform  magnetic  field.  Let  A  be  the  area  of 
the  circuit,  %  the  intensity  of  the  current,  ^  the  angle 
between  the  normal  to  the  plane  of  the  circuit  and  the 
direction  of  the  magnetic  induction.  The  number  of  unit 
tubes  of  magnetic  induction  due  to  the  uniform  field 
pasHing  through  the  circuit  is  xAB  cos^,  where  B  is  the 
strength  of  the  magnetic  induction  in  the  uniform  field, 
and  this  does  not  change  as  the  circuit  is  moved  parallel 
to  itself;  there  are  therefore  no  translatory  forces  acting 
on  the  system.  The  number  of  tubes  passing  through 
the  circuit  changes  however  as  the  circuit  is  rotated,  and 
there  will  therefore  be  a  couple  acting  on  the  circuit; 
the  moment  of  the  couple  tending  to  increase  ^  is  by 
the  hist  Article  equal  to  the  rate  of  increase  with  ^  of 
the  number  of  unit  tubes  passing  through  the  circuit, 
that  is  to 

-7-T  (i.4ficos0) 
=  —  lili/sin^ 
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^^H  The  couple  vanishes  with  <^,  niitl  hence  the  circuit  IoikIh 
mH  plnce  itself  with  its  normal  iiloiig  the  ilirectiaii  of  iho 
TnagDetic  induction,  and  in  such  a  way  thtit  the  diroction 
of  the  lines  of  magnetic  induction  thr<>iu)  the  circuit  «> 
that  the  direction  of  the  magnetic  induction  through  tho 
drcuit  and  the  direction  in  which  the  current  flows  round 
it  are  related  like  translation  and  rotation  in  a  right- 
aidfti  screw  working  in  a  fixed  nut. 

214.     Force  between  two  Infinitely  long  RtralKht 
Uel  currents.     Let  the  currents  be  id  right  (Uigli'n 
I  the  plane  of  the  paper,  intersecting  this  piano  in  A 
I  B,  let  the  intensity  of  the  currentH  be  »',  i'  riwpoc- 
fely.  and  let  the  currents  come  from   below  upwiirilx 
rough  the  paper.      Then,  by  Art.  202,  the   magnetic 
>  at  B  due  to  the  current  through  A  is  ei{ual  l.u 
2i 
AB' 


I  is  at  right  angles 
tchanical  force  per 
I  equal  to 


to  AB;   henci 
init  length  on 

2n' 
AB' 


by  Art.  212,  thr 
the  ctimiil.  fit  /{ 


i  since  it  acts  at  right  anglcN  both  to  the  current  itiid 
t  the  magnetic  force,  it  acta  along  AB.  By  the  rule 
given  in  Art.  212,  we  see  that  if  the  currents  are  in  the 
same  direction  the  force  between  them  is  an  attraction, 
if  the  cuirents  are  in  opposite  directions  the  force  between 
them  is  a  repulsion.  Hence,  we  see  that  straight  parallel 
currents  attract  or  repel  each  other  acconling  as  they  are 
flowing  in  the  same  or  opposite  directions  with  a  force 
which  vanes  inversely  as  the  distance  between  them. 
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216.  Mechanical  force  between  two 
each  circuit  consisting  of  a  pair  of  infinitely  lo^ 
parallel  straight  conductors.  Ix^t  the  cuireDr.^  t>j 
all  poi-peiidicu  Irtr  t^i  tlit:  plane  of  the  paper  and  lei  A 
currents  of  the  first  and  second  pairs  intersect  the  pin 
of  the  paper  in  A,  B  and  C,  D  respectively;  we  i-r 
consider  the  case  when  the  circuits  are  placed  eyinmi" 
cally  and  so  that  the  line  EF  bisects  both  AB  anri  'i 
at  light  angles.     Let  the  current  i  flow  upwards  throu^'l) 

c  *-^ 


Pw.  HM. 

the  paper  at  A,  downwards  at  li.  the  current  i'  iipwaii 
through  the  paper  at  C,  downwards  at  D.  The  few 
between  the  circuits  will  by  symmetry  be  parallel  to  St. 
Between  the  currents  at  A  and  C  there  is  an  attractiai 
along  GA  equal  per  unit  length  to 


the  component  of  this  parallel  to  EF  is 


Between  the  c 


ints  5  and  0  there  v 


BC  equal  per  unit  length  to 


repulsion  aloi|l 
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k  compouent  of  this  parallel  to  EF  is 

I  Htnco  on  each  unit  length  of  C  there  ia  a  force  pai'allel 
JPE  and  ecjual  to 

>  is  an  equal  force  acting  in  this  direction  on  each 
t  length  of  D ;  hence  the  total  force  per  unit  length  on 
•  circuit  CD  is  an  attraction  parallel  to  EF  equal  to 


gEF^ic,  AE  =  a,  CF=b.  this  is  equal  to 


1 


i  vanishea  when  fl;  =  0  and  when  x  \a  infinite.  Hence 
!  muat  he  some  intermediate  value  of  x  when  the 
ictioQ  is  a  maximum.  This  value  of  x  is  easily  found 
f!  given  by  the  equatiou 

x'=i{ij(t'  +  6*  -"^'6'  -  (a'  +  6')) : 
^hen  rt  — 6  is  very  small  this  gives 
x  =  a  —  b, 


,b/a 


i«  very 


small 


216.     Force  between  two  coaxial  circular  clr- 


The  solution 


of  the 


leral  case  requires  the  use  of 


lore  analysis  than  is  permissible  in  this  work ;   tbei 
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are  however  two  importaDt  cases  which  can  be  solved 
elementary  considerations.  The  first  of  these  is  when 
radii  of  the  circuits  are  nearly  equals  and  the  circuits 
so  close  together  that  the  distance  between  their  plaia| 
is  a  very  small  fraction  of  the  radius  of  either  ciicak' 
In  this  case  the  force  per  unit  length  of  each  circiuti' 
approximately  the  same  as  that  between  two  infinitdf 
long  straight  parallel  circuits,  the  distance  between  the 
straight,  circuits  being  equal  to  the  shortest  distance 
between  the  circular  ones.  Thus  if  i,  %  are  the  curreDto 
through  the  circular  circuits,  whose  radii  are  respectivelj 
a  and  b,  and  x  is  the  distance  between  the  planes  of 
the  circuits,  the  attraction  between  the  parallel  circoite 
is  at  right  angles  to  the  planes  of  the  circuits  and  is 
approximately  equal  to 

47ran'a? 

This  is  a  maximum  when  a:  =  a  —  6 ;  that  is,  when  the 
distance  between  the  planes  of  the  circuits  is  equal  to 
the  difference  of  their  radii. 

Another  case  which  is  easily  solved  is  that  of  two  co- 
axial circular  circuits,  the  radius  of  one  being  small  com- 
jmred  with  that  of  the  other.  Let  i  be  the  intensity  of  the 
current  flowing  round  the  large  circuit  whose  radius  iso, 
i'  the  current  round  the  small  circuit  whose  radius  is  h: 
let  X  be  the  distance  between  the  planes  of  the  circuits. 
Then  since  b  is  very  small  compared  with  a,  the  magnetic 
force  due  to  the  large  circuit  will  be  approximately  unifonn 

over  the  second  circuit  and  equal  to  27rta"/ (a* -f  «*)%  its 
value  at  the  centre  of  that  circuit.     Thus  the  number  of 


mr 
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«anit  tubes  of  magnetic  induction  due  to  the  first  circuit 
_  ^rhich  pass  through  the  second  circuit  is  e(|ual  to 

(«'  +  ^)' ' 
J  Hence  by  Art,  210  the   force  on  the  aecoud  circuit 
|the  direction  in  which  x  increases,  i.e.  the  repulsion 
I  the  circuits,  is  equal  to 

aw^i-af  ~    -—-  i  ■ 

Thus  the  attraction  between  the  circuits  is  equal  to 

i  is  a  maximum  when  w  =  a/2,  so  that  the  attraction 
(tween  the  circnits  is  greatest  when  the  distance  between 
leir  planes  is  half  the  radius  of  the  larger  circuit. 

In  the  more  general  case  when  the  radii  have  any 
idues,  there  is  unless  the  radii  are  equal  a  position  in 
pich  the  attraction  is  a  maximum.  When  we  use  the 
LCtion  between  currents  as  a  means  of  measuring 
r  intensities,  the  currents  uught  to  be  placed  in  this 
Ution,  for  not  only  is  the  force  to  be  measured  greatest 
Itbis  case,  but  it  is  also  practically  independent  of  any 
Jght  error  in  the  proper  adjustment  of  the  distenee 
Bwecn  the  coils. 

I  317.  Ooefflcients  of  Self  and  Mutual  InductioD. 
!  coefficient  of  self  induction  of  a  circuit  is  defined 
I  be  the  number  of  unit  tubes  of  magnetic  induction 
nich  pass  through  the  circuit  when  it  is  traversed  by 
unit  current  and  when  there  are  no  other  currents  nor 
permanent  magnets  in  its  neighbourhood. 
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The  coefficient  of  mutual  induction  of  two  drcdti 
A  and  B  is  defined  to  be  the  number  of  unit  tabes  rf 
magnetic  induction  which  pass  through  B  when  oik 
current  flows  round  il,  and  there  are  no  other  cnmafe 
nor  permanent  magnets  in  the  neighbourhood  of  tk 
circuits. 

We  see  from  Art  137  that  the  coefficient  of  mntoil 
induction  is  also  equal  to  the  number  of  unit  tubes  of 
induction  which  pass  through  A  when  unit  current  flows 
round  B, 

If  the  circuits  consist  of  several  turns  of  Mrire,  then  in 
the  preceding  definitions  we  must  take  as  the  number  of 
tubes  of  magnetic  induction  which  pass  through  the  circuit, 
the  sum  of  the  number  of  tubes  of  magnetic  inductioo 
which  pass  through  the  different  turns  of  the  circuit 

We  see  from  the  preceding  definitions  that  if  we 
have  two  circuits  A  and  J?,  and  if  the  currents  t,  j  flow 
respectively  through  these  circuits,  then  the  number  of 
tubes  of  magnetic  induction  which  pass  through  the 
circuits  A  and  B  are  respectively, 

Li-\-Mj,  and  Mi-^-Nj, 

where  L  and  N  are  the  coefficients  of  self-induction  of 
the  circuits  A  and  B  respectively,  and  M  is  the  coeflBdent 
of  mutual  induction  between  the  circuits.  The  results 
given  in  the  preceding  Articles  enable  us  to  calculate  the 
coefficienta  of  self-induction  in  some  simple  cases. 

In  the  case  of  the  long  straight  solenoid  discussed  in 
Art.  208,  when  unit  current  flows  through  the  wire  the 
magnetic  force  in  the  solenoid  is  4sim,  where  n  is  the 
number  of  turns  per  unit  length ;  hence  if  ^  is  the  area 
of  the  core  of  the  solenoid,  and  if  the  core  is  filled  with 
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ihe  number  of  unit  tubes  of  magnetic  induction  pasa- 
_'  through  each  turn  of  wire  is  equal  to  4TmJ,and  since 
hiore  are  «  turns  per  unit  length,  the  coefficients  of  self- 
iduction  of  a  length  I  of  the  solenoid  is  equal  to  iTrnHA.  -^ . 

If  the  core  were  filled  with  soft  iron  of  permeability  ft, 
hen  the  number  of  unit  tubes  of  magnetic  induction 
ifhich  pass  through  each  turn  of  wire  is  iwnfiA  and  the 
^efficient  of  self-induction  of  a  length  I  is  iTmHfiA.     -  X 

If  the  iron  instead  of  completely  filling  the  core  only 
lartiftUy  fills  it,  then  if  £  is  the  area  of  the  core  occupied 
>y  the  iron,  the  coefficient  of  self-induction  of  a  length 
ia  iwnH  {fiB -i- A  -  B]. 

Consider  now  the  coefficient  of  mutual  induction  of 
:Wo  solenoids  a  and  ff.  The  coefficient  of  mutual  in- 
luctiou  will  vanish  unless  one  of  the  solenoids  is  inside 
.he  other,  for  the  magnetic  force  due  to  a  current  through 
k  solenoid  vanishes  outside  the  solenoid.  Hence  when 
I  current  flows  through  a  no  lines  of  induction  will 
jaas  through  (9  unless  ^  is  either  inside  a  or  completely 
lurrounds  it. 

Let  6  be  inside  a.  Let  B  bo  the  area  of  the  solenoid  j9. 
md  let  m  be  the  number  of  turns  of  wire  per  unit  length, 
rhin  if  unit  current  flows  through  a,  the  magnetic  force 
uside  is  Wn,  where  n  is  the  number  of  turns  per  unit 
ength.  Hence  if  there  is  no  iron  inside  the  solenoids,  the 
lumber  of  tubes  of  magnetic  induction  passing  through 
Mich  turn  of  ff  is  \imB,  and  since  there  ai-e  m  turns  per 
unit  length,  the  coefficient  of  mutual  induction  of  a 
ength  /  of  the  two  solenoids  is  ivrnmlB. 

We  see,  by  Art.  216,  that  the  coefficient  of  mutual 

iction  between  a  large  circle  of  radium  u  and  a  small 
23-2 
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one  of  mdiuB  b,  with  their  planes  parallel  and  the  liw 
joining   their  centres  at  right  angles  to  their  piiuif>  -  | 
equal  to  | 

2ir'ii'6'  I 

(«■  +  «=)*'  I 

where  x  is  the  diataiice  between  the  planes. 

If  w«  have  two  circuits  a,  0,  each  consisting  of ! 
infinitely  long  parallel   straight  conductors,  the  cun 
flowing  up  one  of  these  and  down    the    other,  thcL  ■ 
Art.  206,  the  coefficient  of  mutual  induction  betwect,  ;  i 
and  0  is,  per  unit  length,  e^ual  to 

AC.BD  I 

^AD.BC  I 


2  log- 


where  A,  B.  C,  D  are  respectively  the  points  where  flii 
wires  of  the  circuits  a  and  (3  intersect  a  plane  at  riet"' 
angles  to  their  common  direction.     The  current  thi'. 
the  conductor  intersecting  this  plane  in  j4  is  in  the  ^ 
direction  as  that  through  the  conductor  passing  througliuL 

218.  We  can  express  the  energy  in  the  mu 
field  due  to  a  system  of  currents  very  easily  in  i 
the  currents  and  the  coefficients  of  self  and  mutual  I 
duction  of  the  circuits.  We  pmved  Art.  162  that  d 
energy  per  unit  length  in  a  unit  tube  of  induction  at? 
equal  to  fl/Sir,  where  R  is  the  magnetic  force  at  P. 
tube  of  induction  is  a  closed  curve,  and  the  total  a 
of  energy  in  thLs  tube  is  equal  to 


where  da  is  an  element  of  length  of  the  tube  and  3 
denotes  the  sum  of  all  the  products  Rds  for  the  1 


MAONETiC   FORCE   DUE  TO   Cl'llRENTS, 


;Sat  2/Ws  is  the  work  done  on  unit  pole  when  it  is  taken 
pxoimd  the  closed  curve  formed  by  the  tube  of  induction, 
and  this  by  Art.  201  is  equal  to  +Tr  times  the  sum  of  tho 
currents  encircled  by  the  curve.  Hence  the  energy  in  a 
tube  of  induction  is  equal  to 

J  (the  sura  of  the  currents  encircled  by  the  tube). 
Hence  the  whole  energy  in  the  magnetic  field  is  ei[ual  to 
half  the  sum  of  the  products  obtained  by  multiplying  the 
current  in  each  circuit  by  the  number  of  tubes  of  mag- 
netic induction  passing  through  that  circuit. 

Thus  if  we  have  two  circuits  A  and  5,  and  if  i',_jare  the 
currents  through  A  and  B  respectively,  L,  N  the  coefficitiiits 
of  self-induction  of  A  and  B,  M  the  coefficient  of  mutual 
induction  between  these  circuits,  then  the  numbers  of 
nibes  of  magnetic  induction  passing  through  A  and  B 
respectively  are 

Li  +  Mj. 
and  Mi  +  Nj. 

Hence  the  energy  in  the  magnetic  field  around  this 
circuit  is 

^iilA  +  m  +  itjiMi  +  Nj) 

If  we  have  only  one  circuit  carrying  a  current  i,  thou  if 
L  is  its  coefficient  of  self-induction,  the  energy  in  the 
magnetic  field  is 

iLi: 

Thus  the  coefficient  of  si;lf-iud action  is  equal  to  twice  the 
energy  in  the  magnetic  field  due  to  unit  cun-ent. 

We  may  nae  this  as  the  definition  of  coefficient  of  seU- 
iduction,  and  this  definition  haa  a  wider  application  than 
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the  previous  one.    The  definition    in  Art.  217 
applicable  when  the  cuirents  flow  through  veiy  Ad 
the  present  one  however  is  applicable  when  the  cu 
distributed  over  a  condoctor  with  a  finite  cross 
Thus  let  us  consider  the  case  where  we  have  a 
flowing  through  an  infinitely  long  cylinder  whose 
is  OA,  the  direction  of  flow  being  parallel  to  the 
the  cylinder,  and  where  the  return  current  flows 
thin  tube,  whose  radius  is  OB  coaxial  with  this  cyl 


Fio.  105. 


Let  i  be  the  current  which  flows  up  throu] 
cylinder  and  down  through  the  tube,  let  us  suppo 
the  current  through  the  cylinder  is  uniformly  disti 
over  its  cross  section.  The  magnetic  force  will 
outside  the  tube,  for  since  as  much  current  flc 
through  the  cylinder  as  down  through  the  tube,  tl 
current  flowing  through  any  curve  enclosing  thei 
vanishes,  and  therefore  the  work  done  in  taking  un 
round  a  circle  with  centre  0  and  radius  greate 
that  of  the  tube  will  vanish.  Since  the  magneti 
due  to  the  currents  must  by  symmetry  be  tangec 
this  circle  and  have  the  same  value  at  each  point 
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nmfereuce,  it  follows  that  the  magnetic  Torce  vanishes 
ride  the  tube.     We  can  prove  as  in  Art.  202  that  at 

I P  between  the  cylinder  and  the  tube  the  magnetic 

s  equal  to 


At  a  point  P  inside  the  cylinder  the  magnetic  force  is 

"I  S-. 

a' 
mere  a  =  OA.  the  radius  of  the  cylinder. 

By  Art,  162  the  energy  per  unit  volume  is  equal  to 
{ySv,  where  ff  is  the  magnetic  force ;  hence  if  /i  ie  the 
lagnetic  permeability  of  the  cylinder,  the  magnetic  energy 
J  of  the 


rtween  two  planes  at  right  angles  to  the  t 
Ijlioder  and  at  unit  distance  apart  is  equal  to 
fOBiirrdr      4fi'u  fO-*i^  ^       , 
JoA     r*         Hw  Jo    a* 
.  ,      OB     i' 


»*.- 

i. 


,  since  the   coefficient   of  aelf-iuduction   per   unit 
is  twice  the  energy  when  the  current  ia  unity,  it 


+  iM- 


lu  this  case  the  coefficient  of  self-induction  will  be  very 
pitch  greater  when  the  cylinder  is  made  of  iron  than  when 
i  in  made  of  a  non-magnetic  metal  like  copper.  For  take 
ihc  case  when  OB  =  e .  OA,  where  e  =  271S, the baae of  the 
Papierian  logarithms;  then  the  self-induction  for  copper, 
^r  which  i*  is  equal  to  unity,  is  equal  bo  25  per  unit 
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length,  but  if  the  cylinder  Ib  made  of  a  sample  ( 
whose  magnetic  permeability  is  1000,  the  coeffid 
self-induction  per  unit  length  is  502.  Thus  in  thi 
the  material  of  the  conductor  through  which  the  c 
flows  produces  nn  enonnoiis  effect,  much  greater  t 
does  in  the  case  of  the  solenoids. 

The  eelf-induction  depends  upon  the  way  in  whi 
current  is  distributed  in  the  cylinder ;  thus  if  the  c 
instead  of  spreading  uniformly  across  the  section 
cylinder  were  concentrated  on  the  surface,  the  ms 
force  inside  the  cylinder  would  vanish,  while  that 
apace  between  the  tube  and  the  cylinder  would 
same  as  before,  hence  the  energy  would  now  be  . 


'^2vrdr 


SttJ 


I?  log 


OB 
OA' 


60  that  the  coefficient  of  self-induction  would  i 
2  log  {OB/OA),  thus  it  would  be  less  than  before  a 
dependent  of  the  material  of  which  the  cylinder  ii 


i 

Id  E 
>re  a 
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Measurement  ok  Current  and  Resista' 

Galvatwmeters. 

219.  The  magnetic  force  produced  by  a  current  i 
used  to  measure  the  intensity  of  the  current.  This  i 
frequently  done  by  means  of  the  tangent  galvano 
which  consists  of  a  circular  coil  of  wire  placed  Wi 
plane  in  the  magnetic  meridian.  If  the  magnetl 
is  not  wholly  due  to  the  earth,  the  plane  of  the  coil 
contain  the  resultant  magnetic  force.  At  the 
of  the  coil  there  is  a  magnet  which  can  turn  freely 
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tical  axia.  When  the  magnet  ia  in  equilibrium  ita 
I  will  lie  along  the  horizontal  component  of  the  mag- 
0  force  at  the  centre  of  the  coil,  thus  when  no  current 
lowing  through  the  coil  the  axis  of  the  magnet  will  be 
h  fibo  plane  of  the  coil.  A  current  flowing  through  the 
Btril  will  produce  a  magnetic  force  at  right  angles  to  the 
jllane  of  the  coil,  proportional  to  the  intenmty  of  the 
current.  Let  this  magnetic  force  be  equal  to  Gt  where 
1  is  the  intenaity  of  the  current  flowing  thiough  the  coil 
and  G  a  quantity  depending  upon  the  dimenaiona  of  the 
coiL  0  ia  called  the  'Galvanometer  conatant.'  Let  II 
be  the  horizontal  component  of  the  magnetic  force  at  the 
'■   centre  of  the  coil.     Then  the  resultant  magnetic  force  at 

»e  centre  of  the  coil  haa  a  component  H  in  the  piano  of 
B  coil  and  a  component  Gi  at  right  angles  to  it,  hence 
$  is  the  angle  which  the  resultant  magnetic  force  makes 
tb  the  plane  of  the  coil, 


tanfl  = 


-(I)- 


When  the  magnet  is  in  equilibrium  ita  axis  will  lie  along 
l^e  direction  of  the  resultant  magnetic  force,  hence 
e  passage  of  the  current  will  deflect  the  magnet  through 
i  angle  0  given  by  equation  (1 ).  Aa  the  current  is  pro- 
irtional  to  the  tangent  of  the  angle  of  deflection,  this 
utrument  is  called  the  tangent  Galvanometer. 

The  smaller  we  can  make  IT,  the  external  magnetic 
rce  at  the  centre  of  the  coil,  the  larger  will  be  the  angle 
nugh  which  a  given  current  will  deflect  the  magnet. 
\f  placing  permanent  magnets  in  auitabic  positions  in  the 
Igbbourhood  of  the  coil  we  can  portly  neutralize  the 
h'i«  magueiic  fleld  at  the  centre  of  the  coil :  in  this  way 


LanErn;  foiwe  due  to  i 

vk  cnu  rvduce  H  uid  increase  the  sensitivenoi 
pilvanometcr.  A  inagDct  fur  this  purpose  is  At 
Fig.  106,  which  represents  »n  ordiuaty  tyf)V  oTp 
ractor. 


Fio.  106. 


iLnother  melhod  o(  increasing  the  8i>naitiveDess  i 
instrument  is  employed  in  the  'astatic  gaJvaaon 
In  this  galvaniinieter  (Fig.  107)  we  have  two  ooils  A  i 
in  series,  so  arranged  that  the  ctiiTcnt  circulates  i 
them  in  opf)osite  directions.  Thus,  if  the  ma^nclic 
at  the  centre  of  the  upper  coil  is  iipwanls  from  tha 
of  the  paper  that  at  the  centre  nf  the  lower  coll  n 
downwards.  Two  magnets  a. j9,  mounted  on  a  cot 
axis,  are  placed  at  the  ceutrea  of  the  ooils  A  and  , 
spectively,  the  axes  of  magnetization  of  these  mai 
point  in  opposite  directions;  thus  as  the  magiiotic  I 
at  the  centres  of  the  two  coils  duo  to  the  currenbi  an 
in  opposite  directions,  the  couples  dUf 
MCtiiig  on  the  two  magnets  will  be  int 
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The    couples  arising   from   the   external   magnetic  field 
huwuver  be  in  opposite  directions:  if  the  external 


Fid.  107. 
;netic  field  is  unifonn  and  the  moments  of  the  two 
;nets  very  nearly  equal,  the  couple  tending  to  restore 
I  magnet  to  its  position  of  equilibrium  will  be  very 
lall,  and  the  galvanometer  will  be  very  sensitive. 
[  The  larger  we  make  G  the  greater  will  be  the  sensi- 
inesa  of  the  galvanometer.  If  thegalvanometerconsista 
I  single  turn  of  wire  wound  into  a  circle  of  radius  a, 
a  (see  Art.  210)  G=  2ir/(i.  If  there  are  n  turns  close 
[ether  and  arranged  so  that  the  distance  between  any 
a  tunis  is  a  very  small  fraction  of  the  radius  of  the  turns, 
flien  0  is  approximately  2imja.  If  the  galvanometer 
I  <  insists  of  H  i^oil  of  rectangular  cross  section,  the  sides 
!>!'  the  rectangle  being  in  and  at  right  angles  to  the  plane 
of  the  coil,  and  if  26  is  the  breadth  of  this  rectangle 
{measured  at  right  angles  to  the  plane  of  the  coil),  2a  the 
ipth  in  the  plane  of  the  coil,  n  the  number  of  tums  of 
)  paffling  through  unit  area,  then  taking  as  axis  of  or 


M4 


the  line  tlmagfa  tlie  eeatie  «f  dbe  od  at  n^ 
to  ito  plane  and  ■■  ana  «f  jr  a  Kbc  dnnigk  tke 

at  right  angles  to  this,  we  hmwe 

G 


where  c  is  the  mean  ndins  of  tbe  ootL 


A 
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0 
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If  20,  2(f>  arc  the  angles  subtended  at  the  cent 
A  li,  CI),  Fig.  1 08,  this  reduces  to 


0  «  4g7rnb  log 


,0 
cot^ 

cot  I 


In  Honsitivo  galvanometers  the  hole  in  the  cent 
tho  niagnc^t  is  made  as  small  as  possible,  so  that  the 
windings  have  very  small  radii;  when  this  is  the  cas 

may  put  ^  ■■  «  ,  and  then 

0  =  47r7ti  log  cot  ^  . 


i 
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ia  case  vtheu  the  area  of  the  cross  section  of  the 
ts  given,  i.e,  when  Zb^cotd  is  given,  we  can  prove  that 
a  ruaximum  when 

log  cot  n  =  2  coa  6, 


the   Bolvition  of  which   is   ^  =  16°  46':    this    makes   the 
breadth  bear  to  the  depth  the  ratio  of  1  to  1-61. 

The  semitivcneRs   of  modern  gnlvanometera  is  very 
,great,  some  of  them  will  detect  a  current  of  10~"  amperes. 
"  I  would  take  a  current  of  this  magnitude  centuries  to 
rate  1  c,c,  of  hydrogen. 


(ay.) 


=  sin  0  cos  0. 


Thus  for  a  pven  absolute  iaciement  of  t,  B0  will  be 
iatest  when  0  is  zero,  and  for  a  given  relative  increment, 
,  or  the  change  in  deflection,  will  be  greatest  when 
-45°. 

In  some  cases  it  is  important  to  have  the  magnetic 
fetd  near  the  magnet  as  uniform  as  possible.  Thiscan  be 
bained  (see  Art.  211)  by  using  two  equal  coils  placed 
parallel  to  one  another  and  at  right  angles  to  the  line  joining 
their  centres,  the  distance  between  the  coils  being  equal  to 
the  radius  of  either.  The  magnet  is  then  placed  on 
the  common  axis  of  the  two  coils  and  midway  betweeo 
them. 


38(X     Sine  OalTanomcter-     Id   this  ^Tua 
;.  109.  the  coil  itself  cnu  move  nbout  n 


Pi 


poaition  being  detemiinod  b^  means  of  s 
zoiiUil  circle.  In  using  the  iustrumcDt  the  coi)  is  { 
that  when  no  current  goes  thruugh  it  the  magn 
of  the  niHgnet  at  its  centre  is  iu  the  plane  of 
When  ft  cunvnt  passes  through  the  coil  the  m 
deflected  out  of  this  plane,  and  the  coil  is  nov 
round  until  the  axis  of  the  uiagnt^t  is  again  in  t 
of  the  coil.  When  this  is  the  case  the  compo 
the  magnetic  force  at  right  angles  to  the  plane  ol 
due  respectively  to  the  current  and  to  the 
magnetic  field  raunt  be  equal  and  oppooita 
external  magnetic  force,  0  the  angle  Chraog 
coil  hajs  been  twisted  when  the  axis  uf  the 
'again  in  the  plane  of  the  coil,  the  external  force 
Igles  to  the  plane  of  the  coil  ia  Hmn^  If 
current   through    the  coil.  0   the   magnetic   fore 


brhen  the  wires  of  the  coil  are  traversed  by  imij 
I  then  the  magnetic  force  at  right  auglcs  t 
hto  the  current  is  Ot:  hence  when  this  is  in  eqiii-' 
I  with  the  component  due  to  the  external  field, 


advantage  of  tbia  fonn  of  galvanometer  is  that  tUe  1 
is  always  in  the  same  position  with  respect  to  the  I 
'or  the  same  coils  and  magnetic  field  the  deflection  f 
ber   for  the  sine  than  for  the  tangent   galvano-  I 

.    Deiprei-d'ArtODTal  Oalvanometer.    In  thia- J 

Dieter  the  coil  carrying  tlie  cuiTtMit  moves  while  | 


[nets  are  fixed.     The  galvanometer  is  represented  I 

A  rectangular  coil  is  suspended  by  very  fine 

ires  which  also  serve  to  convey  the  current  to  the  j 

ite  coil  moves  between  the  poles  of  a  horse-shoe  i 

and  the  magnetic  field  is  concentrated  on  the  coil  i 

soft  ii-on  cylinder  placed  inside  the  cyjl,     Wheo  i 
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a  cQirent  flows  round  the  coil,  the  coil  teuds  to  place  itw 
so  as  to  iQcIude  as  many  Cubes  of  magnetic  ioduotk 
as  possible  (Art.  213),  It  therefore  tenda  to  place  itaelf  i 
that  its  plane  is  at  right  angles  to  the  lines  of  magDclJ 
induction.  The  motion  of  the  coil  is  resisted  bjr  lb 
torsion  of  the  wire  which  suspends  it,  and  the  coil  takes 
position  in  which  the  couple  due  to  the  t^irsioii  of  the  wii 
just  balances  thut  due  to  the  magnetic  field.  WheJi  th 
magnetic  field  is  uniform  the  rebtion  between  the  i 
flection  and  the  cun-ent  is  as  follows.  Let  A  be  the  ai 
of  the  coil,  H  the  number  of  turns  of  wire,  i  the  curreo 
through  the  wire,  S  the  magnetic  induction  at  the  col 
When  the  plane  of  the  coil  makes  an  angle  0  with  t 
direction  of  magnetic  induction  the  number  of  tubes  e 
magnetic  induction  passing  through  it  is 

BAii  sin  4,, 
hence,  by  Art.  213.  the  couple  tending  to  twist  the  coil 
iBAncosiff. 
If  the  torsional  couple  vanishes  when  ^  is  zero,  I: 
couple  when  the  coil  is  twisted  through  an  angle  ^ 
will  be  proportional  to  ^ ;  let  it  equal  t^,  tbeti  wbeo 
there  19  equilibrium,  we  have 

iBAn  cos  A  =  tA, 


*-BJ«eo80' 
if  0  is  small  this  equation  becomes  approximateljr 


222.  BalUsttc  Galvanometer.  A  galvanometer 

bo  used  Ici  measure  the  total  quantity  of  electricity 


a«t«rmifl 
.ypaaaifl 
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Ibugh  its  coil,  if  this  passes  so  quickly  that  the  magnet 
3  gnlvano meter  has  not  time  to  apprecinbly  change 
Bposition  while  the  electricity  ia  passing.  Let  us  suppose 
Jat  when  do  current  is  passing  the  axis  of  tho  magnet  is 
k  the  pla.DC  of  the  coii,  then  if  i  Ib  the  current  passing 
through  the  plane  of  tho  coil,  0  the  galvanometer  constant, 
i.e.  the  magnetic  force  at  the  centre  of  the  coil  when 
Tinit  current  passes  through  it,  m  the  moment  of  the 
magnet,  the  couple  on  the  magnet  while  the  current  is 
passing  is 

Gint. 
If  the  current  passes  so  quickly  that  the  magnet  has 
not  time  sensihly  to  depart  from  tho  magnetic  meridian 
while  the  current  ia  flowing,  the  earth's  magnetic  force 
will  exert  no  couple  on  the  magnet.  Thus  if  K  is  the 
irtunient  of  inertia  of  the  uiagnet,  $  the  angle  the  axis 
if  the  magnet  makes  with  the  magnetic  meridian,  tho 
I  iluatioQ  of  motion  of  the  magnet  during  the  flow  of 
the  current  is 

tbua  if  the  magnet  starts  from  rest  the  angular  velocity 
after  a  time  t  is  given  by  the  equation 


'^f-«"'/: 


idt. 


tbc 


If  the  total  quantity  of  electricity  which  posses  through 
the  galvanometer  ia  Q  and  6>  the  angular  velocity  com- 
micated  to  the  magnet,  we  have  therefore 

Ka  =  GinQ. 
This  angular  velocity  makes  the  magnet  swing  out  of 
t\\v  pliuio  uf  the  coil:  if  /f  is  the  external  mngoetic  force 
T.K  24 
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at  the  centre  of  the  coil,  the  equation  of  motion  of  the 
magnet  is,  if  there  is  no  retarding  force. 

Integrating  this  equation  we  get 

k{(^J'-A  +  2fnH{l  -  cos  0)  =  0. 

If  ^  is  the  angular  swing  of  the  magnet,  the  angular 
velocity  vanishes  when  tf  =  ^,  hence 

K<D^  =  2mH(l  -  cos^)  =  4mjH^sin»|. 

On  substituting  for  o)  the  value  previously  found  w^e  get 

Q=2sini^^Vr^BTX 

If  T  is  the  time  of  a  small  oscillation  of  the  magnet, 

hence 

Q  =  sinJ^^-. 

Wo  have  neglected  any  retarding  force  such  as  would 
arise  from  the  resistance  of  the  air.  Galvanometers  which 
are  used  for  the  purpose  of  measuring  quantities  of 
electricity  arc  called  'ballistic  galvanometers/  and  are 
constructed  so  as  to  make  the  effects  of  the  frictional  forces 
as  small  as  possible.  This  is  done  either  by  making  the 
moment  of  inertia  of  the  magnet  very  large,  or  by  making 
'he  magnet  so  symmetrical  about  its  axis  of  rotation  that 
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an 


S  frictional  forces  are  but  small.  The  correction  to  be 
ipUed  when  the  frictional  forces  are  not  negligible  is 
nestigated  in  Maxwell's  Electricity  and  Magnetism, 
\fil  II.  p.  386. 

3.  Meaaurement  of  Resistance.  The  ammge- 
tent  of  conijiietors  in  the  WheatstoDCB  Bridge  (Art.  190) 
tables  lis  to  tletemiine  the  resistance  of  one  arm  of  the 
^dge,  say  BD,  Fig.  90,  in  terms  of  the  reeiatances  of  the 
oas  AC,  CB  and  AD.  For  the  measurement  of  resistances 
'  by  thi^  method  wires  having  a  known  resistance  are  used. 
These  are  called  resistance  coils,  and  are  made  in  the 
following  way.  A  piece  of  silk-covered  German-silver 
wire  is  taken  and  doubled  back  on  itself  (to  avoid  effects 
*iin!  to  electromagnetic  induction,  see  Chap.  XI.)  and  then 
wound  in  a  coil.  Its  length  is  then  carefully  adjusted 
until  its  resistance  is  some  multiple  uf  the  standard 
resistance  the  Ohm.     Each  end  of  this  coil  is  soldered  to 


I 


i  stout  piece  of  brass  such  as  A,  B  or  C,  Fig.  Ill;  the^o 

pieces  are  attached  to  an  obonite  board  to  insulate  them 

Lfrom  each  other.     Two  adjacent  pieces  of  brass  ciin  bo 

l:|nit  in  electrical  connection  by  iuserting  stout  well  fitting 
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brass  plugs  between  them.  When  the  plug  is 
resistance  between  B  aud  C  is  that  of  the  wi 
when  the  plug  is  in  there  is  practically  no  r 
between  these  places. 

When  there  is  no  current  through  the  arm  i 
Wheatstone's  Bridge  there  is,  by  Art,  190,  t 
relation  between  four  resistances :  hence  to  m 
resistance  by  this  method  we  require  three  k 
sistiinces.  These  resistances  are  conveniently 
in  what  ia  known  as  the  Post-OfBce  Resists 
This  is  a  box  of  coils  arranged  as  in  Fig.  112, 
vided  with  screws  at  A.  B,G,  D  to  which  win 
attached.     To   deteniiine   the   resistance  of  i 


such  as  R  connect  one  end  to  B  and  the  other  ( 
connect  one  terminal  of  a  galvanometer  to  C  and 
to  D,  and  one  eloctroiie  of  a  battery  to  A,  the  ot 
The  arrangement  of  the  conductors  is  the  same  ) 
the  diagiam  in  Art.  190,  which  is  reproduced  he 
side  for  convenience.  To  measure  the  resistai 
take  one  or  more  plugs  out  of  CA  and  CB  aud 
ceed  to  take  plugs  out  oi  AD  uutil  there  is  no  i 
of  the  galvanometer,  when  the  battery  circuit  is  C( 


the  coTTent  thnNigjk  CD  ywfe^  w»:  hiibk  iii:v>:  xf 
189 
Wistance  of  BD  x  reBstmefr  4f  ^C 

ji  the  re&istaDces  of  ^C,  ^H^  ^/>  jk:  ksi^wx  loac  ir  ^^r 
ft  determiDed  bv  this 


bae  to  Lord  KelTin  fcr  imiimlag  '^ii^  E»»BGHii!f>:    if  ^ 
gdvanometer  is  mn  mtersacmg  «aaii!ifi>  lif  *;&•»:  wiQiurrj 
if  ooDJugate  coodncion.    We  nw  lAn  Ul'  isai;  5f  C& 
was  oonjagate  to  AB^  then  tk  evrrasfi  i«ifi  ';aFvi42S.  ulj 
inn  of  the  bridge  hjr  a  han«rr  ia  ^^  at  3ifii»9iauii»n  \i 
bhe  resistance  in  CD,  and  the  etmT*xst  af  «iafv  zrait,    Tv 
apply  this  to  measoie  the  raisuausft  of  a  ^-rmtAOMir^rT. 
place  the  galvanometer  in  the  am  B/>  <if  i&i!:  tSeJir^  «aii 
replace  the  galTanomeler  in  CD  hf  a  kftj  bf  ai«»aci^   .;f 
which  the  circoit  CD  can  be  ffiflsple^Kii  <«»  br'.kjm  as 
pleasure.     Then  adjust  the  leaitaDee  fd  AD  -rsuxxi  :ber 
deflection  of  the  galTancmeter  »  the  lame  vluttk  the 
circuit  CD  is  completed  as  when  h  is  broken,     A^  in 
this  case  the  coirent  throogh  BD  k  independent  of  the 
resistance  of  CD,  CD  most  be  conjngate  to  ^B,  and  we 
have  therefore  (Art.  190|, 

resistance  of  galvanometer  x  resistance  of  AC 

=  re£astance  o(  BC  x  resistance  id  AD. 


CHAPTER   XI. 

ELECTROMAGNETIC   INDUCTION. 

226.    Electromagnetic  luduction,  of  which  the 
were  unravelled  by  Faraday,  may  be  illustrated  by 
following  experiment.     Two  circuits  A  and  B,  Fig.  113 
placed  near  together,  but  completelj'  insulated  fix)m  » 
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H 


other;  a  galvanometer  is  in  the  circuit  B,  and  a  battery 
key  in  A,  Suppose  the  circuit  A  at  the  beginning  oi 
experiment  to  be  interrupted,  press  down  the  key 
close  the  circuit,  the  galvanometer  in  B  will  be  defle< 
indicating  the  passage  of  a  current  through  B,  though 
completely  insulated  from  the  battery.  The  deflectic 
the  galvanometer  is  not  a  permanent  one,  but  is  of 
same  kind  as  that  of  a  ballistic  galvanometer  when  a  fi 


!5]  ELECTROMAGSETiC   INDUCTION.  375 

quantity  of  electricity  is  quickly  discharged  through  it, 
that  is.  the  uiagnet  of  the  galvaDometer  is  set  swinging,  but 
not  permanently  deflected,  as  it  oscillates  symmetrically 
, '  out  its  old  position  of  equilibrium.  This  indicates  that  an 
■  I'ctromotive  force,  acting  for  a  very  short  time,  has  acted 
rtiund  B.  The  direction  of  the  deflection  of  the  ma^et 
of  tbe  galvanometer  in  B  indicates  that  the  direction  of 
the  momentary  current  induced  in  B  waa  opposite  to  that 
started  in  A.  After  a  time  the  motion  of  the  magnet 
subsides  and  the  magnet  remains  at  rest,  although  the 
oirrent  continues  to  flow  through  A.  If,  after  the  magnet 
has  come  to  rest,  we  raise  the  key  in  J,  so  as  to  stop  the 
current  flowing  through  the  circuit,  the  galvanometer  in 
B  is  again  affected,  the  direction  of  the  hrst  awing  in  this 
case  being  opposite  to  that  which  occurred  when  the 
current  in  A  was  started,  indicating  that  when  the  current 
in  A  is  stopped,  an  electromotive  force  is  produced  round 
B  tending  to  start  a  current  through  B  in  the  same 
direction  as  that  which  previously  existed  in  A.  This 
electromotive  force,  like  the  one  produced  when  the  circuit 
A  was  completed,  is  but  momentary. 

These  experiments  show  that  the  starting  or  the 
slopping  of  a  current  in  a  circuit  A  is  accompanied  by 
tbe  production  of  another  current  in  a  neighbouring  circuit 
B.tbe  current  in  B  being  in  the  opposite  direction  to  that 
|_j1  when  the  current  is  started  and  in  the  same  direction 

3  the  current  is  stopped. 
I  If  instead  of  making  or  breaking  the  current  in  ^,this 
current  is  kept  steadily  flowing  in  the  circuit,  while  the 
,iit  itself  is  moved  about,  then  when  A  is  moving  away 
from  B  an  electromotive  force  ia  produced  tending  to  send 
tnd  B  a  current  in  the  same  direction  as  that  round  A, 
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while  if  ^  is  moved  tuwurds  B  au  t'ltKtromotivp  ftacen 
muiul  B  tending  to   pnK]u(>e  a  current   in  tbe  a 
(lir¥Cti<ru  to  that  round  A.     Tliese  electromotive  tatat 
B  only  ijecur  whi-n  A  is  tnot-ing,  they  stop  as  «uun  u 
brought  to  rest.     If  we  replace  the  circuit  A,  «ilk  d 
ciirreDt  flowing  throagh  it,  by  its  equivalent  inaf^uet.  li 
we  shall  find  that  the  motion  of  the  magnet  will  iid 
le  cutretits  in  £  as  the  motion  of  the  circuit  Jl 
the  circuit  A.  or  the  magnet.  6xed  and 

,_     get  currents  produced  in  B. 

'^le  currents  started  in  B  by  tbe  alteration  in 
or  position  of  the  current  in  A,  or  by  the  alteration  ofti 
position  of  fi  with  respect  to  magnets  in  its  neighbiiuriim 
are  called  induixni  currents ;  and  the  pheootneiion  is  oUk 
electromagnetic  induction. 

A  good  Jl-uI  of  light  is  thrown  on  these  phenomciu 
we  interpret  them  in  terms  of  the  tubes  of  magnetic  ift 
duction.  Let  us  6ret  take  the  case  when  the  inductjo 
is  jiroduced  by  Btartiiig  a  current  in  A.  Then  befiire  d 
current  circulates  through  A  no  tubes  of  mngnetic  indtte 
tion  pass  through  B ;  when  the  current  is  started  throng 
A  this  circuit  is  nt  once  threaded  by  a  number  of  tubes< 
maguetic  iuductiun,  some  of  which  pass  through  B. 
induced  current  through  B  also  causes  B  to  bo  tfareado 
by  tubes  of  magnetic  induction,  which  since  the  indnt 
current  is  in  the  opiKwite  direction  to  the  primary  one 
A,  pasH  through  the  circuit  in  the  opposite  direction  t 
those  sent  through  it  by  the  current  in  A;  thus  the  e 
of  the  induced  current  in  B  is  to  tend  to  inaltc  the  toti 
number  of  tubes  of  mn^etic  induction  pawning  through  J 
2ero;  that  is,  to  keep  the  total  number  of  tube<«  cif  n 
induction  through  £  tbe  aamo  as  it  was  before  the  cutren 
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^Bs  started  io  A.  We  shall  lind,nhea  we  investigate  tba 
^■VR  of  induction  more  closely,  tliat  the  tubes  of  magnetic 
BdoctioD  passing  through  fi,  due  to  the  induced  current, 
^■b  at  the  HI  cm  en  t  of  maJcing  the  primary  circuit  equal  in 
^Bmber  and  opposite  in  direction  to  those  sent  through  B 
^m  the  current  in  A.  The  laws  of  the  induction  of  currents 
^bty  thus  be  expressed  by  saying  that  the  number  of  tubes 
H  magnetic  induction  passing  through  B  does  not  change 
fcruptly. 

H  Again,  take  the  case  when  currents  are  induced  in  B 
Hgr  rtoppiug  the  current  in  A.  InitiAlly  the  current  6ow- 
^bg  through  A  sends  a  number  of  tubes  of  magnetic  in- 
HuoUon  through  B\  when  the  current  in  A  \&  stopped 
Bbese  tubes  cease,  but  the  current  induced  in  B  in  the 
■Mine  direction  as  that  in  A  causes  a  number  of  tubes  of 
bkagnetic  induction  to  pass  through  B  in  the  same  direc- 
^Bon  as  thotto  due  to  the  original  current  in  A.  Thus  the 
Ketion  uf  the  induced  current  is  again  to  tend  to  keep  the 
Koiober  of  tubes  of  maguetic  induction  passing  through  B 
Konstant. 

■  The  same  tendency  to  keep  the  number  of  tubes  of 
noagnctic  induction  through  B  constant  is  shown  by  the 
Hndnction  of  a  current  in  B  when  A  is  moved  away  from  or 
Ikowards  B.  When  A  it<  moved  away  from  B  the  number 
tof  tubes  of  magnetic  induction  due  to  A  which  pasa 
r  through  B  ia  diminished,  but  there  is  a  current  induced  iu 
\B  in  the  same  direction  as  that  through  A,  which  causes 
BKJditional  tubes  of  magnetic  induction  to  pass  through  B 
Hd  the  same  direction  as  those  due  to  ^:  the  production  of 
fcirrtr  tubes  counterbalances  the  diminution  due  to  thei 
Beeemion  of  A ,  and  thus  the  induced  current  again  tendlJ 
no  fccttp  the  number  of  tubes  of  magnetic  induction  pasmiM 
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through  B  constant.  The  same  thing  occurs  when  A  k 
moved  towards  B,  or  when  currents  are  induced  id  J 
by  the  motion  of  permanent  magnets  in  its  neighboo^ 
hood. 

Not  only  is  there  a  tendency  to  keep  the  number  of 
tubes  of  magnetic  induction  passing  through  any  dmA 
in  the  neighbourhood  of  A  constant,  there  is  also  die  same 
tendency  with  respect  to  the  circuit  A  itseIC  Let « 
suppose  that  A  is  alone  in  the  field,  then,  when  a  CDirent 
is  flowing  round  A,  tubes  of  magnetic  induction  pas 
through  A.  If  the  circuit  is  broken  and  the  cnrreot 
stopped  the  number  of  tubes  would  fkll  to  zero;  the 
tendency,  however,  to  preserve  unaltered  the  number  of 
tubes  passing  through  the  circuit  will,  under  suitable  dr- 
cnmstances,  cause  the  current  in  its  effort  to  continue 
flowing  in  the  same  direction  to  spark  across  an  air-gap 
when  the  circuit  is  broken,  even  though  the  original 
E.M.F.,  applied  to  send  the  current  through  A,  was  toteJly 


Fio.  114. 


inadequate  to  produce  a  spark.  To  show  this  effect 
experimentally  it  is  desirable  to  wind  the  coil  A  round  a 
core  of  soft  iron  so  as  with  a  given  current  to  increase  the 
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^^imher  of  tnbea  of  magnetic  iiniuction  pa-ssinp  through 
-  the  circuit :  the  coil  of  an  electro-magnet  showH  this  effect 
very  well.  The  effect  of  this  tendency  ie  shown  very 
clearly  in  the  following  experiment.  The  core  of  an  electro- 
magnet E,  Fig.  114,  is  placed  in  parallel  with  an  electric 
laiDp  L.  the  resistance  of  the  lamp  being  very  large  com- 
pared with  that  of  an  electro-magnet;  in  consequence  of 
this  when  the  two  are  connected  up  to  a  battery  by  far 
the  greatier  part,  of  the  current  will  flow  through  the  coil, 
comparatively  little  through  the  lamp,  tiw  little  to  raise 
the  lamp  to  incandescence.  If  however  the  circuit  is 
broken  at  K  the  tendency  to  keep  the  number  of  tubes  of 
magnetic  induction  passing  through  the  circuit  constant 
will  send  a  current  momentarily  round  the  circuit  HLQE 
which  will  be  larger  than  that  flowing  through  the  lamp 
when  the  battery  was  kept  continuously  connected  up  to 
the  circuit,  and  thus  though  the  lamp  remains  quite  dark 
when  the  current  is  steady  it  can  be  raised  to  bright 
incandescence  by  repeatedly  making  and  breaking  the 
circuit. 

226.  The  electromotive  force  ronnd  a  circuit  due 
to  induction  does  not  depend  upon  the  metal  of  which 
the  circuit  is  made.  This  may  be  proved  by  taking 
two  equal  circuits  of  different  metals,  iron  and  copper, 
placed  close  together  and  arranged  so  that  the  electro- 
motive forces  due  to  indiiction  in  the  two  circuits  tend 
to  oppose  each  other.  When  this  circuit  connected  up 
ilv&Dometer  is  placed  in  a  varying  magnetic 
|eld  no  current  paascB,  showing  that  the  electromotive 
a  the  two  circuits  are  equal  and  opposite. 
To  prove   that   in   a   magnetic  field   varying   at   an 
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nseigned  mte  the  olectrotnutivu  force  round 
due  to  induction  is  proportional  to  the  number  of  tubeft. 
magnetic  induction  passing  through  the  circuit.  Fi 
took  a  coil  made  of  several  turns  of  very  fine  wire 
inserted  in  it  a  galvanometer  whose  resiatanoe  vss  Htnnll 
compared  with  that  of  the  coil :  when  thie  coil  was  placed 
in  a  varying  field  the  deflection  of  the  galvanometer  wn^ 
found  to  be  independent  of  the  number  of  turns  in  dn 
coil.  Ab  all  the  resistance  in  the  circuit  is  practicalijr  ifl 
the  coil,  the  resistance  of  the  circuit  will  be  proportional  Id' 
the  number  of  turns  in  the  coil.  Since  the  quantity  of 
electricity  passing  through  the  cii-cuit  is  independent  of 
the  number  of  turns,  it  follows  that  the  E.  H.  f.  round  the 
circuit  must  have  been  proportional  to  the  resistance,  l& 
to  the  number  of  turns  of  the  coil.  Hence  since  the  tunta 
of  the  coiIb  were  ao  close  together  that  each  enclosed  Hai 
same  number  of  tubes  of  magnetic  induction,  it  follt 
that  when  the  rate  of  change  is  given  the  E.  M. 
the  circuit  must  be  proportional  to  the  number  of  ml 
of  magnetic  induction  passing  through  it. 

Faraday  also   showed   by  rotating   the   same   cii 
at  different  speeds  in  the  same  magnetic  Reld  that 

E.  M.  F.  round  the  circuit  was  proportional  to  the  s] 
of  rotation,  i.e.  to  the  rate  of  change  of  the  number 
tubes  of  magnetic  induction  passing  through  the  circutb' 

These    inveatigRtious    of    Faraday's   determined 
conditions  under  which  induced  currents  arc   prodi 

F,  E.  Neumann  was  however  the  first  to  give,  in  1845.  an 
expression  by  which  the  magnitude  of  the  electromotii'e 
force  could  be  determined.  We  may  state  the  law  oC 
induction  of  currents  as  follows — Whenever  th«  ntimicn 
iabea  of  magnetic  indiKtion  passing  through  a  oireuU 
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chanffiiiff,  thei-e  is  an  E.  M.  F,  acting  round  the  circuit 
etfiuil  to  the  rale  of  diiiiivation  in  the  nwiMber  of  tubes  of 
magnetic  induction  which  pass  through  the  circiiiL  The 
positive  direction  uf  the  b.  m.  f,  and  the  positive  direction 
in  which  a  tube  passes  through  the  circuit  are  related  to 
each  other  like  rotation  and  translation  in  a  right-handed 
screw. 

We  shall  show  later  on  (page  459)  that  this  law  can 
be  connected  with  Ampjjre's  law  (Art.  212)  by  dynamical 
principles. 

Let  U8  apply  this  law  of  indiiction  to  the  case  of  a 
circuit  exposed  to  a  variable  magnetic  field.  Let  the 
circuit  contain  a  galvanic  battery  whose  electromotive 
force  is  £',,  and  let  the  resistance  of  the  circuit,  including 
that  of  the  battery,  be  R.  If  P  is  the  number  of  tubes  of 
magnetic  induction  passing  at  any  time  t  through  the 
circuit,  there  will  be  an  E.  M.  F.  equal  to  —dPjdt  round 
the  circuit  due  to  induction;  hence  by  Ohai's  law,  wc 
have  if  i  is  the  current  round  the  circuit, 


Ri  =  E, 


dP 


+  Hi^E„.. 


.,(1). 


Suppose  the  magnetic  field  is  due  to  two  currents,  odo 
rculating  round  this  circuit  and  the  other  through  a 
wnd  circuit  in  its  neighbourhood ;  let  j  be  the  current 

BiDg  round  the  second  circuit.  Let  L  be  the  coefEcient 
r  *clf- induction  of  the  first  circuit,  iV  that  of  the  second, 
r  the  coe6Scient  of  mutual  induction  between  the  two 

mile.  Then  as  the  niiignetic  field  is  due  to  the  two 
rcuits,  /'  =  ij  +  Jiij. 
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and  equation  (1)  becomes 

if  S  is  the  refiiatance  of  the  second  circuit  aad  E, 
electromotive  force  of  any  battery  there  may  be  in 
circuit,  then  we  have  similarly. 


dt 


{Mi-^Nj)  +  Sj  =  E,'. 


\ 


227.  Let  us  compare  these  equations  with  the  equa- 
tions of  motion  of  a  dynamical  system  having  two  degrees 
of  freedom,  one  degree  being  fixed  by  the  coordinate  x, 
the  other  by  the  coordinate  i/ ;  these  coordinates  may  be 
regarded  as  fixing  the  positions  of  two  moving  pieces.  Let 
the  first  moving  piece  be  acted  upon  by  the  external  fora; 
E„,  the  second  by  the  force  E^'.  Let  the  motions  of  the 
first  and  second  moving  pieces  be  resisted  by  resistances 
proportional  to  their  velocities,  and  let  Itx,  Sy  be  these 
resistances  respectively.  The  momenta  corresponding  to 
the  two  moving  pieces  will  be  linear  functions  of  the 
velocities.  Let  the  momentum  of  the  first  moving  piecgj 
be 

Li  +  Afy, 
that  of  the  second 

Jtfi  +  Ny. 

Then,  if  X,  M,  N  are  independent  of  the  coordinat 
a-,  y,  the  equations  of  motion  of  the  two  systems  will  be  j 
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Bparing  these  equatiuDS  with  those  for  the  two  curreats 
I?  that  they  are  identical  if  wu  make  i,  j  the  curreuta 
pd  the  two  circuits  coincide  with  i,  y  the  velocities 
!  two  moving  pieces.  The  electrical  equations  of  a 
lem  of  circuita  are  thus  identical  with  the  dynamical 
.tions  of  a  system  of  moving  bodies,  the  current  flowing 
1  a  circuit  corresponds  to  a  velocity,  the  number  of 
s  of  magnetic  induction  passing  through  the  circuit 
Ethe  momentum  corresponding  to  that  velocity,  the 
Hrical  resistance  corresponds  to  a  viscous  resistance, 
1  the  electromotive  force  to  a  mechanical  force. 
A  further  analogy  is  afforded  by  the  comparison  of 
the  Kinetic  Energy  of  the  Mechanical  System  with  the 
energy  in  the  magnetic  field  due  to  the  system  of 
currents.  The  Kinetic  Energy  of  the  Mechanical  System 
is  equal  to 
"  ii  {Lz  +  My)  +  ij  ^Mx  +  Ny). 

The  energy  in  the  magnetic  field  is  by  Art.  218  equal 

iHLi  +  M^  +  iUm  +  Nj). 
I  This  expression  becomes  identical  with  the  preceding 
a  il'  we  write  x  for  t  and  y  for  j. 
Since  the  terms  in  the  electrical  equations  which 
the  induction  of  currents  correspond  to  terms 
in  the  dynamical  equations  which  express  the  effects  of 
changes  in  the  momentum,  and  as  these  latter  effects  arise 
from  the  inertia  of  the  ayatem,  we  are  thus  led  to  regard 
a  system  of  electrical  currents  as  also  possessing  inertia. 
'ITie  inertia  of  the  system  will  be  increased  by  any  circum- 
Htance  which,  for  given  values  of  the  currents,  increases 
the  number  of  tubes  of  electromagnetic  induction  parsing 
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through  the  circuits ;  the  inertia  of  the  Hyutetn  n 
be  increased  hy  the  intnxliiction  of  sofl  irnn  in  the  a 
boiirhorxi  of  the  circuits, 

228.  We  can  illustrate  by  a  mechauical  modeTI 
analogies  betweeu  the  behaviour  of  electrical  circuits  in' 
a  suitable  mechanical  system.  Models  of  thia  kind  b. 
bi'on  designed  by  Maxwell  and  Lord  Baylei;s[h ;  a  si;ii)'! 
one  which  serves  the  same  purpose  is  represented  in  P . 
115. 


Pw.  116. 

It  consiats  of  three  smooth  parallel  horizontal  hU- 
bars  on  which  masses  vi,.  M,  m,  slide,  the  masHca  ben . 
separated  from  the  bare  by  friction  wheels :  the  th' 
masses  are  connected  together  by  a  light  rigid  bar  whi' 
passes  through  holes  in  swivels  fixed  on  to  the  upper  y-'- 
of  the  masses,  the  bar  can  elide  backwards  and  fonrank 
through  these  holes  so  that  the  only  constraint  imposed  MB 
the  bar  is  to  keep  the  masses  in  a  straight  line.  "^ 

This  (lystein  will,  if  we  regard  the  velocities  of  m^,  m, 
respectively  along  their  bars  as  representing  ciirrenK 
flowing  round  two  circuibj,  illustrate  tha  jadiiction  ot 
currents.  Let  us  start  with  the  thrve  maae 
jdeuly  move  w,  forwards  along  its  bar,  n 
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lOTe  backwards,  an  effect  aoalogous  to  the  production 
E  the  inverse  current  in  the  secondary  when  the  current 
t  started  in  the  primary.  If  now  iri,  is  moved  uniformly 
ward  the  friction  between  m,  and  ita  bar  will  soon  bring 
i  to  rest  and  it  will  continue  at  rest  as  long  as  the  motion 
f  m,  remains  uniform :  this  is  analogous  to  the  absence  of 
lOrrent  in  the  secondary  when  the  current  in  the  primary 
lis  uniform.  If  now  we  suddenly  stop  Wi  then  m,  will  start 
off  in  the  direction  in  which  vii  was  moving  before  being 
brought  to  rest.  This  is  analogous  to  the  direct  cun'ent 
in  the  secondary  produced  by  the  stoppage  of  the  current 
in  the  primary.  These  effects  are  the  more  marked  the 
greater  the  mass  M. 

It  is  instructive  to  find  the  quantities  in  the  dynamical 
system  which  correspond  to  the  coefiScients  of  self  and 
mutual  induction.  Let  us  suppose  that  the  bar  on  which 
M  slides  is  midway  between  the  other  two. 

Then  if  ij  is  the  velocity  of  vi,  along  its  bar,  i,  that  of 
Mt,.  the  velocity  of  M  will  be  (i,  +x,)/2,  and  T  the  kinetic 
energy  of  the  system  is  given  by  the  equation 


The   momentum 
equal  to 


t 


X,  is  dTjdxi  and  is  therefore 

lentura  along  iC,  is  dTjdxj  and  is  therefore  equal  ~. 

1-  J//4,  :!!,,  + M/i  currespoud  to  the  cuefficieotfi  orv~ 
25 
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self-induction  of  the  two  circuits,  while  Jbr/4  correspoiidi 
to  the  coefficient  of  mutual  induction  between  the  dicoiU 
The  effect  of  increasing  the  coefficient  of  mutual  indactki 
between  the  circuits,  such  an  increase  for  example  as  may 
be  produced  by  winding  the  primary  and  seoondaiy  ooih 
round  an  iron  core,  may  be  illustrated  by  the  effect  pro- 
duced on  the  model  by  increasing  the  mass  M  relatively  to 
t/t]  and  ni^. 

The  behaviour  of  the  model  will  illustrate  important 
electrical  phenomena.    Thus  suppose  the  mass  m,  is  strode 
with  a  given  impulse,  it  will  evidently  move  forward  with 
greater  velocity  if  tti,  is  free  to  move  than  if  it  is  fixed, 
for  if  vi^  is  free  the  large  mass  M  will  move  very  slowly 
compared  with  mj,  the  connecting  bar  turning  round  the 
swivel  on  M  almost  as  if  this  were  fixed  :  if  however  m^  is 
fixed,  then  when  nii  moves  forward  it  has  to  drag  M  along 
with  it,  and  will  therefore  move  more  slowly  than  in  the 
preceding  case.     When  m^  is  free  to  move  it  moves  in  the 
opposite  direction   to   my.     Now  consider  the   electrical 
analogue,  the  case  when  m^  is  free  to  move  corresponds  to 
the   case   when   there   is   in   the   neighbourhood   of  the 
primary  circuit  a  closed  circuit  round  which  a  current  can 
circulate ;  the  case  when  m,  is  fixed  corresponds  to  the 
case  when  this  circuit  is  broken,  when  it  can  produce  no 
electrical  effect  as  no  current  can  circulate  round  it.    The 
greater  velocity  of  mj  when  m,  was  free  than  when  it 
was  fixed  shows  that  when  an  electrical  impulse  acts  on 
a  circuit   the   current   produced  is  greater   when   there 
is  another  circuit  in  the  neighbourhood  than  when  the 
primary  circuit  was  alone  in  the  field ;  in  other  words,  the 
presence  of  the  secondary  diminishes  the  effective  inertia 
>r  self-induction  of  the  primary. 
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Effect    of   a    Secondary    Circuit.     As    an 

in  the  nse  of  the  equations  given  in  Art.  226  we 
shall  consider  the  behaviour  of  a  primary  and  a  secondary 
coil  when  au  electric  impulse  acts  upon  the  primary. 
Let  us  suppose  that  originally  there  were  no  currents  in 
the  circuita.  Let  L.  M.  N  be  respectively  the  coefficients 
of  self-induction  of  the  primary,  of  mutual  induction 
between  the  primary  and  the  secondary  and  the  coefficient 
of  self-induction  of  the  secondaiy;  R,  S  the  resistances 
of  the  primary  and  secondary  respectively,  ir  and  1/  the 
currents  through  these  coils.  Then  if  P"  is  the  external 
electromotive  force  acting  on  the  primary,  we  have  by  the 
equations  of  Art.  226, 

^{Lx,  +  M,j)  +  IU  =  P- (1), 


dl 


iMg:+Ni/)  +  Sij  =  0  . 


..(2). 


The  primary  is  acted  on  by  an  impulse,  that  is  the  force 
P"  only  lasts  for  a  short  time,  let  us  call  this  time  t.  Then 
if  a:o,  y„  are  the  values  of  a;,  y  due  to  this  impulse  we  have 
by  integrating  equation  ( 1)  from  ( =  0  to  i  =  t 

Iat,  +  Jtfy,  +  RTxdt  ^TfOI. 

Since  t  is  indefinitely  small  and  x  is  finite 


let  J   Fdt  =  P, 

then  we  have             Lx^  +  My,  =  P .. 
Similarly  by  integrating  (2)  we  get 
Mx^  +  N>j^  =  0 


..(3). 


(*). 

ib—i 
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hence  a:.  =  _jp,         y. j^zTm*' 

If  the  secondary  circuit  had  not  been  present  the 
current  in  the  primary  due  to  the  same  impulse  woqU 
have  been  P/L :  thus  the  effect  of  the  secondaiy  is  to 
increase  the  initial  current  in  the  primary ;  it  diminishes 
its  effective  self-induction  from  i  to  Z  —  M^jN.  This  is 
an  illustration  of  the  effect  described  in  the  last  article. 
Equation  4  expresses  that  the  number  of  tubes  of  mag- 
netic induction  passing  through  the  second  circuit  is  Dot 
altered  suddenly  by  the  impulse  acting  on  the  first  circuit 

When  the  impulse  ceases  the  circuits  are  free  from 
external  forces  and  the  equations  for  x  and  y  are 

^{Lx-\'My)  +  Rx^O (5), 

|(ilfo  +  i^y)  +  5y  =  0 (6). 

Let  us  now  choose  as  the  origin  from  which  time  is 
measured  the  instant  when  the  impulse  ceasea  Integrate 
these  equations  from  ^  =  0  to  ^  =  oo ,  then  since  x  and  y 
will  vanish  when  ^  =  oo  we  have 

R  I    xdt  =  Lx^  +  My^ 

Jo 

=  P  by  equation  (3), 

but  I    xdt  is  the  total  quantity  of  electricity  which  passes 

Jo 

across  any  section  of  the  primary  circuit,  if  we  denote  this 
by  Q  we  have 

«=5' 


I 
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I  Q  is  not  affected  by  the  presence  of  a  secondary 

t.     Thus  since  the  current  is  greater  to  begin  with 

CD  the  secondary  is  present  than  when  it  is  absent  it 

IBt,  since  Q  is  the  same  in  the  two  cases,  die  away  Faster 

s  whole  when  the  secondary  is  present. 

Integrating  (6)  from  (=0to(=33  we  find 

=  0  by  equation  (4) ; 
!  the  total  quantity  of  electricity  passing  across  any 
tion  of  the  secondary  circuit  is  zero. 
D  solve  equations  (6)  and  (6)  put 

minating  A  and  B  we  find 

{R-L\)(S-N\)  =  M^\* (7); 

e  if  X, ,  X,  are  the  roots  of  this  quadratic  which  are  both 
I     positive  since  LN—  M'  is  positive,  as  ^L3?+  Mxy+  ^Ni/' 
the  expression  for  the  energy  of  the  currents  is  positive  for 
■11  values  of  x  and  y,  we  have 
^^L  a  =  A,e-*^'  +  A^-^, 

^If  we  determine  the  values  of  the  ^'s  and  fffl  from  the 
values  of  m  and  y  when  i=0,  we  find  after  some 
reductions 


1        ^__ 


l-(^-|)---(^-|)l 


I 


PM 


'\,-X,[.N-M' 


\\,-^'-Xf-- 


(8), 
..(9). 


im  roOta  is  greater  than,  tfae  otlier  not  lew  thao  i 
AamXt^SiJf.Xt—S-Jfnnotoppimts  signs, and  tberefci' 
iif  (S),  M  the  coirent  throngfa  tfae  primair  never  chaiig< ' 
a|gn ;  g  tlie  cmreDt  tfaroogb  the  aeoaaiary  begins  by  being 
of  tie  opposite  sign  to  x,  it  cbuiges  sign,  and  finally  x  and 
jr  ara  of  tbe  same  sign. 

A  very  important  special  case  of  the  preceding  in- 
vexttgation  is  when  the  two  circuits  are  close  together,  or 
when  tbe  circuits  are  woand  round  a  core  of  soft  iron 
which  completely  fills  their  apertures ;  in  thiB  case  nearly 
all  the  linefl  of  magnetic  force  which  pass  through  one 
circuit  pans  through  tbe  other  also ;  this  if)  often  expressed 
by  sa^Hug  that  there  is  very  little  magnetic  leakage  between 
the  circuit*).  When  this  condition  ia  fidfiUed  L  ~  3/*/jVis 
very  small  compared  with  L.  In  the  limiting  case  when 
thitt  quantity  vanishes  we  see  by  equation  (7)  that  one  ol 
the  values  of  X,  say  X,,  is  infinite,  while  X,  is  equal  to 

AS 


Ls  +  NR- 

In  this  case  we  find  from  equations  (8)  and  (9)  that,  escejrt 
at  the  very  beginning  of  the  motion. 


R 


+  -is\ 


I 


Tlio   rolntion   between  the  currents  and  the   time  whfu 
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fM'INis  small  is  represented  by  the  curves  in  Fig.  116, 
I  dotted  curve  represeiits  the  current  in  the  primary 
1  the  secondary  is  absent. 


230.  Currenta  Induced  in  a  mass  of  metal  by 
an  Impulse.  L(.-t  u»  suppose  thnt  the  impulse  is  due  to 
the  sudden  alteratioa  of  a  magnetic  .-system.  Let  N  he 
the  number  oi'  tubes  of  magnetic  induction  due  to  this 
system  which  pass  through  any  circuit;  to  fix  our  ideas 
_let  us  suppose  this  is  the  primary  circuit  in  the  case  con- 
idered  in  Art.  229.  Then  using  the  notation  of  that 
Cticte 

dN 


P'  =  - 


dt  ' 


-  (JV,  -  Jf,), 


f  Faraday's  law. 

[  Hence  P  =  l  F 

i  JV,  and  -iVj  represent  respectively  the   number  of 
iea  of  magnetic  induction  passing  through  the  circuit 
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at  the  times  t  =  T  and  ^  =  0  respectively.     We  have,  how- 
ever, by  equation  (3),  Art.  229, 

Lx.  +  My.  =P, 

or  Lx.  +  Mi/t  +  -^T  =  -^0- 

Now  the  right-hand  side  is  the  number  of  tubes  of 
magnetic  induction  which  pass  through  the  circuit  at  the 
time  ^  =  0,  Le.  the  time  when  the  impulse  began  to  act; 
the  left-hand  side  represents  the  number  of  tubes  of 
magnetic  induction,  some  of  them  now  being  due  to  the 
currents  started  in  the  circuit,  which  pass  through  the 
circuit  at  the  time  f  =  r  when  the  impulse  ceases  to  act. 
The  equality  of  these  two  expressions  shows  that  the 
currents  genei*ated  by  the  impulse  are  such  as  to  keep 
the  number  of  tubes  of  magnetic  induction  which  pass 
through  the  circuit  unaltered.  The  case  we  have  con- 
sidered is  one  where  there  is  only  one  secondary,  the 
reasoning  is  however  quite  general,  and  whenever  an 
impulse  acts  upon  a  system  of  conductors,  the  currents 
started  in  these  conductors  are  such  that  their  electro- 
magnetic action  causes  the  number  of  tubes  of  magnetic 
induction  passing  through  any  of  the  conducting  circuits 
to  be  unaltered  by  the  impulse. 

Let  us  apply  this  result  to  the  case  of  the  currents  in- 
duced in  a  mass  of  metal  by  the  alteration  in  an  external 
magnetic  field. 

The  number  of  tubes  passing  through  every  circuit 
that  can  be  drawn  in  the  metal  is  the  same  after  the  im- 
pulse as  before.  Hence  we  see  that  the  magnetic  field  in 
the  metal  is  the  same  after  the  impulse  as  before.  This 
will  give  an  important  result  as  to  the  distribution  of 
currents  inside  the  metal.     For  we  have  seen  (Art.  201) 


231]  ELECTROMAONETIC   INDUCTION.  39T 

that  the  work  done  wheu  unit  pole  is  taken  round  a  closed 
circuit  ia  equal  to  iw  times  the  current  flowing  through 
that  circuit.  Kow  the  magnetic  field  inside  the  metal, 
and  therefore  the  work  don«  when  unit  pole  passes  round 
a  closed  circuit,  is  unaltered  by  the  impulse,  hence  the 
current  flowing  through  any  such  closed  curve  is  also  un- 
altered by  the  impulse  ;  hence,  as  there  were  no  currents 
through  it  before  the  impulse  acted,  there  will  bo  none 
generated  by  the  impulse.  In  other  words,  the  currents 
generated  in  a  mass  of  metal  by  an  electric  impulse  are 
entirely  on  the  surface  of  the  metal,  and  the  inside  of  the 
conductor  ia  free  from  currents. 

231.  The  currents  will  not  remain  on  the  surface, 
they  will  rapidly  dilTusQ  through  the  metal  and  die  away. 
We  can  find  the  way  the  currents  distribute  themselves 
after  the  irapulae  stops  by  the  use  of  the  two  fundamental 
principles  of  electro-dynamics,  (1)  that  the  work  done  by 
the  magnetic  forces  when  unit  pole  travels  round  a 
closed  circuit  is  equal  to  4ir  times  the  quantity  of  current 
flowing  through  the  circuit,  (2)  that  the  total  electro- 
motive force  round  any  closed  circuit  is  equal  to  the  rate 
of  diminution  of  the  number  of  tubes  of  magnetic  induc- 
tion passing  through  the  circuit. 

Let  u,  t>,  w  be  the  components  parallel  to  the  axes  of 
x,  y,  e  of  the  electric  current  at  any  point,  a,  (3,  y  the  com- 
ponents of  the  magnetic  force  at  the  same  point.  The  axes 
are  chosen  so  that  if  w  ia  drawn  to  the  east,  y  to  the  north, 
«  \a  upwards.  Consider  a  small  rectangiilar  circuit  A  BCD, 
the  sides  AB,  BG  being  parallel  to  the  axes  of  i  and  y 
respectively.  Let  AB  =  2ii,  BC=2k.  Let  a, /3,  7  be  the 
coin]Kinent8  of  magnetic  force   at    0,  the  centre   of  the 
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rectangle ;  x,y,g  the  coordinates  of  O ;  let  the  coordinatei  I L 
of  P,  a  point  on  AB,  be  «,  y  +  ifc,  i^  +  f;  the  s  coInpoIlellt|^ 
of  the  magnetic  force  at  P  will  be  approximately 

Let  now  a  unit  magnetic  pole  be  taken  round  the 
rectangle  ABCD^  the  direction  of  motion  round  ABCH 
being  related  to  the  positive  direction  of  x  like  rotalki 
and  translation  in  a  right-handed  screw.  The  work  done 
on  unit  pole  as  it  moves  from  A  to  B  will  be 


a^^t^-t")^ 


\ 


which  is  equal  to       2A7  +  2AA;^ ; 

the  work  done  on  the  pole  as  it  moves  from  (7  to  jD  is 

We  may  show  similarly  that  the  work  done  on  unit 
pole  as  it  moves  from  £  to  C  is  equal  to 

and  when  it  moves  from  D  to  ^  to 

2Jfc/3-2M^. 
az 

Adding  these  expressions  we  see  that  the  work  done  on 
unit  pole  as  it  travels  round  the  rectangle  A  BCD  is  equal 

\dy     dz) 

The  quantity  of  current  passing  through  this  rectangle  is 
equal  to  ^uhk, 
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ice  aince  the  work  done  od  unit  pole  in  going  round  the 
tangle  is  equal  to  itr  times  the  current  passing  through 
the  rectangle,  see  Art.  201,  we  have 

*-"=i,-T. <'>• 

\  taking  rectangles  whose  sides  were  parallel  to  the  axes 
D  and  z,  and  of  w,  y  we  should  get  in  a  similar  way 
.  dot      dr/  ,-. 

*"'d.-di <*'■ 

♦"'"-s-s, <^>' 

fX,  Y,  Z  are  the  components  of  the  electric  intensity  at 
3  can  prove  by  a  similar  process  that  the  work  done 
I  unit  charge  of  electricity  in  going  round  the  rectangle 
pCG  is  equal  to 

If  a,  b,  c  are  the  components  of  magnetic  induction  at 
0,  the  number  of  tubes  of  magnetic  induction  passing 
thniugh  the  rectangle  is  u  x  ihk ;  hence  the  rate  of  diminu- 
tion of  the  number  of  unit  tubes  is  equal  to 

at 

But  by  Faraday's  law  (Art.  226)  the  work  done  on  unit 
charge  in  going  round  the  circuit  is  equal  to  the  rate  of 
diminution  in  the  number  of  tubes  of  magnetic  induction 
ing  through  the  circuit,  hence 

dt  \d>/      dt  / 
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lilarly 


da^dZ_dY 

dt      dy      da  ' 

_dh^dX  _dZ 

dt      ds      dx 


..l*V 


dY    dJi_ 
'  dy 

Let   us  consider  the  case  when  the  variable  pan  •< 
magnet izatioQ  is  induced,  so  that 

da  _     da     db  ^    rfy9     dc        df 

li.~'^di'  di~'^~di  '  Jt~^di' 

where  fi,  is  the  magnetic  permeability.     If  o-  is  the  speciii 

resistance  of  the  metal  in  which  the  currents  are  flowing  J 

and  if  the  currents  are  entirely  conduction  currentB, 

av,  =  X,    av  =  T,    <tw  =  Z. 
We  have  by  equation  (1)  I  *1    -  ^T. 

\  du  _  d  dc      d  db 

I  '^^'d^di^dzdf    !    'rfj 

hence  by  putting  Y^trv,  Z  =  aiv  in  equation  ( 

du_     (^     eN,     ^u\        _d  (du     dv      .... 
*'^'*  d(  " *^ U^ '^df'^'dt'J     '^d^Kd^'^dy'^dtj 
We  see  from  equations  (1),  (2),  (3)  that 
rfw     djf      dw  _ 
dx     dy      dt 
,      du        /d^u     d*u     (?M\ 

■'"''s"'' Is? +*,■+&]■■ 

dv         /d'v      dHf  , 


-  =  0, 


hence 


iiiiilar  method  that 

^%s  ith  Bimilar  equations  for  6  and  c. 

These  eijuations  are  identical  in  form  with  those  which 
hold  for  the  conduction  of  heat,  and  we  see  that  the 
currents  and  magnetic  force  will  diffuse  inwards  into  the 
metal  in  the  same  way  as  temperature  would  diffuso  if 
the  surface  of  the  metal  were  heated,  and  then  the  heat 
allowed  to  ditfu^e. 

232.  We  may  apply  the  results  obtained  in  the  con- 
duction of  heat  to  the  analogous  problem  in  the  distribution 
of  currents.  As  a  simple  example  let  us  take  a  case  in  one 
dimcn.-sion.  Let  us  suppose  that  over  the  infinite  face  of 
11  plane  slab  we  have  initially  a  uniform  distribution  of 
currents,  and  that  these  cuiTents  are  left  to  thomaclvcs. 
Then  from  the  analogous  problem  in  the  conduction  of 
bt'at  wo  know  that  after  a  time  t  has  elapsed  the  current 
at  a  distance  a:  from  the  face  to  which  the  currents  wore 
originally  confined  will  be  proportional 


¥ 


t^ 


This  expression  satisfies  the  diScrontial  equation  and 
vanishes  when  (  =  0  except  at  the  face  where  x  =  0.  The 
currents  at  a  distance  x  will  attain  their  maximum  value 
,Hhen 


=  ^ 


I  the  magnitude  of  the 
lely  proportional  to  x. 


current  will  be  i 
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In  the  case  of  copper  ft  =  1,  o-  =  1600,  hence  the  tiie 
at  which  the  current  at  a  place,  one  centimetre  from  tb 
surface,  is  a  maximum  is  2^/1600  secoods,  or  about  1;^ 
of  a  second,  a  point  '1  cm.  from  the  surfisu^  would  reoon 
the  maximum  current  after  about  1/25,000  of  a  seoottl 
while  at  a  point  10  cm.  from  the  surface  the  current  wooU  j 
not  reach  its  maximum  for  about  4/10  of  a  second. 

Let  us  now  consider  the  case  of  iron :  for  an  avenp 
specimen  of  soft  iron  we  may  put  a  =  10*,  /a  =  10*;  hence 
in  this  case  the  time  the  current,  1  cm.  from  the  sur- 
face, will  take  to  reach  its  maximum  value  is  aboat 
27r/10  seconds,  while  a  place  10  cm.  from  the  £bu%  odIj 
attains  its  maximum  after  207r  seconds.  Thus  the  cuirents 
diffuse  much  more  slowly  through  iron  than  they  do 
through  copper.  The  diffusion  of  the  currents  is  regu- 
lated by  two  circumstances,  the  inertia  of  the  currents 
which  tends  to  confine  them  to  the  outside  of  the  con- 
ductor, and  the  resistance  of  the  metal  which  tends  to 

• 

make  the  currents  diffuse  through  the  conductor ;  though 
the  resistance  of  iron  is  greater  than  that  of  copper,  this  is 
far  more  than  counterbalanced  by  the  enormously  greater 
magnetic  permeability  of  the  iron  which  increases  the 
inertia  of  the  currents,  and  thereby  the  tendency  of  the 
currents  to  concentrate  themselves  on  the  outside  of  the 
conductor. 

When  t  is  much  greater  than  a^/O^/cr);  €  ^"^  diflFers 
little  from    unity  in    this  case,  the  currents  are  almost 

independent  of  x  and  vary  inversely  as  r,  thus  the  currents 
ultimately  get  nearly  uniformly  distributed,  and  gradually 
fade  away. 

233.    Periodic  electromotive  fbrces  acting  on  a 
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aironit  poneHlng  inertia.      So  far  vio  have  cunfiued 

.^or  attention  to  the  case  of  impulnes,  we  now  proceed  to 

.  oousider  the  case  when  electromotive  forces  act  od  a  circuit 

for  a  finite  time.     If  these  forees  are  steady  the  currents 

.  ^vrill   speedily  become  steady  also,  and  there  will  be  no 

:  effects  due  to  induction;  when,  however,  these  forces  are 

riodic,  induction   will   produce  very  important  effects 

luch   we  shall   now   proceed  to  investigate.     We  shall 

e  with  the  case   of  a   single  circuit  whose  co- 

Icienl  of  self-induction  is  L  and  whose  resistance  is  B ; 

shall   suppose   that   this   circuit   is   acted  on  by  an 

sternal   electromotive   force   varying  harmonically  with 

I  time,  the  force  at  the  time  (  being  equal  to  E  cos  pt; 

i  expression  represents  a  force  making  jj/Ztt  complete 

s  a  second,  it  changes  its  direction  p/w  times  per 

loud.     If  I  is  the  current  through  the  coil,  we  have 

L^  +  Bi  =  EcoBpt (l)il^ 

B  solution  of  this  equation  is 

^^Ecm(pt-a) 

iff+iyi*  ' 

tan«  =  -^ (3). 

The  maximum  value  of  the  electromotive  force  is  E, 

while  the  maximum  value  of  the  current  is 

i'/fTP  +  iyl*: 

B    if  a  steady  force  E  acted  on  the  circuit  the  current  would 

^K|w  E/R.      Thus   the   inertia   of  the   circuit   makes  the 

^rinaxinium   current  bear  to  the  maximum   electromotive 

force    a   smaller    ratio   than    a   steady   current   through 

the  same  circuit  bears  to  the  steady  electromotive  force 
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producing  it.  The  ratio  of  the  maximum  electromotiic 
force  to  the  maximum  current,  when  the  force  is  peiiodie, 

is  equal  to  {R^  +  L^p^]^  ]  this  quantity  is  called  tlie 
impedance  of  the  circuit. 

We  see  fi*om  equation  (2)  that  the  phase  of  the  com&t 
lags  behind  that  of  the  electromotive  force.  When  the 
force  oscillates  so  rapidly  that  Lp  is  large  compared  wiA 
M,  we  see  from  equation  (3)  that  a  will  be  approximately 
equal  to  7r/2.  In  this  case  the  current  through  the  coil 
will  be  greatest  when  the  electromotive  force  acting  on 
the  circuit  is  zero,  and  will  vanish  when  the  electromoti?e 
force  is  greatest. 

In  this  case,  since  Lp  is  large  compared  with  iZ,  we 
have  approximately 

thus  the  current  through  the  circuit  is  approximately 
independent  of  the  resistance  and  depends  only  upon 
the  coeflScient  of  self-induction  and  on  the  frequency  of 
the  electromotive  force.  Thus  a  very  rapidly  alternating 
electromotive  force  will  send  far  more  current  through 
a  short  circuit  with  a  small  coefficient  of  self-induction, 
even  though  it  is  made  of  a  badly  conducting  material, 
than  through  a  long  circuit  with  large  self-induction, 
even  though  this  circuit  is  made  of  an  excellent  con- 
ductor. For  steady  electromotive  forces  on  the  other 
hand,  the  current  sent  through  the  second  circuit  would 
be  enormously  greater  than  that  through  the  first. 

The  work  done  by  the  current  per  unit  time,  which 
appears  as  heat,  is  equal  to  the  mean  value  of  either 
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»pt.i  or  Ri',  and  is  equal  to 

'  If  +  Pp'- 
H  wheu  the  electromotive  force  changes  so  slowly  that 
lis  small  compared  with  R,  the  work  done  per  unit 
i  vanes  inversely  as  R;  while  when  the  force  varies 
rapidly  that  Lp  is  large  compared  with  R,  the  work 
3  directly  as  R.     If  E.  p  and  L  are  given  the 
t  done  is  a  maximum  when 
R^Lp. 

|334.     Circuit  rotating  In  the  Earth's  field.     The 

lual  electromotive  force  is  of  the  type  considered  in  the 
■  article  when  a  conducting  circuit  rotates  with  uniform 
city  Q)  in  the  earth's  magnetic  field  about  a  vertical 
If  ff  is  the  angle  the  plane  of  the  circuit  makes 
1 1 'With  the  magnetic  meridian,  H  the  horizontal  component 
of  the  earth's  magnetic  force,  A  the  area  of  the  circuit, 
then  the  number  of  tubes  of  magnetic  induction  passing 
through  the  circuit  is  ' 

HA  sin  S : 

ti  rate  of  diminution  of  this  is 
th< 


-HA  cm0 


df 


[the  circuit  revolves  with  uniform  angular  velocity  to, 
0  =  at,  and  the  rate  of  diminution  in  the  number  of  tubes 
of  magnetic  induction  passing  through  the  circuit  is 
—  HAw  cos  (Dt 
ioB,  by  Faraday's  law,  is  the  electromotive  force 
;  on  the  circuit,  the  case  is  identical  with  that  just 
if  we  write  m  for  p  and  —HAta  for  E ;  thus 
2(i 
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if  L  is  the  coefficient  of  self-induction  of  the  ciic 

R  the  resistance,  i  the  current  through  the  circuit, 

._     HAto  coa(w(-  a) 

The  motion  of  the  circuit  is  resisted  by  a  couple  whi~' 
moment  is,  by  Art.  212,  equal  to  the  current  multipli< 
by  the  differential  coefficient  with  respect  to  fl  of  lii 
number  of  tubes  of  magnetic  induction  due  to  the  eart!. 
field  passing  through  the  circuit;  thus  the  luumeDt  ' 
the  couple  is 

iHA  cose, 
H'A'tii  cos  tot  cos  {tot  —  a) 

Thus  the  couple  always  tends  to  oppose  the  rotatioo  j 
of  the  coil  unless  0  is  between   ^  and  „  +a  or  between  ' 

3t  .     377- 


To  maintain  the  motion  of  the  circuit  work  must  l 
spent;  the  amount  of  work  spent  in  any  time  is  ei|ii.. 
to  the  mechanical  equivalent  of  the  heat  developed  -.-. 
the  circuit. 

The  mean  value  of  the  retarding  couple  is 


,  H'A't. 


H'A'JU> 


infinite  and  ia  greatest 


it  vanishes  when   a  is  zero 
when  M  =  It/L, 

If  the  circuit  rotates  so  rapidly  that  tot  is  large 
compared  with  R,  a  is  approximately  equal  to  w/S,  and 
we  see  that 

.  _      HA  sin  tot 

*"         z      ■ 
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^^^pi?ow  by  definition  Li  is  the  number  of  tubes  of 
vUtgnetic  induction  due  to  the  currents  which  pass 
hrough  the  circuit,  while  HA  sincef  is  the  number  pass- 
ng  through  the  same  circuit  due  to  the  earth's  magnetic 
leld ;  we  see  from  the  preceding  expression  for  i  that  the 
mm  of  these  two  quantities,  which  is  the  total  number  of 
tubes  of  magnetic  induction  passing  through  the  circuit, 
remains  zero  throughout  the  whole  of  the  time.  Thb  is 
an  illustration  of  the  general  principle  that  when  the 
inertia  effects  are  paramount  the  number  of  tubes  passing 

r)Ugh  any  conducting  circuit  remains  constant. 
235.  Circuits  Id  parallel.  Suppose  that  two  points 
A  and  B  are  connected  by  two  circuits  in  parallel.  Let 
H  be  the  resistance  oi  the  first  circuit,  S  that  of  the 
^^^Bcond  ;  let  the  first  circuit  contain  a  coil  whose  coefficient 
^^K  self-induction  is  L,  the  second  one  whose  coefficient  of 
^^Bf-induction  is  N.  Let  the  coils  be  so  far  apart  that 
^^nir  coefficient  of  mutual  induction  is  zero.  Then  if 
^^Bifference  of  potential  Bcoapt  be  maintained  between 
^^H|  points^  and  B  we  see  by  the  preceding  investigations 
|R|&t  I  and  J,  the  currents  between  the  two  circuits,  will  be 
given  by  the  equations 

E  COB  {pt  -  a) 


(iy  +  fl-l* 


■  ^gcoa(j)t-ff) 


[NY  +  S'\' 


W.^=^^. 


If  the  external  elciCtroinotive  force  varies  so  ra|iidlj' 
2ft— 2 


y  that     H 

J 
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Lp  and  Np  are  large  compared  with  R  and  S  respectiv.  I. 
then 

.  _E  siapt 

.  E  Biapt 
^  ~  ~^p~  • 
or  the  currents  flowing  through  the  two  circuits  !\i' 
inversely  proportional  to  their  coefficients  of  self-indue- 
tion.  Thus  with  very  ntpidly  alternating  currents  ihe 
distribution  of  the  currents  is  almost  independent  uf 
their  resistances  and  depends  almost  entirely  on  their 
self-inductions.  Thus  if  one  of  the  coils  ha.d  a  moveiblr 
iron  core,  the  current  through  the  coil  would  be  verj 
much  increased  by  removing  the  iron  as  this  wouki 
greatly  diminish  the  self-induction  of  the  circuit 

236.    Traniformera.    We  have  hitherto  confined  oar 
attention  to  the  case  when  the  only  circuit  present  ww 
the  one  acted  upon  by  the  periodic  electromotive  fort*   i 
We  shall  now  consider  the  case  when  in  addition  to  the 
circuit  acted  upon  by  the  external  electromotive  force, 
which  we  shall  call  the  primary  circuit,  another  circuit  is ' 
present  in  which  currents  are  induced  by  the  altemiitii.: 
currents  in  the  primary:   we  shall  call   this  circuit  li. 
secondary  circuit,  and  suppose  that  it  is  not  acted  u[- 
by  any  external  electromotive  force  beyond  that  due  I" 
the  alternating  current  in  the  primary.    A  very  important 
example  of  this  is  afforded  by  the  'transformer.'     In  this 
instrument  a  periodic   electromotive   force   acts   on   the 
primary,  which  consists  of  a  large  number  of  turns  of 
wire;  in  the  ordinary  use  of  the  transformer  for  electric 
lighting  this  electromotive  force  is  so  large  that  it  wiv 
be  dangerous  to  lead  the  primary  circuit  about  a  buildi' . 


Btei 
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the  current  lor  lighting  is  derived  from  a  secondary  circuit 
consisting  of  a  smaller  number  of  turns  of  wire.  The 
primary  and  secondary  circuits  are  wound  round  an  iron 
core  as  in  Fig,  117. 


The  tubes  of  magnetic  induction  concentrate  in  this 
,  so  that  most  of  the  tubes  which  pass  through  the 
limary  pass  also  through  the  secondary,  and  vice  versii. 

The  current  in  this  secondaty  is  larger  than  that  in 
i  primary,  but  the  electromotive  force  acting  round  it 
i  smaller.  The  current  in  the  secondary  bears  to  that  in 
lie  primary  approximately  the  same  ratio  as  the  electro- 
koUve  force  round  the  primary  bears  to  that  round  the 
xindary. 

Let  L,  M.  N  be  respectively  the  coefficients  of  self- 

Iduction  of  the  primary,  of  mutual  induction  between  the 

primary  and  the  secondary  and  of  self-induction  of  the 

yecondary,  let  R  and  H  be  the  resistances  of  the  primary 

and  secondary  respectively,  x  and  y  the  currents  through 

a  coib.    Let  Enaspl  be  the  electromotive  force  acting 
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on  the  primary.  To  find  x  and  y  we  have  the  foUonf] 
equations : 

L^  +  M^^Rx^Ecospt W 

^s+^s+^=« • (2^ 

The  values  of  x  and  y  are 

x  —  A  coa{pt  —  a) (8), 

y^Bco8{pt''/S) (4). 

By  substituting  these  values  in  equations  (1)  and  (^ 
we  find 

^=F|Tsi^- (^^ 

where  Z'  =  i  -  .,,  ,  ^^-  . 

if ' 
tan(^-a)  =  -^. 

From  the  expressions  for  A  and  a  in  terms  of  jF  we  see 
that  the  effect  of  the  secondary  circuit  is  to  make  the 
primary  circuit  behave  like  a  single  circuit  whose  co- 
efficient of  self-induction  is  L'  and  whose  resistance  is  IT. 
We  see  from  the  expressions  for  L'  and  Bf,  that  L'  is  less 
than  L,  while  R'  is  greater  than  R.  Thus  the  presence  of 
the  secondary  circuit  diminishes  the  apparent  self-induc- 
tion of  the  primary  circuit,  while  it  increases  its  resistance. 


KiBcnwwAtjtrenc  mDucnoN. 


4or 


I  the  electo«motive  force  changes  so  rapidly  that  Np 
trge  compai-ed  with  S,  we  have  approximately 

N  ' 


L'  =  L- 


R. 


-R*%^ 


-f-. 


This  value  of  the  apparent  self-induction  is  the  same 
as  that  under  an  electrical  impulse,  sec  Art.  229.  In  a 
well-designed  transformer  L  —  M^jN  is  exceedingly  small 
npared  with  L.  When  the  secondary  circuit  is  not 
mpleted  .S  is  infinite;  in  this  case  L'  =  L.  When  the 
wndary  circuit  is  completed  through  electric  lamps 
,  &'  is  in  practice  small  compared  with  JVp,  so  that 
,'  =  L  —  M^jN.  Thus  the  completion  of  the  circuit 
Busea  a  great  diminution  in  the  value  of  the  apparent 
f-induction  of  the  primary  circuit,  The  work  done  per 
t  time  in  the  transformer  is  eqnal  to  the  mean  value 
^empt.x,  it  is  thus  equal  to 

1       £'eo9o 


2  L'Y  ^W' 

MTben  tho  secondary  circuit  is  broken  S  is  infinite  and 

refore  L'  =L.  R'  =  R,  and  the  work  done  on  the  traiis- 

r  per  unit  time  or  the  power  spent  on  it  is  equal  to 

1  E^R  _ 

2  Ly  +  R'' 
hen  the  circuit  is  completed  and  S  is  small  compared 
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with  Np.  L'=L' M'lN,  R'  =  R  +  M'S/N\  and  then 4 
power  spctit  is  equal  to 


Ff) 


■■(- 


P-- 


This  is  very  much  greater  than  the  power 
when  the  secondary  circuit  is  not  completed ;  this 
evidently  be  the  case,  as  when  the  secoudary  ciicutj 
completed  lamps  are  raised  to  incandescence,  the  eiu 
required  for  this  must  be  supplied  to  the  transrormer. 
power  spent  when  the  secondary  circuit  is  not  comph 
is  wasted  as  far  as  useful  effect  is  concerned,  and  is 
in  heating  the  ti-ansformer.  The  greater  the  coefficient  of 
self-induction  of  the  primary,  the  smaller  is  the  current 
sent  through  the  primary  by  a  given  electromotive  forcf^ 
and  the  smaller  the  atuouut  of  power  waited  when  the 
secondary  circuit  is  broken.  When  the  secondary  circuit 
is  closed  the  self-induction  of  the  primary  is  diminished 
from  L  to  L';  since  there  is  less  effective  self-induction 
in  the  primary,  the  current  through  it,  and  consequentlj 
the  power  given  to  it,  is  greatly  increased. 

We  see  from  the  expression  juat  given  that  the  powi 
absorbed  by  the  transformer  is  greatest  when 


«.|->=(^-f>. 


i+jp(.LN-JIC)p. 


When  there  is  no  magnetic  leakage,  i.e,  when 
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iwer  absorbed  coutmually  increases  as  the  resist- 
D  the  secondary  diminishes ;  when  however  LN  is 
ua!  to  if'  the  power  absorbed  does  not  necessarily 
te  as  iS  diminiijhes,  it  may  on  the  conlraiy  reach 
imum  value  for  a  particular  value  of  S,  and  any 
ntion  of  S  before  this  value  will  be  accompanied 
in  the  enei^  absorbed  by  the  transformer. 
reater  the  frequency  of  the  electromotive  force,  the 
will  be  the  resistance  of  the  secondary  when  the 
tion  of  power  by  the  transformer  is  greatest.  When 
iquency  ia  very  great,  ench  aa,  for  instance,  when 
«n  jar  is  discharged  (see  page  422),  the  critical  value 
resistance  in  the  secondary  may  be  exceedingly 
In  this  case  the  difference  between  the  rnaximiim 
tion  of  power  and  that  corresponding  to  5  =  0  may 
y  great.      Thus  when  5  =  0,  the  power  absorbed 


1  to 


1       E*R 


2  Z>»  +  /?  ■ 
roximately  for  very  high  frequencies 

1  E^ 

2  L'p' ' 
the  maximum  power  absorbed  is 

1  El 
■  4  Lp ' 

hich  exceeds  that  when  5  =  0  in  the  proportion  of  L'p 

,  iR. 

'eate  x,  y  in  the  primary  and  secondary  are 
by  the  eqiiatiuns 


x-A  c 


a(p(-a), 
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Thus  the  ratio  of  the  mazimain  value  of  the  canal 
in  the  primary  to  that  in  the  secondaiy  is  BIA:  hj 
equation  (5),  we  have 

B  ^        Mp 

or,  when  Np  is  large  compared  with  S, 

B     It  vvhC^ 

^  —  a  =  TT. 

If  the  primary  and  secondary  coils  cover  the  aune 
length  of  the  core,  and  are  wound  on  a  core  of  gieit 
permeability,  then  MjN  is  equal  to  mln^  where  m  is  the 
number  of  turns  in  the  primary,  and  n  the  number  in 
the  secondary. 

If  we  have  a  lamp  whose  resistance  is  «  in  the  secondaij 
the  potential  difference  between  its  electrodes  is  «y,  Le. 

sB  cos  (pt  —  p). 

The  maximum  value  of  this  expression  is  sB ;  subst 
tutiiig  the  value  of  B,  we  find  that  this  value  is  equal  to 


[L'Y  +  if')*  ■ 
This  is  greatest  when  L'=0,  in  which  case  it  is  equal  to 


'  N 


and  this,  if  S  is  small  compared  with  Np,  is  equal  to 

s^E 


■s? 


eiSctbomaoneth;  isduction. 


If   A   is  small  compared   with  SM'/N'   this  is  ap- 
:^^  Jnroxi  mate  ly 

Thus  if  for  example  MjN  =2Q,  the  maximum  current 
through   the   secoudary   is   20   times   that   through   the 

t'mary;  while  the  electromotive  force  between  the 
niitals  of  the  lauip  Js  approximately 
w  8  is  always  smaller  than  S,  as  8  is  the  resistance 
the  whole  secondary  circuit,  while  s  is  the  resistance 
only  a  part  of  it :  the  electromotive  force  between  the 
terminals  of  any  lamp  is  thus  in  this  case  always  less  than 
1/20  of  the  electromotive  foi'ce  between  the  terminals  of 
the  secondary.  In  getting  this  value  we  have  assumed  the 
conditions  to  be  those  most  iavourable  to  the  production 
of  a  high  electromotive  force  in  the  secondary ;  if  there 
tiny  magnetic  leakage,  i.e.  if  L'  is  not  zero,  then  at 
;h  frequencies  the  electromotive  force  in  the  secondary 
>uld  be  very  much  less  than  the  value  just  found,  in 
here  there  is  any  magnetic  leakage,  the  ratio  of  the 
^tromotive  force  in  the  secondary  to  that  in  the  primary 
indefinitely  small  when  the  frequency  is  infinite. 

237.  DUtribQtloD  of  rapidly  alternating  carrenti. 

1  the  fret|uency  of  the  electromotive  foi-ce  is  so  great 
in  the  equations  of  the  type 

-r  +  Jf  -,"  +...ii«  =  external  electromotive  force, 
at  at 

i  term  Rtc  depending  on  the  resistance  is  small  com- 

with   the   terms   Ldwjdt,   Mdyjdt   depending   on 
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induction,  which  if  the  electromotive  force  is  soppoaedl 
vary  as  coept,  will  be  the  case  when  Lp,  Mp  are  I 
compared  with  It ;  the  equations  determining  the  c 
take  the  form 

j-(Lx  +  Mt/+  ...)  =  external  eloctn^motive  force, 


~      dt   • 
where  N  is  the  number  of  tubes  of  induction  due  to 
external   system   passing   through  the  circuit  whose 
efficient  of  self-induction  is  L. 

We  Bee  from  this  that 

Lx  +  My  +  . . .  +  N  =  constant, 
and  since  x,  1/...N  all  vary  harmonically,  the  consl 
must  be  zero.  Now  L^  +  Mi/+  ...  is  the  number  of 
of  magnetic  induction  which  pass  through  the  circuit  wp 
are  considering,  and  are  due  to  the  currents  Howing  in  thi^ 
and  the  neighbouriug  circnits,  while  N  is  the  number  "i 
tubes  passing  thi-ough  the  same  circuit  due  to  the  ei- 
ternal  system.  Heuce  the  preceding  equation  expreasi?!^ 
that  the  total  number  of  tubes  passing  through  the  circuit 
is  zero.     The  same  result  is  true  for  any  circuit. 

Now  consider  the  case  of  the  currents  induced 
mass  of  metal  by  a  rapidly  alternating  electromotive  fc 
The  number  of  tubes  of  magnetic  induction  which  pnK 
through  any  circuit  which  can  be  drawu  in  the  metal  i>i  len' 
and  hence  the  magnetic  induction  must  vanish  througj 
out  the  mass  of  the  metal.  The  magnetic  force  will 
sequently  also  vanish  throughout  the  same  region. 
since  the  magnetic  force  vanishes,  the  work  done  wbcD 
pole  is  taken  round  any  closed  curve  in  the  region 
iso  vanish,  and  therefore  by  Art.  201  tbe  currej 


ircm^ 

ia^H 
roraS 
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through  any  cioaed  curve  in  the  region  must  also  vanish ; 
this  implies  that  the  current  vanishes  throughout  the  nkaes 
of  metal,  or  in  other  words,  that  the  currents  generated 
by  inGnitely  rapidly  alternating  forces  are  confined  to  the 
surtace  of  the  metal,  and  do  nut  penetrate  into  itu  interior. 
We  showed  in  Art.  230  that  the  currents  generated  by 
an  electrical  impulse  started  from  the  surface  of  the  con- 
ductors and  then  gradually  diffused  inwards.  We  may 
approximate  to  the  condition  of  a  rapidly  alternating  force 
by  supposing  a  series  of  positive  and  negative  impulses 
to  follow  one  another  in  rapid  succession.  The  currents 
started  by  a  positive  impulse  have  thus  only  time  to 
diffuse  a  very  short  distance  from  the  surface  before  the 
subsequent  negative  impulse  starts  opposite  currents  from 
the  surface;  the  effect  of  these  cun-ents  at  some  distance 
from  the  surface  is  to  tend  to  counteract  the  onginal 
currents,  and  thus  the  intensity  of  the  current  falls  off 
rapidly  as  the  distance  from  the  surface  of  the  conductor 

Eases. 
38.  The  amount  of  concentration  of  the  current  de- 
s  on  the  frequency  of  the  electromotive  force  and  of 
the  conductivity  of  the  conductor.  If  the  frequency  is  in- 
finite and  the  conductivity  finite,  or  the  frequency  finite  and 
the  conductivity  infinite,  then  the  current  is  confined  to 
an  indefinitely  thin  skin  near  the  surface  of  the  conductor. 
If,  however,  both  the  frequency  and  the  conductivity  are 
finite,  then  the  thickness  of  the  skin  occupied  by  the 
current  is  finite  also,  while  the  magnitude  of  the  current 
diminishes  rapidly  as  we  recede  from  the  surface.  Any 
a  in  the  frequency  or  in  the  conductivity  increases 
b  ijonoentration  of  the  current. 
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The  cuse  is  analogous  to  tb&t  of  a  oondactor  of 
the  tremperature  of  whose  surface  is  made  to  vaiy 
monically,  the  fluctuations  of  temperature  eoiresponili 
to  the  alterations  in  the  surface  temperature  diminisb  m 
intensity  as  we  recede  from  the  surface,  and  finally 
to  be  appreciable.  The  fluctuations,  however,  with  a 
period  are  appreciable  at  a  greater  depth  than  thoae 
a  short  one.  We  may  for  example  Kiippoae  the  tem; 
of  tlie  surface  of  the  earth  to  be  subject  to  two  variatii 
one  following  the  seasons  and  having  a  yearly  period,  tb 
other  depending  on  the  time  of  day  and  having  a  dnw 
period.  These  fluctuations  become  less  and  less  appar'.i 
as  the  depth  of  the  place  of  observation  below  the  surfa' 
of  the  earth  increases,  and  finally  they  become  too  small  tu 
be  measured.  The  annual  variations  can,  however,  be 
detected  at  depths  at  which  the  diumal  variations  are 
quite  inappreciable. 

This  concentration  of  the  current  near  the  surface  "f 
the  conductor,  which  is  sometimes  called '  the  throttling  cf 
the  current,'  increases  the  resistance  of  the  conductor  to 
the  passage  of  the  current.  When,  for  example,  a  rapidlv 
alternating  current  is  flowing  along  a  wire,  the  curreii' 
will  flow  near  to  the  outside  of  the  wire,  and  if  tlif 
frequency  is  very  great  the  inner  part  of  the  wire  will 
be  free  from  current ;  thus  since  the  centre  of  the  wire 
free  from  current,  the  current  is  practically  flowing  throi 
a  tube  instead  of  a  solid  wire.  The  area  of  the 
section  of  the  wire,  which  is  effective  in  carrying 
rapidly  alternating  current,  is  thus  smaller  than 
effective  area  when  the  current  is  continuous,  ae  in 
case  the  current  distributes  itself  unifonnly  over  the  wl 
of  the  cross  section  of  the  wire.     As  the  effective  krea 
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the  rapidly  alternating  currenta  is  less  than  that  for  con- 
tinuous currents,  the  reaistance,  measureti  by  the  heat  pro- 
doced  in  unit  time  when  the  total  current  is  unity,  is  greater 
for  the  alternating  currenta  than  for  continuous  currents. 
239.  Dlstribatlon  of  an  alternating:  current  In 
a  Conductor.  The  equations  given  in  Art.  231  enable  us 
to  find  how  nn  alteniating  current  distributes  itself  in  a 
conductor.  We  shall  consider  the  case  which  presents  the 
least  analytical  difficulties,  but  which  will  serve  to  illustrate 
the  laws  of  the  phenomenon  we  are  discussing.  This  case 
is  that  of  an  infinite  mass  of  a  conductor  bounded  by  a 
plane  face.  Take  the  axis  of  ib  at  right  angles  to  this 
face,  and  the  origin  of  coordinates  in  the  face;  let  the 
currents  be  everywhere  parallel  to  the  axis  of  z,  and  the 
same  at  all  points  in  any  plane  parallel  to  the  face  of  the 
conductor.  Then  if  /m  is  the  magnetic  permeability  and 
<r  the  specific  resistance  of  the  conductor,  vr  the  current  at 
the  point  x,  y,  z  at  the  time  i  parallel  to  the  axis  of  n, 
we  have  by  the  equations  of  Art.  231, 

or,  since  w  is  independent  of  y  and  z 

dw       d'^  .,. 

*"'*rfr=*'rf^ (1)- 

We  shall  suppose  that  the  currents  are  periodic,  making 
p/2tr  complete  alternations  per  second.  We  may  put, 
writing  t  for  J—  1, 

where  w  is  a  function  of  ;r,  but  not  of  (.     Substituting  this 
value  of  to  in  equation  (1)  we  get 


*""•''" -'j^' 
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or  if  n*  =  4firfiipla', 


n'» 


The  Bolation  of  this  is 
where  A  and  B  are  constants. 


Now 


We  shall  suppose  that  the  conductor  stretches  from 
x  =  0  to  x  =  (x>  and  that  the  cause  which  induces  the 
currents  lies  on  the  side  of  the  conductor  for  which  x  is 
negative.  It  is  evident  that  in  this  case  the  magni- 
tude of  the  current  cannot  increase  indefinitely  as  we 
recede  from  the  face  nearest  to  the  inducing  system ;  in 
other  words,  w  cannot  be  infinite  when  x  is  infinite :  this 
condition  requires  that  B  should  vanish ;  in  this  case  we 
have 

and  therefore 

Thus  i(  w  =  A  C08  pt  when  x  —  0, 

«,=^r("''')*'cos{pe-(?^) 

at  a  distance  x  from  the  surface. 


'.} 
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This  result  shows  that  the  maximum  value  of  the 
current  at  a  diatauce  x  £i-om  the  face  is  proportional  to 

€  •  '  .  Thus  the  magnitude  of  the  current  diminiahes 
in  geometrical  progression  as  the  distance  from  the  face 
increases  in  arithmetical  progression. 

In  the  case  of  a  copper  conductor  exposed  to  an  electro- 
motive force  making  100  alternations  per  second,  ^  =  1, 
<7-  =  1600,  p  =  2Trxl00;  hence  {27r/ip/o-|' =  ■jr/2,  so  that 

the  maximum  current  is  proportional  to  «  *  .  Thus  at 
1  cm.  from  the  surface  the  maximum  current  would  only 
be  '208  times  that  at  the  surface,  at  a  distance  of  2  cm. 
only  '043,  and  at  a  distance  of  4  centimetres  less  than 
1/500  part  of  the  value  at  the  surface. 

If  the  electromotive  force  makes  a  million  alternations 
per  second  (2Tr/ip/<r]°  =  50ir ;  the  maximum  current  is  thus 
proportional  to  «-*",  and  at  the  depth  of  one  millimetre 
is  less  than  one  six-millionth  part  of  its  surface  value. 

The  concentration  of  the  current  in  the  case  of  iron 
ia  even  more  remarkable.  Consider  a  sample  of  iron 
for  which  ;i.  =  1000.  0-  =  10000,  exposed  to  an  electro- 
motive force  making  100  alternations  per  second,  so  that 
p  =  2Tr  X  100.  In  this  case  [2'jT;ip/o-|'=  20  approximately, 
and  thus  the  maximum  current  at  a  depth  of  one  milli- 
metre is  only  13  times  the  surface  value,  while  at 
5  millimetres  it  is  less  than  one  twenty-thousandth  part 
of  its  surface  value. 

If  the  electromotive  force  makes  a  million  altciiiations 

per   second,   then   for   this   specimen  of  iron  j27r/*j)/ffl' 

T.K.  27 
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18  approximately  2000,  and  the  maxtmuin  current  at 
distance  of  one-tenth  of  a   millimetre  from  the  tui:  i 
18   about  Olio  five- hundred-millionth  part    of  its  «u:ri 
value. 

We  see  froui  the  preceding  expressions  for  the  cuip 
that  the  distance  required  to  diminish  the  maximuDi  c" 
rent  to  a  pven  fraction  of  its  surface  vahie  ts  dirci' 
proportional  to  the  square  root  of  the  specific  reaistun 
and  inversely  proportional  to  the  square  root  of  the  auml' 
of  alternations  per  second. 

240.    Magnetic  Force  in  the  Condnctor.     T' 

currents  in  the  conductor  are  all  parallel  to  the  axis  "l  - 
and  are  independent  of  the  coordinates  y,  «. 

Now  the  equations  of  Art,  231  may  be  written  in  ih 
form 
it  _  ^  —     f'^^  _  '^^'\  ^^  _     f^^     <'«'^ 

_  rfc  _     fdv     du\ 
rf(  ~  "  \dx  ~  dif)  ' 
where  a,  b,  c  are  the  components  of  the  magnetic  indfiE 
tion,  K,  V,  w  those  of  tho  cun-ents.     In  the  case  we 
considering  u=v  =  (i,  and  iv  is  independent  of  y  and 
hence  a  =  c  =  0,  and  the  magnetic  indiictiou  is  pamlM 
to  the  axis  of  y.      Thus  the  currents  in   the  plate  »]- 
accompanied  by  a  magnetic  force  parallel  to  the  surf;ii  ■ 
of  the  plate  and  at  right  angles  to  the  direction  of  thi 
current. 

From  the  above  equations  wo  have 
db       dw 


,ii<.n 
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and  by 
■where 

Alt. 

239     w. 

A,—'z«,(,pt- 
i~(iri,.pl,t 

mx). 

Hence 

6 

P 

46-"  oo»  (pi 

-nu, 

■ 

^^^-"A.-^^Jf 

-m 

L  Thus  the  raagnetic  force  in  the  conductor  diiuiultthes 
we  recede  from  the  surface  according  to  the  same  law 
Pthe  current. 

311.     Mechanical   Force    acting    on    the   Con- 

aotor.       When  a  current  flows  in  a  magnetic  field  a 

K;hanical  force  acts  on  the  conductor  carrying  the  cur- 

bt  {see  page  3i7).      The  direction  of  the  force  is  at 

^t   angles   to   the   curi'ent  and  also  to  the  maguetic 

puction,  and  the  magnitude  of  the  force  per  unit  length 

I  the  conductor  is  etjual  to  the  product  of  the  current 

I  the  magnetic  induction  ut  right  angles  to  it. 

In  the  case  we  are  considering  the  magnetic  induction 

I  the  current  are  at  right  angles.     If  w  is  the  intensity 

I  the   current,   the   current   flowing   through   the  area 

Irfy  is  wdxdtfy  hence  the  force  on  the  volume  dj-dyds 

iUlel  to  :r,  and  in  the  positive  direction  of  ac,  k  et^uat 

—  wb  die  dif  iU. 
i  total  force  parallel  to  x  acting  on  the  conductor  is 


-  \[\wbdxdydz. 


but  since  b  and  w  art;  both  independent  of  y  and  z.  the 
force  acting  on  the  conductor  per  unit  area  of  its  face  is 
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Now  if  a,  /9,  7  are  the  components  of  the 
force 

A  dfi  ^ 

ax     ay 

hence,  since   h  =  /i^,  we  see  that  the  force  on  the  ooo- 
dactor  parallel  to  a;  is 

4ir  Jo      dx ' 

where  /9o  is  the  value  of  fi  when  ^  =  0,  Le.  at  the  sui&oe 
of  the  conductor,  and  fi^  is  the  value  of  /3  when  «  =  oo. 
But  it  follows  from  the  expression  for  6  given  in  the 
last  article  that  )8„  =  0 ;  hence  the  force  on  the  conductor 
parallel  to  x  per  unit  area  of  its  face  is  equal  to 

Stt 

This  is  always  positive,  and  hence  the  conductor  tenck 
to  move  along  the  positive  direction  of  ;r ;  in  other  words, 
the  conductor  is  repelled  from  the  system  which  induces 
the  currents  in  the  conductor.  These  repulsions  have 
been  shown  in  a  very  striking  way  in  experiments  made 
by  Professor  Elihu  Thomson  and  also  by  Dr  Fleming. 
In  these  experiments  a  plate  placed  above  an  electro- 
magnet round  which  a  rapidly  alternating  ctirrent  was 
circulating,  was  thrown  up  into  the  air,  the  repulsion 
between  the  plate  and  the  magnet  arising  frx)m  the  cause 
we  have  just  investigated. 

The  expression  '-—^  is  the  repulsion  at  any  instant, 
but  since  I3q  is  proportional  to  cos  (pt  +  e)  the  mean  value 
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of  A'  is  mil  if  H  is  tho  maiimmn  value  of  ft.     Hence 
t-he  meaa  value  of  tlie  repulsion  is  equal  to 

167r' 

242.  The  screening  off  of  Electromagnetic  In- 
duction. We  have  seen  in  Art.  240  that  the  magnetic 
force  diminishes  rapidly  aa  we  recede  from  the  surface 
of  the  conductor,  and  becomes  inappreciable  at  a  finite 
dialance,  aay  d,  from  the  surface.  At  a  point  P  whose 
distance  from  the  surface  is  greater  than  d  we  may  neglect 
both  the  current  and  the  magnetic  force.  Thus  the  electro- 
magnetic action  of  the  currents  in  the  sheet  of  the  con- 
ductor whose  thickness  is  d  just  counterbalances  at  P 
the  electrotnagnetie  action  of  the  original  inducing  systera 
situated  on  the  other  side  of  the  face  of  the  conductor. 

Hence  the  slab  of  thickness  d  may  be  regarded  as 
screening  off  from  P  the  electromagnetic  effect  of  the 
original  system.  In  the  investigation  in  Art.  240  we  sup- 
posed that  the  conductor  was  infinitely  thick,  but  since 
the  currents  are  practically  confined  to  the  slab  whose 
thickness  is  d,  it  is  evident  that  the  screening  is  done 
by  this  layer  and  that  no  appreciable  advantage  is  gained 
by  increasing  the  thickness  of  the  slab  beyond  d.  The 
thickness  d  of  the  slab  required  to  screen  off  the  magnetic 
force  depends  upon  the  frequency  of  the  alternations  and 
on  the  magnetic  permeability  and  specific  resbtance  of  the 
conductor.  By  Arts.  239  and  240  the  current  and  magnetic 
force  at  a  distance  x  from  the  surface  are  proportional  to 
e"™*,  where  m  =  (2'Tr/fp/a-}* ;  hence  for  a  thickness  d  to 
reduce  the  magnetic  force  to  an  inappreciable  fraction  of 
its  surface  value  ntd  must  be  considerable.     If  we  regard 
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the  system  as  screened  off  when  the  magnetic  effect  ii' 
reduced  to  a  definite  firaction  of  its  ondistarbed  nhCi 
then  d  the  thickness  of  the  screen  is  inversely  pro{» 
tional  to  m.  The  greater  the  firequency  the  thinn^  llie 
screen.  Thus  from  the  examples  given  in  Art.  239  le 
see  that  if  the  system  makes  a  million  oscillations  a 
second,  a  screen  of  copper  less  than  a  millimetre  ihA 
will  be  perfectly  efficient,  while  a  screen  of  iron  a  yery 
small  fraction  of  a  millimetre  in  thickness  will  stop  piM- 
tically  all  induction.  If  the  system  only  makes  100  lllte^ 
nations  a  second,  the  screen  if  of  copper  must  be  sevenl 
centimetres  and  if  of  iron  several  millimetres  thick. 

243.    Discharge  of  a  Leyden  Jar.      One  of  the 

most  interesting  applications  of  the  laws  of  induction  of 
currents  is  to  the  case  of  a  Leyden  jar,  the  two  coatings  of 
which  are  connected  by  a  conducting  circuit  possessing 
self-iuduction.  Let  us  consider  a  jar  whose  inside  A  is 
connected  to  the  outside  £  by  a  circuit  whose  resistance 
is  R  and  whose  coefficient  of  self-induction  is  L.  Let  i 
be  the  current  flowing  through  the  circuit  from  A  to  B. 
Then  by  the  laws  of  the  induction  of  currents 

di        , 
L-r.-\'Ri=  electromotive  force  tending  to  increase  i 

^y.-y. (1). 

If  F^  and  F,  are  respectively  the  potentials  of  A  and 
5,  Q  the  charge  on  the  inside  of  the  jar,  and  C  the 
capacity  of  the  jar,  then 

or  V^.-^.)  =  §. 
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The  alteration  in  the  charge  is  due  to  the  current 
wing  through  the  conductor,  and  %  is  the  rate  at  which 
fae  charge  is  diminishing,  so  that 

dl  ■ 
labstitutiiig  this  value  of  i  ill  equation  (1),  we  get 


^s?-« 


dt 


=  0,. 


..(2). 


a  form  of  the  solution  of  this  equation  will  depend  upon 
tether  the  roots  of  the  quadratic  equation 

Lx'  +  ItJ:  +  ^,  =  0 
B  real  or  imaginary. 
Let  ua  first  take  the  case  when  they  are  imag^ary, 
w,  when 

»In  this  case  the  solution  of  (2)  takes  the  form 
riiere  A  and  a  are  arbitrary  constants. 
We   see  from   this  expression  that  Q  ia  alternately 
positive  and  negative  and  vanishes  at   times   following 
one  another  at  the  interval 

(Tbe  charge  Q  is  thus  represented  hy  a  harmonic  function 
irhose  amplitude  decreases  in  geometrical  progression  as 
B  time  increases  iu  arithmetical  progression. 


..(3). 
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^P  The  (iischarge  of  tho  jar  is  oscillatory,  so  tbat  ifd 

^       example,  to  begin  with,  the  inside  of  the  jar  is  cb 

positively,  the  outride  negatively;  then  on  coDoectingll 
the  circuit  the  inaide  and  the  outside  of  the  jar,  the  p 
live  charge  on  the  inside  diminishes;  wheu  however  it  M 
nil  dlBappeared  there  ia  a  current  in  the  circuit,  wxl  if 
inertia  of  this   current  keeps  it  going,  so  that  posin 
electricity  still  continues  bo  flow  &om  the  inside  of  the  jl 
this  loss  of  positive  electricity  causes  the  inside  ttt  b 
charged  with  negative  electricity,  while  the  outside  g 
positively  chained.     Thus  the  jar  which  had  originally 
positive  on  the  inside,  negative  on  the  outside,  has  now 
negative  on  the  inside,  positive  on  the  outside.    The  poten- 
tial diflference  developed  in  the  jar  hy  these  charges  t 
to  stop  the  current  and  finally  succeeds  in  doing  a 
this  happens  the  charges  on  the  inside  and  outside  v 
be  equal  and  opposite  to  the  original  charges  if  the  t 
sistance  of  tho  circuit  were  negligible;  if  the  i 
is  finite  the  new  charges  will  be  of  opposite  sign  to  tl 
old  ones,  but  smaller.     The  cun-ent  now  begins  to  ( 
in  the  opposite  direction,  and  goes  on  flowing  until  t 
inside  is  again  charged  positively,  the  outside  ne^tiveln 
if  there  were  no  resistance  the  charges  on  the  inside  a 
outside  would  regain    their   original  values,  so  that  t 
state  of  the  system  would  be  the  same  as  when  the  d 
charge  began ;  if  the  resistance  is  finite  the  cbajgeti  a 
smaller  than  the  original  ones.     The  system  goes  on  tha 
as  before  until  the  charges  become  too  small  to  be  I 
preciable,     The  charges  in  the  jar  and  the  currents  in  I 
wire  are  thus  periodic,  the  charges  surging  backwards  M 
forwards  between  the  coatings  of  the  jar. 

The  oscillatory  character  of  the  discharge  i 
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ted  by  Heijry  from  observations  on  the  magnetization 
peedles  placed  inside  a  coil  in  the  discharging  circuit. 
(  preceding  theory  waa  given  by  Lord  Kelvin  in  1853. 
oscitlations  were  detected  by  Feddersen  in  1857. 
:  method  he  used  consisted  in  putting  an  air  break 
I  the  wire  circuit  joining  the  inside  to  the  outside  of 
B  jar.  This  air  break  is  luminous  when  a  cuixent  passes 
tough  it,  and  shines  out  brightly  when  the  current 
bg  through  it  is  great,  and  is  dark  when  the  current 
ilishes.  Hence  if  we  observe  the  image  of  this  airspace 
med  by  reflection  at  a  rotating  mirror,  it  will  if  the 
:  is  oscillatory  be  drawn  out  into  a  band  with 

:  and  bright  spaces,  the  interval   between  two  dark 

spaces  depending  on  the  speed  of  the  mirror  and  the 
frequency  of  the  electrical  vibrations.  Feddersen  observed 
that  the  appearance  of  the  image  of  the  air  break  formed 
by  a  rotating  mirror  was  of  this  character.  He  showed 
moreover  that  the  oscillatory  character  of  the  discharge 
was  destroyed  by  putting  a  large  resistance  in  the  circuit, 
for  he  found  that  in  this  case  the  image  of  the  air  space 
waa  a  broad  band  of  light  gradually  fading  away  in 
intensity  instead  of  a  series  of  bright  and  dark  bands. 

When  the  discharge  is  oscillatory  the  frequency  of  the 
discharges  is  often  esceedingty  large,  a  frequency  of  a 
million  complete  oscillations  a  second  being  by  no  meana 
a  high  value  for  such  cases.  We  see  by  the  expression  (3) 
that  when  R  =  0,  the  time  of  vibration  is  ^ttJLO;  thus 
this  time  is  increased  when  the  self-induction  or  the 
capacity  is  increased.  By  inserting  coils  with  very  great 
self-induction  in  the  circuit,  Dr  Oliver  Lodge  has  produced 
such  slow  electrical  vibrations  that  the  sounds  generated 
by  the  successive  discharges  form  a  musical  note. 
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In  the  preceding  investigation  we  have  anpposed  tl 
R^  was  lees  than  ^jC;  if  however  R  is  greater  than  tl 
value,  the  solution  of  equation  (2)  changes  its  c 
aud  wc  have  now 

where  —  X, ,  —\t  are  the  roots  of  the  quadratic  equalu 

xv+Jix+J=o. 
,     ie  ,    /fi*     I 

Hence  '^' =27,  +  V  4i'-CX ' 

^'     21     V4i'     C£' 
If  we  take  t  =  0  when  the  circuit  is  cloeed,  bh«i  d 
vaniflhes  when  t  =  0  and  we  get,  if  Q*  is  the  value  of  1 
when  (  =  0, 

dt      X,  -  X,  ■• 

Hence  dQ/dt  never  vanishes  except  whon  (  =  0  and  whin 
i  =  ao.     Thus  0  which  b  zero  when  (=»  never  chongii 
sign.    That  i»,  the  charge  in  this  case  iuatead  of  beoom 
positive  and  negative  never  chan^p^  sign  but  contintu 
diminishes,   and    ultimately  becomes    too    small    to  ' 
observed.     This  result  is  confirmed  by  Fe<Weiaeu'8 
servations  with  the  rotating  rairror. 

The  behaviour  of  the  Leyden  jar  is  analogous  to  tl 
of  a  mass  attached  to  a  spring  whose  motion  i 
by  a.  force  proportional  to  the  velocity.     Jf  A/  ia  thu  n 
attached  to  the  spring,  w  the  extension  of  the  apruig,i 
the  pall  of  the  spring  when  the  exteusioo  ia  «,  rdrnf^  I 


-(Xi* 


QA^' 
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frietioaal  resistance,  then  the  equation  of  motion  of  the 

ris 


"de^'S^ 


Comparing  this  with  the  equation  for  Q  we  see  that  if 
we  compare  the  extension  of  the  apring  to  the  charge 
on  the  jar.  then  the  coefficient  of  self-induction  of  the 
circuit  will  correspond  to  the  mass  attached  to  the  spring, 
the  electrical  resistance  of  the  circuit  to  the  frictional 
resistance  of  the  mechanical  system,  and  the  reciprocal  of 
the  capacity  of  the  condenser  to  n,  the  stiffness  of  the 
spring. 

The  pulling  out  of  the  apriug  corresponds  to  the  charg- 
ing of  the  jar,  the  release  of  the  spring  to  the  completion 
of  the  circuit  between  the  inside  and  the  outside  of 
the  jar ;  when  the  spring  is  released  it  will  if  the  frictioD 
is  small  oscillate  about  its  position  of  equilibrium,  the 
spring  being  alternately  extended  and  compressed,  and 
the  oscillations  will  gradually  die  away  in  consequence  of 
the  resistance;  this  corresponds  to  the  oscillatory  dis- 
charge of  the  jar.  If  however  the  resistance  to  the  motion 
of  the  spring  is  very  great,  if  for  example  it  is  placed  in  a 
very  viscous  liquid  like  treacle,  then  when  it  is  released  it 
will  move  slowly  towards  its  position  of  equilibrium  but 
will  never  go  through  it.  This  case  corresponds  to  the 
noD -oscillatory  discharge  of  the  jar  when  there  is  great 
resistance  in  the  circuit. 

We  have  seen  that  the  resistance  of  a  conductor  to  a 
variable  current  Is  not  the  same  as  to  a  steady  one,  and 
thus  since  the  currents  which  are  produced  by  the  dis- 
charge of  a  condenser  arc  not  steady,  R,  which  appears  in 
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the  expression  (2),  is  not  the  resistance  of  the  circuit  to 
steady  currents.  Now  R  the  resistance  depends  upon  the 
frequency  of  the  currents,  while  as  the  expression  (3) 
shows,  the  frequency  of  the  electrical  vibrations  depends 
to  some  extent  on  the  resistance ;  hence  the  preceding 
solution  is  not  quite  definite,  it  represents  however  the 
main  features  of  the  case.  For  a  complete  solution  we 
may  refer  the  reader  to  Recent  Researches  on  Eleciricitji 
and  Magnetism,  J.  J.  Thomson,  Art  294. 

244.  Periodic  Electromotive  Force  acting  on  a 
circuit  containing  a  condenier.  Let  an  external  elec- 
tromotive force  equal  to  E  cospt  act  on  the  circuit  which 
connects  the  coatings  of  the  jar,  let  C  be  the  capacity  of 
the  jar,  L  the  coefficient  of  self-induction,  and  R  the  re- 
sistance of  the  circuit  connecting  its  coatings.  Then  if 
X  is  the  charge  on  one  of  the  coatings  of  the  jar  (which 
of  the  coatings  is  to  be  taken  is  determined  by  the  con- 
dition that  an  increase  in  x  is  accompanied  by  a  curreDt 
in  the  direction  of  the  external  electromotive  force),  we 
can  prove  in  the  same  way  as  we  proved  equation  (2) 
Art  243,  that 

^  d^x     ^  dx     X      ^ 

^d^  +  ^dt  +  C^^'^'^P* <!>• 

The  solution  of  this  equation  is 

^^  ^sin(y^-a)  ^2). 

and  thus       t=        ^""^^P^-")      , (3), 


{(i-^)V+»} 
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1  Comparing  these  equations  with  those  of  Art.  233  we    ( 

that  the  circuit  behaves  as  if  the  jar  were  done 
h^  with  and  the  self-induction  changed  firom  L  to 
-l/Cp'.  We  also  see  from  (3)  that  if  Cp'  is  greater 
1  l/2£,  the  current  produced  by  the  electromotive  force 
[  the  circuit  broken  by  the  jar  (whose  resistance  is 
lite)  is  actually  greater  than  the  current  which  would 
mw  if  the  jar  were  replaced  by  a  conductor  of  infinite  con- 
rdactivity.  If  Cp'=  l/L  the  apparent  self-induction  of  the 
circuit  is  zero,  and  the  circuit  behaves  like  an  inductionlesa 
closed  circuit  of  resistance  R.  Thus  by  cutting  the  circuit 
and  connecting  the  ends  to  a  condenser  of  suitable 
capacity  we  can  increase  enomioiisly  the  current  passing 
through  the  circuit.  We  can  perhaps  see  the  reason  for 
this  more  clearly  if  we  consider  the  behaviour  of  the 
mechanical  system,  which  we  have  used  to  illustrate  the 
oscillatory  discharge  of  a  Leyden  jar,  viz,  the  rectilinear 
motion  of  a  mass  attached  to  a  spring  and  resisted  by  a 
frictional  force  proportional  to  the  velocity.  Suppose  that 
X,  an  external  force,  acts  on  this  system ;  then  at  any 
instant  X  must  be  in  equilibrium  with  (1)  the  resultant  of 
the  rate  of  diminution  of  the  momentum  of  the  mass,  (2) 
the  force  due  to  Ihe  compression  or  extension  of  the 
spring,  (3)  the  resistance.  If  the  frequency  of  Z  is  veiy 
great,  then  for  a  given  momentum  (1)  will  be  very  large,  so 
that  unless  (1)  is  counterbalanced  by  (2)  a  finite  force  of 
very  great  frequency  will  produce  an  exceedingly  small 
momentum.  Suppose  however  the  frequency  of  the  ex- 
■iemal  force  is  the  same  as  that  of  the  free  vibrations  of 
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the  system  when  the  fiiction  is  zero,  then  when  the  maas 
vibrates  with  this  frequency,  (1)  and  (2)  will  balance  eadi 
other,  so  that  all  the  external  force  has  to  do  is  to  baiance 
the  resistance ;  the  system  will  therefore  behave  like  one 
without  either  mass  or  stifihess  resisted  by  a  fiictional  force. 

2M5.  A  circiiit  containing  a  condenser  ia  paraDd 
with  one  ponening  self-induction. 

Let  ABC,  AEC,  Fig.  118,  be  two  circuits.  Let  Z  be 
the  coefficient  of  self-induction  of  ABG^  R  the  resistanoe 
of  this  circuit,  C  the  capacity  of  the  condenser  in  AEC,  r 
the  resistance  of  wires  leading  from  A  and  C  to  the  plate& 


Fio.  118. 

Then  if  i  is  the  current  through  ABC,  x  the  charge  on  the 
plate  nearest  to  J.,  we  have,  neglecting  the  self-induction 
of  the  circuit  A  EC, 

since  each  of  these  quantities  is  equal  to  the  electromotive 
force  between  A  and  C 

If  »=C08p^, 

then  X  =  ^    *  I  sm  {pt  -h  a), 

where  a  =  tan~^  ^  -h  tan""*  — ^i  • 
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Thua  the  maximum  current  along  AEC  is  to  that 
along  ABO  as  "JL'p'  +  W  is  to  */  t^,  +  r*.  or,  if  we  can 
neglect  the  resistances  of  the  wires  to  the  condenser,  as 
•/L'p'  +  Jf  :  IjGp.  We  see  that  for  very  high  frequencies 
practically  all  the  current  will  go  along  the  condeuser 
circuit. 

Thus  when  the  frequency  is  very  high  a  piece  of  a 
circuit  with  a  little  electrostatic  capacity  will  be  as 
efficacious  in  robbing  neighbouring  circuits  of  current 
as  if  the  places  where  the  electricity  accumulates  were 
short-circuited  by  a  conductor. 

246.  Lens's  Law.  When  a  circuit  is  moved  in  a 
m^netic  field  in  such  a  way  that  a  change  takes  place 
in  the  number  of  tubes  of  magnetic  induction  passing 
through  the  circuit,  a  current  is  induced  in  the  circuit; 
the  circuit  conveying  this  current  being  in  a  magnetic 
field  mil  be  acted  upon  by  a  mechanical  force.  Lenz's 
Law  states  that  the  direction  of  this  mechanical  force  is 
such  that  the  force  tends  to  stop  the  motion  which  gave 
rise  to  the  current.  This  result  follows  at  once  from  the 
laws  of  the  induction  of  currents.     For  suppose  Fig.  119 
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represents  a  circuit  which,  as  it  moves  from  right  to  left, 
encloses  a  larger  number  of  tubes  of  induction  passiog 
through  it  from  left  to  right  The  current  induced  will 
tend  to  keep  the  number  of  tubes  of  induction  unaltered, 
so  that  since  the  number  of  tubes  of  magnetic  induction 
due  to  the  external  magnetic  field  which  pass  throu^ 
the  circuit  from  left  to  right  increases  as  the  circuit 
moves  towards  the  left,  the  tubes  due  to  the  induced 
current  will  pass  through  the  circuit  from  right  to  left. 
Thus  the  magnetic  shell  equivalent  to  the  induced  current 
has  the  positive  side  on  the  left,  the  negative  on  the 
right.  Since  the  number  of  tubes  of  induction  due  to 
the  external  field  which  pass  through  this  shell  in  the 
negative  direction,  i.e.  which  enter  at  the  positive  and 
leave  at  the  negative  side,  increases  as  the  shell  is  moved 
A^t"  to  the  wght;  the  force  acting  on  the  shell  is,  by  Art.  212, 
from  left  to  right,  which  is  opposite  to  the  direction  of 
motion  of  the  circuit. 

There  is  a  simple  relation  between  the  mechanical 
and  electromotive  forces  acting  on  the  circuit.  Let  P  be 
the  electromotive  force,  X  the  mechanical  force  parallel 
to  the  axis  of  x,  i  the  current  flowing  round  the  circuit, 
u  the  velocity  with  which  the  circuit  is  moving  parallel 
to  X,  N  the  number  of  unit  tubes  of  magnetic  induction 
passing  through  the  circuit.     Then 

dt  ' 
and  if  the  induced  current  is  due  to  the  motion  of  the 
circuit  dN_dN 

dt~  dx''^' 

hence  P  =  —  a  -3- . 

ax 


')■ 
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,  Again,  by  Art.  212, 

X  = 


have 

dN 

-Pi. 


If  we  wish  merely  to  find  the  direction  of  the  current 

induced  in  a  circuit  moving  ia  a  magnetic  field,  Lenz's  law 

I    u  in  many  cases  the  moat  convenient  method  to  use. 

^H  Ad  example  of  this  law  is  aflorded  by  the  coil  revolving 

^Ha  magnetic  field  (Art.  234) ;  the  action  of  the  magnetic 

^^eld  on  the  currents  induciHi  in  the  coil  produces  a  couple 

which  tends  to  stop  the  rotation  of  the  coil.   The  magnets 

of  galvanometers  are  sometimes  surrounded  by  a  copper 

boj,  the  motion  of  the  magnet  induces  currents  in  the 

copper,  and  the  action  of  these  currents  on  the  magnets 

by  Lenz's  law  tends  to  atop  the  magnet,  and  thus  brings 

it  to  rest  more  quickly  than  if   the   copper   box   were 

absent.     The  quickness  with  which  the  oscillations  of  the 

moving   coil   in   the   Deaprez   D'Arsonval   Galvanometer 

(Art.  221)  subside  is  another  example  of  the  same  effect ; 

when  the  coil  moves  in  the  magnetic  field  currents  are 

induced  in  it,  and  the  action  of  the  magnetic  field  on  these 

jnrrentH  stops  the  coil.     Again,  if  a  magnet  is  suspended 

1  copper  disc,  and  the  disc  is  rotated,  the  movement 

t  the  disc  in  the  magnetic  field  induces  currents  in  the 

;  the  action  of  the  magnet  on  these  currents  tends 

9  Btop  the  disc,  and  there  is  thus  a  couple  acting  on  the 

c  in  the  direction  opposite  to  its  rotation.    There  must, 

Ipwever,  be  an  equal  and  opposite  couple  acting  on  the 

Tiet,  i.e.  there  must  be  a  couple  on  the  magnet  in 

a  direction  of  rotation  of  the  disc;  this  couple,  if  the 

inagDet    is  free    to   move,   will   set   it    rotating   in    the 

T.  K.  2H 
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direction  of  rotation  of  the  disc,  so  that  the  magnet  M 
the  disc  will   rotate   in  the  same   direction.     This  i 
well-known  experiment ;  the  disc  with  the  magnet  C 
suspended  above  it  is  known  as  Arago's  disc     Anot 
striking  experiment  illustrating  Leoz's  law  is  to  r 
I '     a  metal  disc  between  the  poles  of  an  electro- magnet,  I 
plane  of  the  disc  being  at  right  angles  to  the  linei 
magnetic  force;  it  is  found  that  the  work  required  to  b 
the  disc  when  the  magnet  is  'on'  is  much  greater  t 
when  it  is  '  off.'     The  extra  work  is  accounted  for  by  q 
heat  produced  by  the  currents  induced  in  the  disc. 

247.  Methods  of  determining  the  coefflcienti 
■elf  and  mutual  induction  of  colli.  Whtiu  the  c 
are  circles,  or  solenoids,  the  coefficients  of  induction  cmH 
be  calculated.  When,  however,  the  coils  are  not  of  tbeiie  J 
simple  shapes  the  calculation  of  the  coefficients  would  ba  J 
difficult  or  impossible ;  they  may,  however,  be  determtDSd 
by  experiment  by  means  of  the  following  methods. 

248.  Determination  of  the  coefficient  of  lelf^l 
Induction  of  a  coll.     Place  the  coil  in  BD.  one  of  the  I 


Pio.  130. 

anns  of  a  Wheatstone's  Bridge,  and  balance  the  brick 
for  steady  currents,  insert  in  CD  a  ballistic  galvaootnel 
and  place  a  key  in  the  battery  circuit.     When  this  1 
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t  pressed  down  so  ae  to  complete  the  circuit,  although 

^  will  be  DO  current  through  the  galvanometer  when 

»  currents  get  steady,  yet  a  transient  current  will  flow 

x)ugh  the  galvanometer,  in  consequence  of  the  electro- 

ptive  forces  which  exist  in  BD  arising  from  the  self- 

ifluction  of  the  coil.     This  current  thoiigh  only  transient 

I  very  intense  while  it  lasts  ami  ciiuses  a  finite  quantity 

F  electricity  to  pass  through  the  galvanometer,  producing 

i  finite  kick,     We  can  calculate  this  quantity  as  follows : 

I  electromotive  force  E  in  BD  will  produce  a  current 

rough  the  galvanometer  proportional  to  E.  let  this  cur- 

ient  be  kE.     In  consequence  of  the  self-induction  of  the 

1  there  will  be  an  electromotive  force  in  BJ)  equal  to 


dt 


{Li). 


frliere  L  is  the  coefficient  of  self-induction  of  the  coil  and 
I'the  current  passing  through  the  coil.  This  electromotive 
1  will  produce  a  current  q  through  the  galvanometer 
■here  q  is  given  by  the  equation 

,  =  -J:|(I.-). 

r  Q  is  the  total   quantity   of  electricity   which   pusses 
rough  the  galvanometer 


i/^W* 


ihe  integration  extending  from  before  the  circuit  is  com- 
pleted until  after  the  currents  have  become  steady.     The 
Ight-hand  side  of  this  equation  is  equal  to 
-  kLi„. 

28—2 
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where  t,  is  the  value  of  %  when  the  currents  are  rteadj. 
By  the  theory  of  the  ballistic  galvanometer,  given  m 
Art.  222,  we  see  that  if  0  is  the  kick  of  the  galvanometer 

where  T  is  the  time  of  swing  of  the  galvanometer  needle, 
0  the  galvanometer  constant,  and  H  the  horizontal  com- 
ponent of  the  earth's  magnetic  force. 

Hence  we  have 

A:Zio  =  sin  Jtf .  — ^ (1). 

Let  us  now  destroy  the  balance  of  the  Wheatstone's 
Bridge  by  inserting  a  small  additional  resistance  r  in 
BD,  this  will  send  a  current  p  through  the  galvanometer. 
To  calculate  p  we  notice  that  the  new  resistance  has 
approximately  the  current  %  running  through  it,  and  the 
effect  of  its  introduction  is  the  same  as  if  an  electromotive 
force  rto  were  introduced  into  DB,  this  as  we  have  seen 
produces  a  current  krio  through  the  galvanometer ;  hence 

p  =  krto. 

This  current  will  produce  a  permanent  deflection  ^  of 
the  galvanometer,  and  by  Art.  219 

p  =  tan0  -Q , 

or  ATio  =  tan^  ^ (2). 

Hence  from  equations  (1)  and  (2),  we  get 

Bin^  T 
tan9   IT 
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1 249.     Determination  of  the  coefficient  of  mutual 

uctioD  of  a  pair  of  coiU.     Let  A  and  B,  Fig.  121, 

3ent  the  pair  of  coils  of  which  A  ia  placed  in  scries 

1  a.  galvanomf  ter,  and  B  in  series  with  a,  battery ;  this 

tad  (drcuit  being  provided  with  a  key  for  breaking  or 

I  the  circuit. 


Let  R  be  the  resistance  of  the  circuit  contaiaiog  A. 

Suppose  that  originally  the  circuit  coDtaiuing  B  is  broken 

ftnd  that  the  key  ia  theu  pressed  down,  and  tbat  after 

Hike  current  becomes  steady  the  current  ii  flows  through 

■Au  circuit.     Theu  before  the  key  was  pressed  down  do 

ipBlBbeB  of  magnetic   induction  pass  through  the  coil  A, 

while  when  the  current  t  flows  through  B  the  number 

of  such  unit  tubes  is  Mi,  where  M  ia  the  coefficient  of 

mutual  induction  between  A  and  B.     Thus  the  circuit 

containing  A  has  received  an  electrical  impulse  oquiil  to 

Mi,  60  that  Q,  the  quantity  of  electricity  flowing  through 

the  galvanometer  will  be  MijR,  and  if  ^  is  the  kick  of 

the  galvanometer,  we  have 


Mi       .    .^HT 


•■(1), 


UBiDg  the  same  uotjition  as  before.      We   can    eliminate 
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a  good  many  of  the  quantities  by  a  method  somewbi 
similar  to  that  used  in  the  last  case.  Cut  the  circuit  oob- 
taining  the  coil  A  and  connect  its  ends  to  two  points  oa  the 
circuit  B  separated  by  a  small  resistance  jS  ;  then  if  it  k 
very  large  compared  with  S  this  will  not  alter  appreciably 
the  current  flowing  round  B;  on  this  supposition  the 
current  flowing  round  the  galvanometer  circuit  will  be 

8      . 
iJ  +  iSf*' 

and  if  ^  is  the  corresponding  deflection  of  the  galvano- 
meter 

^^i  =  tan^.f (2> 

Hence  from  equations  (1)  and  (2),  we  get 

RS    8in\0  T 


if= 


R-{-8  tan  ^  ir' 


260.  CompariBon  of  the  coefflcients  of  mutual 
indaction  of  two  pain  of  colli.  Let  il,  a  be  one  pair 
of  coils,  5,  b  the  other.  Connect  a  and  b  in  one  circuit 
with  the  battery,  and  connect  the  points  P  and  Q  (Fig.  122) 
to  the  two  electrodes  of  a  ballistic  galvanometer.  Insert 
resistances  in  PAQ  and  PBQ  until  there  is  no  kick  of 

Q 


i 


A'-y 
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Be  galvanometer  when  the  circuit  through  a  and  6  is 
3  or  broken.  Let  B  be  the  resi.stance  then  in  PAQ, 
lat  in  PBQ,  and  let  3/,.  Jlfj  be  the  coefficients  of  mutual 
■Qction  between  the  coils  Aa,  Bb  respectively,  then 

R~  S- 

I  To  prove  this  we  notice  that,  by  Art.  189,  if  we  have 

J  closed  circuit  consisting  of  various  parts,  the  sum  of 

I  products  obtained  by  multiplying  the  resistance  of 

\i  part  by  the  current  passing  through  it  is  equal  to  the 

Ktromotive  force  acting  round  the  circuit.     In  the  case 

Ben  the  electromotive  forces  are  transient,  we  get  by 

legrating  this  result,  that  the  sum  of  the  products  got 

f  multiplying  the  resistance  of  each  part  of  the  circuit  by 

e  quantity  of  electricity  which  has  passed  through  it  is 

ma)  to  the  electromotive  impulse  acting  round  the  circuit. 

b  us  apply  this  to  our  case:  if  i  is  the  steady  current 

wing  through  the  coils  a  and  b,  the  electromotive  impulse 

ting  ou  A  due  to  the  closing  of  the  circuit  is  M^i,  while 

iat  on  fi  is  M^i.    If  x  is  the  quantity  of  electricity  which 

passes  round  A  in  consequence,  y  that  round  B,  x  —  y  will 

be  the  quantity  which  passes  through  the  galvanometer; 

hence  applying  the  abovf  rule  to  the  circuit  APQ,  we 

have  if  if  ia  the  resistance  of  the  galvanometer  circuit 

lix-^K{x-  y)  =  M,i. 
Applying  the  same  rule  to  the  circuit  BPQ,  we  get 
8y  +  K{y-x)  =  M^i. 
But  if  the  total  quantity  which  passes  through  the 
galvanometer  is  zero,  we  have  x  =  y,  and  therefore 
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2S1.  Compariaon  of  the  coefBclenta  of  i 
Induction  of  two  colls.  Plnce  the  two  coils  wIn 
coefficients  of  self-induction  are  L  and  N  respectively! 
tho  arras  AB.  BO  of  h  WheaUtone'a  Bridge,  Fig.  \% 
vrhicli  is  balanced  fur  steady  currents,  then  adjust  tho  iv- 
sistences  in  AD,  BD  so  that  no  kick  of  the  galvonomti' 
occurs  when  tho  battery  circuit  ix  made,  the  altemti'm 
in  the  resistancee  of  AD  and  BD  will  entail  proportioQin 
alterations  in  those  of  AG  and  BC  m  order  to  keep  tli' 
bridge  balanced  for  steady  currents.  Then  when  then-  i- 
no  kick  of  the  galvanometer  when  tho  circuit  is  made  hj ': 
no  steady  deflection  when  it  is  kept  flowing,  we  have 


BAD.lil' 


where  P,  Q,  R,  S  are  tlie  resistiincea  of  the  a 
AC,  BC  respectively. 

Wc   can   see    this    as    follows:    suppose   we   have    • 
balanced   Wheatstone's   Bridge   with   the   resistances  i)i 
as  above,  then  for  steady  currents  the  balance  would  h' 
undisturbed  if  we  altered  P  and  Q  provided  their  rattrt  i 
remains  unchanged;   but  the  alteration  of  P  and  < 
this  way  is  equivalent  to  the  introduction  into  AD  s 
BD  of  electromotive  forces  proportional  to  P  and  < 
For  since  no   current   flows   through    the   gttlvanomeld 
the  same  current  flows  through  AD  as  through  BD.a 
the  preceding  statement  follows  by  Ohm's  law.      Hen 
we  see  that  the  introduction  into  the  arms  AD  and  i 
of  electromotive  forces  proportional  to  P  and  Q  will  i 
T  the  balance  of  the  bridge,  and,  conversely,  tl 
I  balance  is  not  altered  by  the  introduction  i 
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electromotive  force  A  into  the  arm  AD,  and  another,  B, 
into  the  arm  BD,  then  A/B  must  be  equal  to  P/Q. 

Now  if  we  have  coils  in  AD  and  BD  whose  coefficients 
of  self-induction  are  L,  N,  since  when  the  cuiTcnt  gets 
steady,  the  same  current,  t  say,  flows  through  each  of 
these  coils,  there  must  be,  whilst  the  current  is  getting 
steady,  an  impulse  Li  in  AD,  and  another  equal  to  Ni 
in  BD.  Since  these  impulses  do  not  send  any  electricity 
through  the  galvanometer  they  must,  by  the  preceding 
reasoning,  be  proportional  to  P  and  Q,  hence 

LP 


CHAPTER  XIL 

Electrical  Units:  Dimensions  of  Electrical 

Quantities. 

262.  In  Art  9  we  defined  the  unit  charge  of  elec- 
tricity as  the  charge  which  repelled  an  equal  charge  with 
unit  mechanical  force  when  the  two  charges  were  at  unit 
distance  apart  and  surrounded  by  air  at  standard  tempe- 
rature and  pressure.  When  we  know  the  unit  charge 
the  various  other  electrical  units  easily  follow.  Thus  the 
unit  current  is  the  one  that  conveys  unit  charge  in  unit 
time ;  unit  electromotive  intensity  is  that  which  acts  on 
unit  charge  with  unit  mechanical  force ;  unit  difference  of 
potential  is  the  potential  between  two  points  when  unit 
work  is  done  by  the  passage  of  unit  charge  fix)m  one  point 
to  the  other.  Unit  resistance  is  the  resistance  between 
two  points  of  a  conductor  between  which  the  potential 
difference  is  unity  when  the  conductor  is  traversed  by 
unit  current. 

The  step  from  the  electrical  to  the  magnetic  quantities 
is  made  by  means  of  the  law  that  the  work  done  when 
unit  magnetic  pole  is  taken  round  a  closed  circuit  is 
equal  to  4f7r  times  the  current  flowing  through  the  circuit 
This  law  is  to  some  extent  a  matter  of  definition.  All 
that  is  shown  by  experiment  is  that  the  work  done  when 
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unit  pole  is  taken  round  the  circuit  is  proportional  to  the 
cun-ent  flowing  through  the  circuit,  and,  as  long  as  the 
current  remains  the  same,  is  independent  of  the  nature 
of  the  substances  passed  through  by  the  pole  in  its  tour 
round  the  current.  If  we  said  that  p  times  the  work  done 
was  equal  to  iw  times  the  current,  these  conditions  would 
still  be  fulfilled  provided  p  was  independent  of  the  current, 
the  magnetic  force  and  the  nature  of  the  substances  in 
the  field.  Though,  as  we  shall  see  later,  it  would  be 
possible  to  get  a  somewhat  more  symmetrical  system  of 
units  by  a  proper  choice  of  p,  yet  in  practice,  to  avoid 
the  introduction  of  an  imnecessary  constant,  p  is  always 
taken  as  unity.  When  j)  =  l,  it  follows  from  Art.  210  that 
the  magnetic  force  at  the  centre  of  a  circle  of  radius  a 
traversed  by  a  current  i  is  2inja ;  thus  unit  magnetic 
force  will  be  the  force  at  the  centre  of  a  circle  of  radius 
2jr  traversed  by  unit  current.  Thus  knowing  the  unit 
current  we  can  at  once  determine  the  unit  magnetic  force. 
Having  got  the  unit  magnetic  force  the  unit  magnetic 
pole  follows  at  once  from  the  law  that  it  is  the  pole 
which  is  acted  on  by  unit  magnetic  force  with  the  unit 
mechanical  force.  We  can  from  these  go  on  and  deduce 
without  ambiguity  the  units  of  the  other  magnetic  quan- 
tities. The  System  of  units  arrived  at  in  this  way  is 
called  the  Electrostatic  System  of  Units. 

Starting  from  the  unit  charge  as  defined  in  Art.  9, 
we  thus  arrive  at  a  unit  magnetic  pole.  In  Art,  113, 
however,  we  gave  another  definition  of  unit  magnetic  pole 
deduced  from  the  repulsion  between  two  similar  poles. 
The  unit  magnetic  pole  as  defined  in  Aj't.  113  does  not 
coincide  with  the  unit  pole  at  which  we  arrive,  starting, 
as  we  have  just  done,  &om  the  unit  charge  of  electricity. 


T\i(r  numerical  relation  between  the  two  uniU  depe 
U]x)u  what  units  of  length  and  time  we  employ ;  if  tl 
ure  the  centimetre  and  second,  then  the  unit  i 
pole  on  the  electrostatic  system  of  unit^  is  about  3x)0* 
times  as  great  as  the  unit  pule  as  defined  in  Art.  113. 

Instead  of  starting  with  unit  charge  of  electrici^v 
may  .itart  with  unit  magnetic  \io\e  as  defined  in  Art  lit 
The  units  of  the  other  magnetic  quantities  would  at  a 
follow  from  considerations  eimilar  to  those  by  which  *t 
deduced  the  unit  electrical  quantities  fTX>ni  the  i 
electrical  charge.  The  electrical  units  would  follow  from 
the  magnetic  ones  by  the  principle  that  the  mngnetii) 
force  at  the  centre  of  a  circular  current  of  radius  a  a 
2mja  where  i  is  the  strength  of  the  current;  thus  ttu 
unit  current  is  that  which  produces  unit  magnetic  fore* 
at  the  centre  of  a  circle  whose  radius  is  2w.  In  thii 
way  we  can  get  the  unit  current,  and  from  this  the  unitf 
of  the  other  electrical  quantities  follow  without  difficulty. 
The  System  of  units  got  in  this  way  is  called  the  ElectfOf^ 
magnetic  System  of  Units. 

The  electromagnetic  system  of  units  does  not  coinddl 
with  the  electrostatic  system.  The  electromagnetic  uni 
charge  of  electricity  hears  to  the  eleotrostatic  unit  char^ 
a  ratio  which  depends  on  the  units  of  length  and  time ; 
these  arc  the  centimetre  and  second  the  electromagnetic 
unit  of  electricity  is  found  to  be  about  S  x  II)"'  times  thS 
electrostatic  unit.  The  ratio  of  the  electromagnetic  unil 
of  charge  to  the  electrostatic  unit  is  equal  to  the  ratio  o 
the  electrostatic  unit  pole  to  the  electromagnetic  unit 

In    the    following    table    the    relations    between   t 
electrostatic  and  electromagnetic  units  of  varions  nledrit 
and  magnetic  quantities  are  given.     Here  v  le  the  i 


the  electromagnetic  mat  dmge  <d  iietinatf  to  tfce 

BtroBtotic  aniL 


Qoantity  of  Electricity 

< 

v» 

Electric  inUnsity 

F 

■ 

Potential  difference 

r 

V 

CurreDt 

i 

>/• 

Remstance  of  s  condoctcr 

R 

* 

Electric  Polarizatioo 

D 

!/• 

Capacity  of  a  ooodenset 

C 

\:t 

Strength  of  Magnetic  Pole 

m 

» 

Magnetic  force 

B 

r. 

Magnetic  indaction 

B 

e 

Magnetic  permeability 

!*■ 

* 

Coefficient  of  Self-Iodnction 

t 

* 

Certain  combinatioos  of  tbeae  (foaatitie*  are  equal 
purely  geometrical  or  dynamica]  ({oantities,  ■och  as 
length,  force,  energy.  The  nuowrieal  ezpRMon  of  nidi 
oombination  must  evidently  be  tbe  Mme  whatcrer  qwtcm 
Df  units  «e  employ;  thtts,  for  example,  the  -t^Ki*?*"! 
force  on  a  chai^  «  placed  in  a  fieid  of  eleettie  iateimtjr 
is  fe,  but  this  (broe  is  a  de&nite  mtmber  of  dynea  quite 
mdependeot  of  aay  arbitrary  syitteB  of  meararing  electric 
qoautities,  thus  F%k  must  be  the  aanke  whatever eyatem 
of  electrical  unite  we  employ. 

The  following  are  examples  of  aoch  combinatums. 

Time     =T. 
1 

y 
Length  =  „  ■ 
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Force    ^Fe;  mH. 

Energy  =  ^Ve;   ij;  i2rt;   ^ZiX 

Energy  per  unit  volume  =  FD/Sir ;  ^H^/Stt. 

Thus  since  Fe  is  independent  of  the  electrical  units 
chosen,  if  we  adopt  a  new  system  in  which  the  unit 
of  e  is  i;  times  the  old  unit,  the  new  unit  of  F  must  be 
1/v  times  the  old  unit.  Again,  Ri*  is  another  quantity 
unaltered  by  the  change  of  units,  so  that  if  the  new 
unit  of  i  is  i;  times  the  old,  the  new  unit  of  R  must 
be  1/y*  times  the  old  unit. 

Dimensions  of  Electrical  Quantities. 

263.  For  the  general  theory  of  Dimensions  we  shall 
refer  the  reader  to  Maxwell's  Theory  of  Heat,  Chap.  iv. ; 
we  shall  in  this  Chapter  confine  our  attention  to  the 
dimensions  of  electrical  quantities. 

It  may  be  well  to  state  at  the  outset  that  the 
"  dimensions "  of  electrical  quantities  are  a  matter  of 
definition  and  depend  entirely  upon  the  system  of  units 
we  adopt  Thus  we  shall  find  that  on  the  electromagnetic 
system  of  units  a  resistance  has  the  same  dimensions  as 
a  velocity,  while  on  the  electrostatic  system  of  units  it 
has  the  same  dimensions  as  the  reciprocal  of  a  velocity. 
In  fact  we  might  choose  a  system  of  units  so  as  to  make 
any  one  electrical  quantity  of  any  assigned  dimensions; 
when  the  dimensions  of  this  are  fixed  that  of  the  others 
becomes  quite  determinate. 

A  symbol  representing  an  electrical  quantity  merely 
tells  us  how  much  of  the  quantity  there  is,  and  does  not 
tell  us  anything  about  the  nature  of  the  quantity;  this 
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would  require  a  dyuatnical  theory  of  electricity.  A  theory 
of  dimensions  cannot  tell  us  whnt  electricity  is;  its 
object  is  merely  to  enable  us  to  find  the  change  in  the 
numerical  measure  of  a  given  charge  of  electricity  or  any 
lather  electrical  quantity  when  the  units  of  length,  mass 
iind  time  are  changed  in  any  determinate  way. 

We  have  to  fix  the  electrical  quantities  by  one  or 
other  of  their  properties.  Thus,  to  take  an  example,  we 
may  fix  a  charge  of  electricity  by  the  repulsion  it  exerts 
on  an  equal  charge,  as  is  done  in  the  electrostatic  system 
of  units,  or  by  the  force  experienced  by  a  magnetic  pole 
when  the  chai-ge  is  being  transfeiTed  from  one  place  to 
another  by  a  current,  as  is  done  in  the  electromagnetic 
system ;  these  two  measures  are  of  different  dimensions. 
To  take  a  simpler  case  we  might  fix  a  quantity  of  water 
by  the  number  of  hydrogen  atoms  it  contains,  by  ite 
mass,  or  by  its  volume  at  a  definite  temperature ;  all 
these  measures  would  be  of  different  dimensions. 

On  the  electrostatic  system  of  units  the  force  between 
two  equal  charges  e,  separated  by  a  distance  X  in  a 
medium  whose  specific  inductive  capacity  is  K,  is  ^jKL*. 
and  since  this  is  of  the  dimensions  of  a  force  we  have  the 
dimensional  equation 

^=—  (1) 

M,  L,  T  representing  mass,  length  and  time. 

This  result,  with  the  meaning  assigned  to  ^  in  Art. 
67,  is  only  true  on  the  electi-ostatic  system  of  units.  We 
may,  however,  generalize  the  meaning  of  K  and  say  that 
whatever  be  the  system  of  units  the  repulsion  between 
the  charges  ia  e'lKL",  where  K  is  defined  as  the  'specific 
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inductive  capacity  of  the  medium  oo  the 
unitH.'  We  may  regard  this  as  the  defioitiou  ol'  K  on  ihr 
flystem.  The  ratio  of  the  K's  for  two  aubstances  on  lli- 
s^tem  is  of  courae  th«  same  as  the  ratio  of  the  K's  on  tlit 
electrostatic  system.  We  tthall  tvgard  the  dimensions  of 
K  as  indeterminate  and  keep  them  in  the  expression  for 
the  diniensiona  of  the  electrical  <)uantitie»'.  From  equa- 
tion (1)  we  have  the  dimensional  equation 

Similarly  on  the  electromagnetic  system  of  units  Uif 
repulsion  between  two  poles  of  strength  m  eeparatecl  by » 
distance  £  in  a  medium  whose  magnetic  permeability  in  it 
is  m^lfil^,  fi  for  this  system  of  unite  being  a  quantity  -l 
no  dimension!!.  We  shall  suppose  that  whatever  be  th: 
system  of  units  the  force  between  the  poles  is  equal  t< 
m'l/iL':  where  fi  thus  determined  is  defined  as  tii' 
magnetic  permeability  of  the  medium  on  this  srstcni 
units.  Thus,  for  example,  if  m  is  the  measure,  oi 
Electrostatic  system  of  units,  of  the  strength  of  n 
the  force  between  two  equal  poles  separated  by 
distance  in  air  is  not  m'  but  9  x  lO^m',  Hence  wt 
the  magnetic  permeability  of  air  on  the  electrusl 
system  of  units  is  1/9  x  10".  We  shall  regard  the 
mensions  of  /i  as  being  left  undetermined  and  retain  ^ 
in  the  expressions  for  the  dimensions  of  the  eleclri 
quantities.  Since  m^jul^  is  of  the  dimensions  of  a  fon' 
we  have  the  dimensional  equation 

We  shall  find  it  instructive  to  suppose  that  t  he  electrir 

and  magnetic  units  are  connected  together  by  the  followiiij; 

'  Bkloker.  Phil.  it«t.  *ol.  9T,  p.  lOL 
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iz.  p  times  the  work  done  by  unit  pole  in  traversing 
circuit  ifi  equal  to  47r  times  the  current  (lowing 
the  circuit :  the  conveDtion  made  on  both  the 
itic  and  magnetic  systems  is  that  p  \s  a.  quantity 
lensioDs  and  always  equal  to  unity.  We  shall  for 
Dt  leave  the  dimensions  of^  undecided. 
liineDsional  equation  connecting  the  electric  and 

quantities  is  therefore 

p^H>iL=%, 
is  magnetic  force,  L  a  length  and  i  a  current. 
ig  this  relation  and  starting  with  the  electric 
can  get  by  the  equations  given  in  Art.  252  the 
I  of  all  the  electrical  and  magnetic  quantities  in 
M,  L,  T,p,K:  or  starting  with  the  magnetic  pole 
;et  them  in  terms  of  M,  L,  T,  p,  ft.     The  results 

of  the  most  important  electrical  quantities  are 
the  following  table. 

Sjlnbal. 


intensity 
,<iifferenc 


polariza- 


termo  o(  K  and  p. 

K-iMIUT- 

K-'L-'T 

KIM>L-<T-' 
KL 


bductive 

\  of  Mag- 
lole 


pK-^Mil.^ 


DimenflioDB  tn  term! 

ol  II  aod  p. 

p^-tMIL'T-' 
p--^lT-' 

pii.->MtL-l 
p-^-'L-'l" 


f.nitiM^' 
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Magnetic  force 
H  poetic  induc- 

tioD 
Magnetic  per- 

rHtiability 


-mbol.    Dimenaiona  in 
terma  of  K  utd  p. 


of fintif.    I 


-.p 


=  (velocity)*. 


otIC.f 


We  aee  from  thia  table  that  the  dim 
p  must  on  all  ttyRtema  of  measurement  be  connected  I 
the  relation 

/iff     T* 

On  Maxwell's  theory  of  the  electric  field  pj'JfxK  is  ei 
to  the  velocity  with  which  electric  dixturbaiioee  trad 
through  a  medium  whose  magnetic  permeability  is  /i « 
apecilic  inductive  capacity  K. 

On  the  electrostatic  system  of  unite  Jf  in  of  no  dim 
sions,  as  the  specific  inductive  capacity  of  air  is  takeol 
unity  whatever  may  be  the  unit  of  mass,  length  and  tirotl 
Also  on  this  system  p  is  by  hypothesis  of  no  dimenaioas, 
being  always  equal  to  unity.  Hence  the  dimensions  of 
the  electrical  quantities  on  this  ayatein  of  units  vtr 
got  by  omitting  p  and  K  in  the  third  column  of  the 
table. 

On  the  electromagnetic  system  of  units  ^  ia  uf  I 
dimensionB,  the  magnetic  permeability  of  air  being  takj 
aa  unity  whatever  the  unita  of  mas8,  length  and  time ;  jBfl 
also  of  no  dimensions  on  thia  system.  Hence  the  dim 
sions  of  the  electrical  quantities  on  this  system  of  ii 
are  got  by  omitting  /i  and  p  from  the  fourth  ootumnl 
the  table. 

Another  system  of  units  could  be  got  by  talking  /*  a: 
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8  of  no  dimensioDa  and  p  a  velocity.     If  this  velocity 

;  takeQ  equal  to  the  ratio  of  the  electromagnetic  unit 

iirge  to  the  electrostatic  unit,  then  the  unit  of  electric 

(  on  this  system  would  be  the  ordinary  electrostatic 

lit  of  that  quantity  while  the  unit  magnetic  pole  would  be 

I  unit  as  defined  on  the  electromagnetic  system.     This 

rstem  would  thus  have  the  advantage  that  the  electric 

jitities  would  be  as  defined  in  the  electrostatic  system, 

!  the  magnetic  quantities  would  be  as  defined  in  the 

inetic    system,  and  we  should  not  have  to  introduce 

any  new  definitions :  whereas  if  we  use  the  electrostatic 

system  we   have    to   define   all  the  magnetic  quantities 

afresh,  and  if  we  use  the  electromagnetic  system  we  have 

^b  re-define  all  the  electrical  ones'. 

^M  This  system  is  however  never  used  in  practice;  the 
^Pectromagoetic  system  or  one  founded  upon  it  is  urn- 
^■raally  used  in  Electrical  Engineering,  and  the  electro- 
^^ptic  system  is  used  for  special  classes  of  investigations, 

^1  254.  The  units  of  resistance,  of  electromotive  force, 
^B  capacity  on  the  electromagnetic  system  are  either  too 
^Kge  or  too  small  to  be  practically  convenient :  hence  new 

^H  '  it  bLodIiI  be  noticul  that  it  it)  only  when  the  electromagDRtic  eystem 
^H  nnitn  is  used  that  '  magnetic  indactinn '  has  the  meaning  assigned  to 
^BiD  Art.  153.  ir  oe  qhb  &n,v  other  gjatem  of  iinitB  in  which  we  start 
^Hth  eUotrical  quantities,  ttia  'magnetic  induction  tbrongb  unit  area' 
^HpeuB  a»  the  qnantit;  vbose  tate  ot  variation  in  equal  to  p  times  the 
^HMtromotive  foroe  round  the  boundary  of  the  sroa.  The  magnetio 
^IpDetioii  defined  in  this  way  is  always  proportional  to  the  magnetio 
^^Bnctiou  M  defined  in  Art.  153.  The  two  are  howeier  only  identical 
^Hthe  eleotramagoetie  system  of  units.  Witli  the  definition  of  Art.  152 
^Hn  magnetic  indaotion  is  ol  the  wme  dimensiona  as  magnetic  force 
^^■H  they  are  both  the  mechanioal  force  on  a  unit  pole  when  placed  in 
^^btiea  of  different  ibapes. 
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units  which  are  definite  miiltiplea  or  submultiples  of  l| 
electromagnetic  units  are  emplo^-ed.  These  unit!  »'i'! 
their  relation  to  the  electromagnetic  Bystem  of  Qiijlfl(wii' 
the  UQits  of  length,  mass  and  time  are  the  ceatimeU' 
gramme  and  second)  are  given  in  the  following  Table. 
The  unit  of  resistance  is  called  the  Ohm  and   is  e^n' 

to  10*  electromagnetic  units. 
The  unit  of  electromotive  force  is  called  the  Volt  uid  i- 

equal  to  10'  electromagnetic  units. 

The  unit  of  current  is  called  the  Ampere  and  is  equal  j 

to  10~'  electromagnetic  units.  I 

The  unit  of  charge  is  called  the  Coulomb  and  is  equs)  ^ 

to  10~'  electromagnetic  units.  i 

The  unit  of  capacity  is  called  the  Farad  and  is  eijual  ' 

10~*  electromagnetic  units. 
The  Microfarad  is  equal  to  10~"  electromagnetic  units 
The  Ampere  ia  the  current  produced  by  a  Volt  througb 
an  Ohm. 
We   shall   now    proceed   to  explain  the  methods  In 
which  the  various  electrical  quantities  can  be  measured  in 
terms  of  these  units :  when  the  quantity  is  so  measured  it 
is  said  t<>  be  detiTmiiied  in  absolute  measure. 

266.    Determination  of  a  Resistance  tn  Absoluts 
measure.      The   method  given   in  Art.  S23  enables  osj 
to  ciimpare  two  resistances,  and  thus  to  find  the  mll^ 
of  any  resistance  to  that  of  an  aibitrary  standard  such  SI 
the  resistance  of  a  column  of  mercury  of  given  length  hi-I 
croifs  section  when  at  a  given  temperature.     In  order  i 
make  use  of  the  electromagnetic  system  of  units  we  tllll^1 
find  the  number  of  electromagnetic  units  in  our  standi 
resistance,  or  what  amounts  to  the  same  thing  we  i 
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le  to  specify  a  conductor  whose  resistance  is  the 
electrotnagnetic  unit  of  resistance. 

The  first  method  we  shall  describe,  that  of  the  re- 
iiK'ing  coil,  was  suggested  by  Lord  Kelvin  and  carried 
I  out  by  a  committee  of  the  British  Association,  who  were 
the  tirst  to  measure  a  resistance  in  absolute  measure.  The 
method  was  also  one  of  those  used  by  Lord  Rayleigh  and 
Mrs  Sidgwick  in  their  determination  of  thi-  Ohm. 

When  a  coil  of  wire  spins  abont  a  vertical  axis  in  the 
earth's  magnetic  field,  currents  are  geni?raled  in  the  coil; 
these  currents  produce  a  magnetic  force  at  the  centre 
of  the  coil.  If  a  magnet  is  placed  at  the  centre  of  the 
coil,  this  magnetic  force  gives  rise  to  a  couple  on  the 
magnet  tending  to  twist  the  magnet  in  the  direction  in 
which  the  coil  is  rotating.  The  resistance  of  the  coil  may 
be  deduced  from  the  deflection  of  the  magnet  as  follows. 

Let  H  be  the  horizontal  component  of  the  earth's 
magnetic  force,  A  the  area  enclosed  by  one  turn  of  the 
coil,  n  the  number  of  turns,  6  the  angle  the  plane  of 
the  coil  makes  with  the  magnetic  meridian,  let  the  coil 
revolve  with  uniform  velocity  w,  so  that  we  may  put 

The  number  of  tubes  of  magnetic  induction  passing 
through  the  coil  is  equal  to 
^H  nAHsmO, 

^^■od  the  rate  of  diminution  of  this  is 
^r  -nAHwco9<ot. 

^F  Hence,  if  £  is  the  coefiicient  of  self-induction  of  the 
^^raoil,  R  its  resistance,  and  i  the  current  flowing  through  the 
^^koil,  the  current  being  taken  as  positive  when  the  lines  of 
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magnetic  force  due  to  the  current  and  those  due  to  the 
earth  pass  through  the  circuit  in  the  same  direction,  we  hxn 

£  ^  + 12%  =  —  nAHci  cos  tat. 
at 

Hence,  as  in  Art  233,  we  have 

*  =  —  -ni m  {-R  cos  «t  +  2i«  sin  wd. 

Now  if  unit  current  through  the  coil  produces  a  magnetic 
force  0  at  the  centre,  the  current  i  through  the  coil  will 
produce  a  magnetic  force  Oioos^  at  right  angles  to 
the  magnetic  meridian,  and  a  force  Gi  sin  fot  along  the 
magnetic  meridian,  since  O^tot  Hence  the  magnetic 
force  due  to  the  currents  in  the  coil  has  a  component 

at  right  angles  to  the  magnetic  meridian ;  and  a  component 

along  the  magnetic  meridian. 

Now  suppose  we  have  a  magnet  at  the  centre  of  the  coil, 
and  let  the  moment  of  inertia  of  this  magnet  be  so  great 
that  the  time  of  swing  is  very  large  compared  with  the 
time  of  revolution  of  the  coil.  The  magnetic  force  acting 
on  the  magnet  due  to  the  current  induced  in  the  coil 
consists,  as  we  see,  of  two  parts,  one  constant,  the  other 
periodic,  the  frequency  being  twice  that  of  the  revolution 
of  the  coil.  By  making  the  moment  of  inertia  of  the 
magnet  great  enough  we  may  make  the  effect  of  the 
periodic  terms  as  small  as  we  please;  we  shall  suppose 
that  the  magnet  is  heavy  enough  to  allow  us  to  neglect 
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ift  effect  of  the  periodic  terms;  when  thia  ia  done  the 
nagnetic  force  at  the  centre  becomes  equal  to 
"^  nAHGi^R 

At  right  angles  to  the  magnetic  meridian,  and  to 
nAHGLto- 
i(R'  +  i^'L') 
Blong  it. 

Hence  if  ^  is  the  angle  the  magnet  at  the  centre 
makes  with  the  magnetic  meridian 

1  nAHQiaR 

2  fl'  +  «u'/.' 


□e  the 

J 


2^  +  0)" 
1    H^Gwfl 
■2.R' 


8  S-  +  «i"L' 


m^ 


This  equation  enahles  us  to  find  if,  as  j4,  6,  £  can  be 
calculated  from  the  dimensions  of  the  rotating  coiL  When 
La  is  small  compared  with  R  the  equation  reduces  to 
Ihe  simple  form 

,       ,      \nAOm 

When  the  coil  consists  of  a  single  rii^  of  wii-e  of 
tadins  a,n=\,  A=  ira',  0  =  itr/a ;  hence 


Thus  by  this  method  we  compare  R,  which,  by  Art.  243, 

of  the  dimensions  of  a  velocity,  with  the  velocity  of  a 

point  on  the  spinning  coil. 


4iS6      ririiKSsioss  of  electrical  quantities,    [cil^ 


The  procediiiK  investigation  is  only  lipproximste  a 
have  neglected  the  magnetic  field  due  to  the  magnet  pi 


at  the 


rntre  of  the 


nng. 


256.    Loreoz't  Uethod.    This 


;  also  ( 


metbuds  used  by  Lord  Rayleigh  and  Mj?  Sidgwick  in 
their  determination  of  the  Ohm.  It  depends  upon  th- 
priuciple  that  If  a  conducting  disc  spins  iti  a  magneti: 
field  which  is  symmotrical  about  the  axis  of  rotation,  uni 
if  a  circuit  is  formed  by  a  wire,  one  end  of  which  is  con- 
nected to  the  axis  of  rotation  while  the  other  end  presser 
against  the  rim  of  the  disc,  an  electromotive  force  pr"- 
portional  to  the  angular  velocity  will  act  round  tbt 
circuit. 

We  can  determine  thi-o  electromotive  force  by  Gndii 
the  couple  acting  on  the  disc  when  a  current  flows  rtniii 
this  circuit. 

Let  /  be  the  current  flowing  through  the  wire,  Wlw 
this  current  enters  the  disc  it  will  spread  out ;  let  <;  1 
the  radial  current  crossing  unit  length  of  thecircuuforeD 
of  a  circle  of  radius  r  at  the  point  defined  by  Q.  ] 
rdrdd  be  an  elemenl  of  the  area  of  the  disc.  1 
radial  current  flowing  through  this  area  is  equal  to  gn 
Hence  by  Art.  210,  if  H  is  the  magnetic  force  normal  ■ 
the  disc  at  this  area  the  tangential  mechanical  fon 
acting  on  the  area  is  equal  to  ffi/  rdr  dd.  The  mumai 
of  this  force  about  the  axis  of  thi?  di^c  is  e<^ual  to 

Hqr'drde: 
hence  the  couple  acting  on  the  disc  is  equal  to 


jjfftif^drde, 


ihe  integnition  being  extended  over  the  area  ol  the  di.ic 
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Since  the  current  Howing  across  a  circle  drawn  on  the 
with  its  centre  at  the  centre  of  the  disc  must  equal  I, 
le  current  flowing  into  the  disc,  we  have 

[qrde  =  /. 


Since  the  magnetic  field  is  symmetrical  about  the  axis 
rotation,  H  is  independent  of  6,  hence  the  couple  acting 
cm  the  disc  is  equal  to 


iJHrdr. 


If  N  is  the  Dumbt;r  of  tubes  of  magnetic  induction 
Msaing  through  the  disc 

N  =  JH27rrdr, 

and  thus  the  couple  acting  on  the  disc  is  equal  to 

.^- 

Now  suppose  in  this  circuit  there  is  a  battery  whose 
electromotive  force  is  E.  then  in  the  time  Bl  the  work 
done  by  the  battery  isEISt;  this  work  is  spent  in  heating 
the  circuit  and  in  driving  the  disc.  The  angle  turned 
through  by  the  disc  in  this  time  is  wBt,  if  m  is  the  angular 
Velocity  of  the  disc ;  hence  the  mechanical  work  done  ia 
eqn^  to 

By  Joule's  law  the  mL-chanical  equivalent  of  the  heat  pro- 
duced in  the  circuit  is  equal  to 
RTSt. 
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where  R  is  the  resistance  of  the  circuit.     Hence  we  have 
by  the  CooBervation  of  Energy 


nroulJ 


henoe  there  is  a  counter  electromotive  force  in  the 
equal  to 

ThiB  case  illuHtmtes  the  remark  made  in  Art  224, 
as  from  Ampere's  law  of  the  raechanieal  force  acting  oi 
currents  in  a  magnetic  field  wc  hivve  deduced,  by  the  a 
of  the  principle  of  the  conservation  of  energy,  the  e 
sion  for  the  electromotive  force  due  to  induction,  and  haT| 
thus  proved  by  dynamical  priuciplea  that  the  inductioQ  4 
currents  is  a  consequence  of  the  mechanical  force  exei 
by  a  magnet  on  a  circuit  conveying  a  current. 

In  Lord  Rayleigh's  experiments  the  iIihc  was  pla 
between  two  coils  through  which  a  current  passed  aW 
the  ases  of  the  disc  and  of  tho  two  coils  were  cotncidei 
The  magnetic  fleld  acting  on  the  disc  may  be  considered^ 
approximately  that  due  to  the  current  through  the  ccd'^ 
as  this  field  is  very  much  more  intense  than  that  c 
to  the  earth.  Hence  if  t  is  the  current  through  the  c 
M  the  coefficient  of  mutual  induction  between  the  c 
and  a  circuit  coinciding  with  the  rim  of  the  disc, 

N  =  ^fi. 

Hence  the  electromotive  force  due  to  the  rotation  off 
disc  is  Mito 


■1857] 
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The  experiment  was  arranged  as  in  the  diagram ;  a 
dvanometer   was  placed  in  the  circuit  connecting   the 


FiQ.  las. 

tre  of  the  diflc  and  the  rina  and  this  circuit  wan  con- 
to  two  points  P,  Q  in  the  circuit  in  series  with 
coils,  and  the  resistance  between  P  and  Q  was  adjusted 
itdl  no  current  passed  through  the  galvanometer.     If  R 
the  resistance  between  P  and  Q  and  if  a  current  i  flows 
through  PQ  the  E.M.F.  between  P  and  $  will  be  Ri,  but 
since  there  is  no  current  through  the  galvanometer  this 
balances  the  electromotive  force  due  to  the  rotation  of  the 
hence 


B  oatai 
HHbc 


27r   ■ 


Since  ii  can  be  calculated  from  the  dimensions  of  the 
coil    and  the  disc,  this  formula   gives  us  R  in  absolute 


257.     The  method  given  in  Art.  249  for  determining  a 

coefficient  of  mutual  induction  in  terms  of  a  resistance  may 

_  lie  used  to  determine  a  resistance  in  absolute  measure.     If 

B  nee  a  pair  of  coils  whose  coefficient  of  mutual  induction 
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can  be  determined  by  calculation,  then  eqnation  (2)  >■' 
Art,  249  will  give  the  absolute  measure  of  a  resistaDc; 
This  method  has  been  employed  by  Mr  Glazebrook. 

The  result  of  a  large  number  of  esperiments  made  b) 
the  preceding  methods  is  that  the  Ohm  is  the  resistoocp 
at  0°  C.  of  a  coluDiii  of  mercury  106'3  cm.  loog  and  1  sij 
millimetre  in  cross  section. 

For  a  comparison  of  the  relative  adv&ntsges  of  the 
preceding  methods  the  student  is  referred  to  a  paper  b; 
Lord  Rayleigh  in  the  Philosophical  Magasine  for  November, 
18S2. 

2G8.  Absolute  Meanir«m«nt  of  a  Onrretit.  A 
current  may  be  determined  by  measuring  the  attractiia 
between  two  coils  placed  in  series  with  each  other  uml 
with  their  planes  parallel  and  at  right  angles  to  the  liin.' 
joining  their  centres.  If  i  is  the  current  through  the  coils, 
M  the  coefficient  of  mutual  induction  between  the  coils,  x 
the  distance  between  their  centres,  the  attractioa  betweO^ 
the  coils  is  equal  to  ^^| 

dM  .^  ^1 

"^  ■ 

By  attaching  one  of  the  coils  to  the  scale-pan  <n^| 
balance  and  keeping  the  other  fixed  we  can  measure  ^9 
force, and  hence  if  we  calculate  dMjdxfrom  the  dimenaioH 
of  the  coils  we  can  determine  i  in  absolute  measure.        ^| 

The  unit  current  is  very  conveniently  specified  by  ^H 
amount  of  silver  dt^posited  from  a  solution  of  silver  iuti(^H 
through  which  this  current  has  beeuflowingfor  a  ^vent^^l 

Lord  Rayleigh  found  that  the  Ampere  is  the  cai^^l 
which  flowing  uniformly  for  one  second  would  cause  ^^| 
deposition  of  001118  grammes  of  silver.  ^H 
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4iil 


The  unit  electromotive  force  is  that  acting  on  a 
iductor  of  unit  resistance  when  conveying  unit  current, 
■practical  standard  of  electromotive  force  ia  the  Clark 
1  (Art.  183),  whose  electromotive  force  at  i"  Cectigra<ie 
iqual  to 

1-434  (1  -  -00077  (t  -  15)]  volts. 

260l  Ratio  of  ElectroBtatlc  and  Electromag- 
Ic  VidtM.  We  saw  in  Art.  252  that  the  ratio  of  the 
of  any  electrical  quantity  on  the  electrostatic 
of  measurement  to  the  measure  of  the  same 
()uaiitity  on  the  electromagnetic  system  is  always  some 
power  of  a  certain  quantity  which  we  denoted  by  "  v," 
and  which  ia  the  ratio  of  the  electromagnetic  unit  of 
electric  charge  to  the  electrostatic  unit. 

The  measurement  of  the  same  electrical  quantity  on 
le  two  ^Btems  of  units  will  enable  us  to  find  "  v."  The 
LDtity  which  has  most  frequently  been  measured  with 
this  object  is  the  capacity  of  a  condenser.  The  electro- 
static measure  of  the  capacity  can  be  calculated  from  the 
dimensions  of  the  condenser;  thus  the  electrostatic  measure 
of  the  capacity  of  a  sphere  is  equal  to  its  radius ;  the  ca- 
pacity of  two  concentric  spheres  of  radii  aand6i3a6/(fc— a); 
the  capacity  of  two  coaxial  cylinders  of  length  /  radii  a  and 
b  is  ^i/logi/a.  Thus  if  we  choose  a  condenser  of  suitable 
shape  the  electrostatic  measure  can  be  calculated  from  its 
dimensions. 

The  electromagnetic  measure  can  be  determined  by  the 
following  method  due  to  Maxwell.  One  of  the  arms  ^dCof 
a  Wheatstonc'a  Bridge  is  cut  at  P  and  Q,  one  plate  of  the 
ideiiser  is  connected  to  P.  the  other  to  a  vibrating  piece 
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R  which  oscillatea  backwards  and  forwarda  between  P  aniT 
Q ;  when  R  cornea  into  contact  with  Q  the  condenser  get- 
charged,  when  into  contact  with  P  it  gets  dischargtd. 
The  current  through  the  galvanometer  may  be  dividtN] 
into  two  parta  There  is  first  a  steady  current  which  flows 
through  A  D  when  no  electricity  is  flowing  into  the  con- 
denser, this  we  shall  denote  by  y.  Besides  this  there  is  w 
times  a  transient  current  which  flows  while  the  conden-'r 
is  being  charged.  We  shall  suppose  that  each  lime  l\i- 
condenser  is  being  charged  a  quantity  of  electricity  eq\ial  i'. 
y  flows  through  DA  in  the  opposite  direction  to  y.  Then  i( 
the  condenser  is  charged  n  times  a  second  the  ajnount  which 


flows  through   the  galvanometer  owing  to  the  ohargii^J 
of  the   condenser  is  n  F.     If  the  time  of  swing  c " 
galvanometer   needle   is   very   long   compared   with   l/l 
of  a  second   this  will  produce   the  same  effect  on 
galvanometer    as   a  steady   current   whose   intenal^  i 
nY  flowing  from  D  to  A.     Thus  if  n7=^.  the  cui 
due    to    the    repeated    charging  of  the   condenser 
just    balance   the   steady   current  and  there  will  be  I 
deflection  of  the  galvanometer. 

We  now  proceed  to  find  Y.     This  is  evidently  equal  tl 
}^  quantity  of  elecltveity  which  would  flow  from  jl  to  J 
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ihere  were  no  electromotive  force  in  the  wire  BC  and 
■  plates  of  the  eondeuser  with  the  greatest  chaj-ge  they 
[aire  in  the  experiment  were  conDected  to  P  and  Q  re- 
stively. 

Let  Z  be  the  current  from  the  condenser  along  PA 
during  the  discharge.  Y  the  current  along  AD,  W  the 
'■iirrent  along  BD.  Let  the  resistances  of  AB,  BC,  CD, 
l>B,  DA.h^  c,  a,  f.  0,  a  respectively.  Let  the  coefficients 
■f  self-induction  of  these  circuits  be  L,,  L„  Li.  L,.  L,  re- 
■pcctively.     Then  from  the  circuit  ABD,  we  have 

^  IdY    ,iZ]      ^dW    „ 

^■mtegrating  from  just  before  discharging  nntil  after  the 
condenser  is  completely  discharged,  and  remembering  that 
both  initially  and  finally  Y,  Z,  W  vanish,  we  have 

^  tiY+c{Y-Z)-0W  =  O (1). 

^Hliere  Y.  Z,  W  are  the  quantities  of  electricity  which  have 
Paused  during  the  discharge  through  AD,  PA,  and  BD  re- 
'     spectively. 

Similarly  from  the  circuit  DBC,  we  have 

(j8  +  7+a)H'  +  (7  +  n)y-a2  =  0 (2). 

We  find  &om  equations  (1)  and  (2) 

F=   -        "(^+7  +  ")  +  "^  ^         ,,^ 

I  Now   Z  is   the  maximum  charge  in   the  condenser; 
)  if  (.'  is  cajwwrity  of  the   condenser  and  A  and  C 
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the  potentials  of  A  and  C  respectively  when  the  chaige  is 
a  maximum,  i.e.  when  no  current  is  flowing  into  the  con- 
denser, 

Z  =  C{A-0}. 

If  y  is  the  current  flowing  through  AD  when  no  current 
is  flowing  in  the  condenser,  and  D  denotes  the  potential 
of  D 

A  -  D  =  ay, 

.-.  A-0  =  ja  +  7  +  |(a  +  c)ly. 

Hence  by  equation  (3) 

V  c{^  +  y  +  a)  +  a^  (_  .      .7.   ^   .)  „. 

^=^(7  +  a)-K«.Hc)(/9  4.7-Ha)i'-^^^^<«+^ry- 

But  when  there  is  no  deflection  of  the  galvanometer 


hence 
1 


nF=y; 


c(/9  +  7  +  o)+o/9 


a  +  7+^(«+c) 


nC     /9(7  +  a)  +  (a  +  c)(/9  +  7  +  a) 

If  we  know  the  resistances  and  n  we  can  deduce  from 
this  equation  the  value  of  (7  in  electromagnetic  measure. 
In  practice  the  resistance  of  the  battery  a  is  very  small 
compared  with  the  other  resistances,  hence  putting  a  =  0, 
we  find  approximately 


1  + 


nC     yS 


1- 


7(a  +  c  +  /8)j 
(«  +  c  +  y8)09+7) 
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By  this  method  we  find  the  electromagnetic  measure 
r  the  capacity  of  a  condenser ;  the  electrostatic  measure 
m  be  found  from  its  dimensions. 

Now  by  Art.  252 

,  __  electrostatic  measure  of  a  condenser 

"  electromagnetic  measure  of  the  same  condenser ' 

Experiments  made  by  this  method  show  that 
V  =  3  X  lO*'  cm./sec.  very  nearly. 


T.  E. 


30 


CHAPTER  XIII. 

Dielectric   Cubrents  and  the    ELECTRoMACNETii: 
Theory  of  Light. 


261.    The  Motion  of  Faraday  Tubes.    Dielectric 
Currenti.      Id  Chapter  xi.  we  considered  the   relation 

bclwt'cn  the  ciinente  in  the  primary  and  secondary  circuits 
when  an  alternating  current  passes  through  the  pritnan' 
circuit,  we  did  not  however  discuss  the  phenomena  occurring 
in  the  dielectric  between  the  circuits.  As  we  regard  the 
dielectric  as  the  seat  of  the  energy  due  to  the  distributioD 
of  the  currents,  the  study  of  the  effects  in  the  dielectric 
is  of  primary  importance.  Wo  owe  to  Maxwell  a  theon", 
now  in  its  main  features  universally  accepted,  by  which 
we  are  able  to  completely  determine  the  electrical  ooo'  ' 
ditions,  not  merely  in  the  conductors  but  also  in  eva 
part  of  the  6eld.  We  shall  also  see  that  Maxwell's  v 
lead  to  a  comprehensive  theory  of  optical  as  well  bsM 
electrical  phenomena,  and  enable  us  by  means  of  e 
trical  principles  to  explain  the  fundamental  ImwsJ 
Optics. 

Before  specifying  in  detail  the  principles  of  Maxwcl 
theory,  we  shall  endeavour  to  show  by  the  considemtion 
some  simple  cases  that  in  considering  the  relation  bebw 
the  work   done  in  taking  unit  magnetic  pole 
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closed  circuit  and  the  ciurent  flowing  thi-ough  that  circuit 
(see  Art.  201),  we  must  include  under  the  term  current 
effects  other  than  the  passage  uf  electricity  through  con- 
ducting media,  if  we  are  to  retain  the  conception  that 
the  dielectric  is  the  seat  of  the  energy  in  electric  and 
magnetic  phenomena. 

Let  us  consider  the  case  of  a  long,  straight,  cylindrical 
conductor  carrying  an  alternating  electric  current.  In 
the  dielectric  around  thiti  wire  there  is  a  magnetic  field, 
and  according  to  the  views  enunciated  in  Art.  162,  there  is 
in  a  unit  volume  of  the  dielectric  at  a  place  where  the 
magnetic  force  is  H  an  amount  of  energy  equal  to  fiH'/H7r. 
As  the  alternating  current  changes  in  intensity,  the  energy 
in  the  surrounding  field  changes,  and  thU  change  in  the 
energy  must  be  duo  to  the  motion  of  energy  fi-om  one  part 
of  the  field  to  another,  the  energy  moving  radially  towards 
or  away  from  the  wire  conveying  the  current.  If  the 
dielectric  medium  possesses  inertia,  and  if  its  properties 
in  any  way  resemble  those  of  any  kind  of  matter  with 
which  we  are  acquainted,  the  energy  cannot  travel  from 
one  place  to  another  with  an  infinite  velocity. 

As  the  alternating  current  changes,  the  energy  in  the 
field  will  change  also ;  when  the  current  is  passing  through 
its  zero  value,  it  is  evident  that  the  magnetic  energy 
cannot  now  vanish  throughout  the  field,  for  we  assume 
that  the  energy  travels  at  a  finite  rate,  and  it  is  only  a 
finite  time  since  the  current  was  finite.  If  the  magnetic 
energy  did  vanish  it  would  imply  that  the  energy  could 
travel  over  a  distance,  however  great,  in  a  finite  time. 
If,  however,  the  magnetic  energy  does  not  vanish  simul- 
taneously all  over  the  field,  there  must  be  places  where 
30—2 
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the  magnetic  force  does  not  vanish.  But  the  current 
through  the  conductor  vanishes  and  there  are  no  magnetic 
substances  in  the  field.  Hence  we  conclude  that  unless 
we  assume  that  the  energy  in  the  magnetic  field  can 
travel  from  one  place  to  another  with  an  infinite  velocity, 
we  must  admit  that  in  a  variable  field  magnetic  forces 
can  arise  apart  from  magnets  or  electric  currents  through 
conductors. 

262.  Let  us  now  see  if  we  can  find  any  clue  as  to  what 
produces  the  magnetic  field  under  these  circumstances.  Let 
us  consider  the  following  simple  case.     Let  A,  B  (Fig.  125) 


o 


B 
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be  two  vertical  metal  plates  forming  a  parallel  plate 
condenser  and  let  the  upper  ends  of  these  plates  be  con- 
nected by  a  wire  of  high  resistance.  Suppose  that  initially 
the  plate  A  is  charged  with  a  uniform  distribution  of 
positive  electricity  while  B  is  charged  with  an  equal 
distribution  of  negative  electricity.  If  the  plates  are  dis- 
connected, horizontal  Faraday  tubes  at  rest  will  stretch 
from  one  plate  to  the  other.  When  the  plates  are 
connected  by  the  wire  the  horizontal  Faraday  tubes  will 
move  vertically  upwards  towards  the  wire.  Let  o  be  the 
"elocity  of  tVie&e  \A\\>e!&)  ^tA  v  the  sur&ce  density  of  the 
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ricity  on  the  pUtes,  then  the  upwai-d  current  passing 
unit  length  in  the  plate  A  and  the  downward 
current  in  B  are  equal  to  vir.  By  Art.  207  these  currents 
will  produce  a  uniform  magnetic  field  between  the  plates, 
the  magnetic  force  being  at  right  angles  to  the  plane 
uf  the  paper  and  ite  magnitude  equal  to  inva.  If  i\f  is 
the  number  of  Faraday  tubes  passing  through  unit  area 
of  a  plane  in  the  dielectric  parallel  to  the  plates  of  the 
condenser  iV=(r.  Thus  the  magnetic  force  between  the 
planes  is  equal  to  iwNv.  The  condition  of  things  be- 
len  the  plates  is  such  that  we  have  the  Faraday  tubes 
pTing  at  right  anglea  to  themselves,  and  that  we  have 
a  a  magnetic  force  at  right  angles  both  to  the  Faraday 
168  and  to  the  direction  in  which  they  are  moving ;  while 
i  intenBity  of  this  force  is  equal  to  i^r  times  the  product 
■  the  number  of  tubes  passing  through  unit  area  and  the 
Uocity  of  these  tubes. 

Let  U3  now  see  what  are  the  consequences  of  gene- 
ralizing this  result,  and   of  supposing  that  the  relation 
between  the  magnetic  force  and  the  Faraday  tubes  which 
exists  in  this  simple  case  is  generally  applicable  to  all 
magnetic  fields.     Suppose  then  that  whenever  we  have 
movements  of  the  Faraday  tubes  we  have  magnetic  force 
and  conversely,  and  that  the  relation  between  the  magnetic 
force  and  the  Faraday  tubes  is  that  the  magnetic  force 
is  equal  to  i-n-  times  the  product  of  the  'polarization' 
^^Art.  69)  and  the  velocity  of  the  Faraday  tubes  at  right 
^^■kIw  to  the  direction  of  polarization.     The  direction  of 
^^Bb   magnetic  force   being   at   riglit   angles  to  both  the 
^^fection  of  polarization  and  the  direction  in  whit-h  the 
Fanday  tubes  are  moving. 
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We  shall  begin  by  considering  what  on  this  view  ia 
the  physical  meaning  o{  ET  x  0(7  where  00'  is  a  line 
so  short  that  the  magnetic  force  may  be  regarded  as 
constant  along  its  length,  and  JET  is  the  component  of  the 
magnetic  force  along  00'. 

Let  OA  (Fig.  126)  represent  in  magnitude  and  direction 


B 
Fio.  126. 

the  velocity  of  the  Faraday  tubes,  and  OP  the  polarization ; 
then  if  OB  represents  the  magnetic  force,  OB  will  be  at 
right  angles^  to  OA  and  OP  and  equal  to 

47r .  Oil .  OP  sin  <^, 

where  ^  is  the  angle  POA.  The  component  H'  of  the 
magnetic  force  along  00'  will  be 

4t7r .  OA  .  OP  sin  ^  cos  0, 

where  0  is  the  angle  BOO'.     Thus  we  have 

ff'xOa^^TT.OA.OP.  OO' sin  if>cosd 

=  24^A (1), 

Inhere  A  is  the  volume  of  the  tetrahedron  three  of  whose 
ides  are  OA,  OP,  00'. 
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Let  us  now  find  the  number  of  Faiaday  tubes  which 
cross  Off  in  unit  time.  To  do  this,  dmw  OC  and  O'D 
equal  and  parallel  to  AO,  OA  being  the  velocity  of  the 
Faraday  tubes.  Then  the  number  of  tubes  which  cross 
Off  in  unit  time  is  the  number  of  tubes  passing  through 
the  area  OCDff. 

The  area  of  the  parallelogram  OGBO'  is  equal  to 
OAx  Off  sin  AOff. 

The  number  of  tubes  passing  through  it  is  therefore 

OP  X  sin  e-xOAx  00' siaAOO' (2), 

where  0"  is  the  angle  between  OP  and  the  plane  of  the 
parallelogram  OCDO' ;  this  is  the  same  as  the  angle  between 
OP  and  the  plane  AQff.     But 

6A  =  0Px8in^x0.4  xOffsinAOff. 
where  A  as   before   is   the   volume   of  the   tetrahedron 
POO' A.     Hence  from  (1)  and  (2)  we  see  that 
H'  X  00'  =  4jr  (number  uf  Faraday  tubes  crossing  00'  in 

»unit  time). 
Thus  iH'da  where  the  integral  is  taken  round  a  closed 

curve  \x  equal  to  ♦«■  times  the  number  of  tubes  which 
pass  inwarda  across  the  curve  in  unit  time. 

In  Art.  201  iB'da  was  taken  as  equal  to  4Tr  times  the 

currenta  Bowing  through  the  space  enclosed  by  the  curve, 
and  the  oxAy  currents  discussed  in  that  article  wexe 
currents  flowing  through  conductors:  we  shall  now  con- 
sider what  iDterpretation   we   must  attach   to  the  new 

BQOD  we  have  just  found  for  IH'da. 
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In  the  first  place,  any  tube  which  in  unit  time  passes 
inwards  across  one  part  of  the  curve  and  outwards  acras 
another  part  will  not  contribute  anything  to  the  total 
number  of  tubes  passing  across  the  closed  curve,  for  its 
contribution  when  it  passes  inwards  is  equal  and  opposite 
to  its  contribution  when  it  passes  outwards.  Hence  all 
the  tubes  we  need  consider  are  those  which  only  cross 
the  curve  once,  which  pass  inwards  across  the  curve  and 
do  not  leave  it  within  unit  time.  These  tubes  maybe 
divided  into  two  classes,  (1)  those  which  remain  within 
the  curve,  (2)  those  which  manage  to  disappear  without 
again  crossing  the  boundary.  The  first  set  will  increase  the 
total  polarization  over  any  closed  surface  bounded  by  the 
curve,  and  the  number  of  those  which  cross  the  boundaiy 
in  unit  time  is  equal  to  the  rate  of  increase  in  this  total 
polarization.    The  existence  of  the  second  class  of  tubes 
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depends  upon  the  passage  of  conductors,  or  of  moving 
diarged  bodies  Ibroxigh  the  area  bounded  by  the  curve. 


2G2]  DIELECTItlC    CURRENTS.  473 

Thus  suppose  we  have  a,  metal  wire  passing  through  the 

circuit,  then  the  tubes  which  cruss  the  boundary  may  run 

intu  thifl  wire  and  be  annulled,  the  disappearance  of  each 

unit  tube  corresponding  to  the  passage  of  unit  electricity 

along  the  wire ;  or  the  tube  may  have  one  end  on  the  wire 

and  cross  the  circuit,  its  end  running  along  the  wire ;  the 

passage  of  such  a  tube  across  the  boundary  means  the 

L^^Bsage  of  a  unit  of  electricity  along  the  wire,  or  one  end 

^Hf  the  tube  may  be  on  a  charged  body  which  moves  through 

^^Pe  circuit.     Thus  the  number  of  tubes  of  class  (2)  which 

^^oaa  the  circuit  in  unit  time  is  equal  to  the  number  of  units 

of  electricity  which  pass  in  that  time  along  conductors  or 

charged  bodies  passing  through  the  circuit,  i.e.  it  is  equal 

to  the  sum  of  the  conduction  and  convection  currents 

flowing  throuj^the  circuit. 

Hence  the  work  done  when  unit  pole  is  taken  round  a 
closed  circuit  is  equal  to  Itt  times  the  sum  of  the  conduction 
ftnd  convection  currents  flowing  through  that  circuit  and 
the  rate  of  increase  of  the  total  polarization  through  the 
circuit.  From  this  we  see  that  a  change  in  the  polariza- 
tion through  the  circuit  produces  the  same  magnetic  effect 
as  a  conduction  current  whose  intensity  is  equal  to  the  | 
rate  of  increase  of  the  polarization,  We  shall  call  the 
rate  of  increase  in  the  polarization  the  dielectric  cvrretit.  ' 
The  recognition  of  the  magnetic  effects  due  to  these 
dielectric  currents  is  the  fundamental  feature  of  Maxwell's 
Theory  of  the  Electric  Field.  We  have  given  a  method 
of  regarding  the  magnetic  field  which  leads  us  to  ex- 
pect the  magnetic  effects  of  dielectric  currents.  It  must 
be  remembered,  however.  Maxwell's  theory  consists  in 
h&  expression  of  this  result  and  ia  not  limited  to  any 
irticnlar  method  of  explaining  it. 
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268.  Propagation  of  Bledromagnetlo  DIstiiA- 
anoofl.  We  shall  now  proceed  to  show  that  Maxwell's 
theory  leads  to  the  conclusion  that  an  electric  disturbance 
IB  propagated  through  air  with  the  velocity  of  light 

We  can  employ  the  equations  we  deduced  in  Art  231, 
if  we  regard  u,  v,  w  the  components  of  the  current,  as  the 
components  of  the  sum  of  the  dielectric,  convection,  and 
conduction  currents.  If  X,  F,  Z  are  the  components  of  the 
electric  intensity,  and  K  its  specific  inductive  capacity,  then 
the  X,  y,  z  components  of  the  polarization  are  respectively 

the  components  of  the  dielectric  currents  are  therefore 

K  dX     KdY     KdZ 
4tir  dt  '   ^TT  dt'   ^dt' 

If  cr  is  the  specific  resistance  of  the  medium,  the 
components  of  the  conduction  current  are 

X     7    Z 
cr'    cr'    cr* 

Hence  u,  v,  w  the  components  of  the  total  effective 
current  are  given  by  the  equations 

K  dX     X 


u 

im-  dt 

4-- 
cr 

V 

K  dY 

4ir  dt 

-:• 

w 

K  dZ 

^  dt 

cr 

Hence  substituting  these  values  of  u,  v,  w  in  the  equa- 
tions of  Art.  231  we  get,  using  the  notation  of  that  Article, 
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following  equations  as  the  expression  of  Maxwell's 
Bory, 

(4ir  dt       a)      dy     dz  * 


1 


ij) 


4ir 


4ir 


(47r  dt       a 


F)      da_*y 
a)      dz      die' 

J      dx 


K''' 


d^' 


Oj 


da 
di 

db 
dt 

dc 
di 


dZ^ 
dy 

dX 
dz 

dY 
dx 


dY 
dz 

dZ 
dx' 

dX 
dy 


Let  us  now  consider  the  case  of  a  dielectric  for  which 
is  infinite,  so  that  all  the  currents  are  dielectric 
rents;  putting  a  infinite  in  the  preceding  equations, 
i  a^iia,  b  =  fifi,  c==firf,  we  get 

r^  dX  ^dy  ^  dfi 
di  ^  dy     dz 

^   dt'^di     diY W' 


^dZ^dS_doL 
dt      dx     dy 


da 

-f'Tt 

dp 
-f^-dt 


dZ 
dy 
dX 
dz 


dY\ 
dz 

dZ 
dx 


y 


d^^d7_dX 
dt      ^3a      dy 


m 


I" 


/ 
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DiffiBrentiatiiig  the  first  equation  in  (1)  with  raqpect 

to  t,  we  get 

JPX     £dy     d  dfi 

dydt 


K-—  =  —  —?  —  _?? 


dl>      dydt      dgdt' 
Substituting  the  values  of  Ay/dt,  dfildt,  and  noticing 

that  by  (1) 

dX     dY^dZ  ^^ 

dx      dy      ds 
is  independent  of  the  time,  we  get 

We  may  by  a  similar  process  get  equations  of  the  same 
form  for  F,  Z,  a,  6,  c. 

To  interpret  these  equations  let  us  take  the  simple 
case  when  the  quantities  are  independent  of  the  coordi- 
nates Xy  y.     Equation  (3)  then  takes  the  form 

d^X     d'X 


^ 


If  we  put 


cft«       ci«« 


t 


.(4). 


^"'J^' 


V  =  ^  + 


t 


JJ^' 


and  change  the  variables  fi'om  e  and  tto(  and  tf,  we  get 

d^X 


d^dff 
The  solution  of  which  is 

t 


=  0. 


where  F  and /denote  any  arbitrary  functions. 


(6). 
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Since  F{s  —  tjJ]iK)  remains  constant  as  long  as 
r  —t/JfiK  is  constant,  we  see  that  if  a  point  travels  along  the 
axis  of  z  in  the  positive  direction  with  the  velocity  l/JfiK, 
the  value  of  F(z  —  tlJti.K)  will  be  constant  at  this  point. 
Hence  the  first  term  in  equation  (5)  represents  a  value 
iif  A'  travelling  in  the  positive  direction  of  the  asis  of  z 
with  the  velocity  ljJ/j.K.  Similarly  the  second  terra  in 
(5)  represents  a  value  of  X  travelling  in  the  negative 
direction  along  the  axis  of  s  with  the  velocity  IjJfiK. 
For  example,  suppose  that  when  ( =  0,  X  is  zero  except 
between  z=  +  t.  t  =  ~f  where  it  is  equal  to  unity,  and 
suppose  further  that  dXjdt  is  everywhere  zero  when  (  =  0, 
Then  equation  (b)  shows  that  after  a  time  t 


2 
1  between  i 


=     -^^  —  e.  iind  s  =  -  ■— -  4 


•Jf^K 


and  . 


aro  everywhere  else.     Thus  the  quantity  repre- 
Bted   by  X  travels   through    the   dielectric   with   the 

jcity  l/V/i^. 

[  It  is  shown  in  treatises  on  Differential  E(]uations  that 

jbation  (3),  the  general  form  of  the  equation  (4),  represents 

disturbauce  travelling  with  the  velocity  Ij-JfiK. 

Thus  Maswell'B  theory  leads  to  the  result  that  electric 

I  and  magnetic  effects  aro  propagated  through  the  dielectric 

with  the  velocity  IjJ/tK. 

Let  as  see  what  this  velocity  is  when  the  dielectric  is 
Using  the  electromagnetic  system  of  units  we  I 
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for  air  fi^l,  ^^^  where  v  is  the  ratio  of  the  electro- 
magnetic unit  of  electricity  to  the  electrostatic  umX 
(Art  253).  Hence  on  Maxwell's  theory  electric  and 
magnetic  effects  are  propagated  through  air  with  the 
velocity  "v."  Now  experiments  made  by  the  method 
described  in  Art  260  lead  to  the  result  that  within  the 
errors  of  experiment  v  is  equal  to  the  velocity  of  light 
'  through  air.  Hence  we  conclude  that  electromagnetic 
effects  are  propagated  through  air  with  the  velocity  of  light 
This  result  led  Maxwell  to  the  view  that  since  light  traveb 
with  the  same  velocity  as  an  electromagnetic  disturbance, 
it  is  itself  an  electromagnetic  phenomenon ;  a  wave  of 
light  being  a  wave  of  electric  and  magnetic  disturbances. 

264.  Plane  Electromagnetic  Waves.  Let  us  con- 
sider more  in  detail  the  theory  of  a  plane  electric  wave. 
If  yi  Sit  A  £Li^  ^b®  components  of  the  electric  polarization  in 
such  a  wave,  I,  m,  n  the  direction  cosines  of  the  normal  to 
the  wave  front,  and  X  the  wave  length,  then  we  may  put 

2ir 
/=/o  cos  —  (te  +  my  +  fw  -Vt), 

'  2ir 

J  g  =  g^coa  —  {Ix  ^  my  •{-  nz  -Vt), 

27r 
h  =  Ao  cos  —  (£r  +  my  +  nz  --Vt)  ; 

where  V  is  the  velocity  of  propagation  of  the  wave,  and 
/oi  Slot  '<o  quantities  independent  of  a?,  y,  z  or  t     Since 

dx     ay     dz 
we  have  l/o  -^mgo-hnho^  0, 

and  therefore  If-^mg  +  nh^O. 


264]  DIELECTRIC   CURRENTS.  479 

Thus  the  electric  polarization  is  perpendicular  to  the 
direction  of  propagation  of  the  wave. 

By  equation  (2),  Art.  263,  we  have 

da     dZ    dY 
dt     dy      az  * 

and  Z=-j^h,    Y^^g. 

Hence 

or  since  ^ 

a^i7rV(ng'-fnh);  ^    y 

similarly  J 

y-4i7rV(mf-lg). 
Hence  la  +  mfi  + 117  =  0, 

so  that  the  magnetic  force  is  at   right  angles  to  the 
direction  of  propagation  of  the  wave,  and  since 

the  magnetic  force  is  perpendicular  also  to  the  electric 
polarization. 

[       Since 

{a«+)8»  +  7*l*  =  47rr{/«  +  flr«  +  A«}*,  ^  r 

the  resultant  magnetic  force  is  ^V  times  the  resultant 
electric  polarization. 
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Hence  in  a  place  electric  wave,  aad  therefore  on 
Maxwell's  theoiy  in  a  plane  wave  of  light,  there  is  in 
the  frout  of  the  wave  an  electric  polarization,  and  at  right 
angles  to  this,  and  also  in  the  wave  front,  there  is  ;i 
magnetic  force  bearing  a  constant  ratio  to  the  polanzu- 

'  tion.  We  shall  see  in  Art.  267  that  in  a  plane  polanz<.'iJ 
light  wave  the  electric  polarization  is  at  right  angles  in 

I  and  the  magnetic  force  in,  the  plane  of  polarization. 

I  In  strong  sunlight  the  maximum  electric  intensity  i^ 
about  10  volts  per  centimetre,  and  the  maximum  magnelic 
force  about  one-fifth  of  the  horizontal  magnetic  force  due 

j  to  the  earth  in  England. 

266.  Propagation  by  the  Motion  of  Faraday 
Tubes.  The  results  obtained  by  the  preceding  analysis 
follow  very  simply  from  the  view  that  the  magnetic  forci* 
is  due  to  the  motion  of  the  Faraday  tubes.     The  electro- 
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laotive  force  round  a  circuit  moving  in  a  magnetic  6eld 
is  equal  to  the  rate  of  diminution  of  the  number  of  tubee 
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of  magnetic  induction  passing  through  the  circuit.  Thus 
let  P,  Q.(Fig.  128}  1ue  two  adjacent  points  on  a  circuit,  P",  Q" 
the  position  of  these  points  after  the  lapse  of  a  time  St. 
Then  the  diminution  in  the  time  H  of  the  number  of 
tubes  of  magnetic  induction  passing  through  the  circuit 
of  which  PQ  forms  a  part  may,  aa  in  Art.  135,  be  shown 
to  be  equal  to  the  sum  of  the  number  of  tubos  which 

F through  the  sum  of  the  areas  PP'QQ,  The  number 
3g  thi'ough  PP'QQ  ia  equal  to 
PQy^PFxBam^^me, 
where  B  iw  the  magnetic  induction,  <^  the  angle  it  makes 
with  the  plane  PP'Q'Q,  and  0  the  angle  between  PF  and 
PQ.  If  f  is  the  velocity  with  which  the  circuit  ia  moving 
PF"  =  VSt.  Thus  the  rate  of  diminution  in  the  number 
of  tubes  passing  through  the  circuit  is 

iSPQ.VB&m(l>sme. 
Hence  we  may  regard  the  electromotive  force  round 
e  circuit  as  equivalent  to  an  electric  intensity  at  each 
point  P  of  the  circuit  whose  component  along  PQ  is 
equal  to  ^fisin^siu^.  As  the  component  of  this 
intensity  parallel  to  B  and  V  vanishes,  the  resultant 
intensity  is  at  right  angles  to  B  and   V  and  equal  to 

BVeiui^r. 
where  ■^  is  the  angle  between  B  and  V,  In  this  case 
the  circuit  was  supposed  to  move,  the  tubes  of  induction 
being  at  rest,  we  shall  assume  that  the  same  expression 
lolds  when  the  circuit  ia  at  rest  and  the  tubes  of  mag- 
netic induction  move  with  the  velocity  V  acrosii  an  element 
Cthe  circuit  at  rest. 

Let  us  now  introduce  the  view  that  the  magnetic  force  is 
pie  to  the  motion  of  the  Faraday  tubes.    Let  OA  (Fig.  1 2D) 
T.E.  31 
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represent  the  velocity  of  the  Faraday  tubes,  OP  the  electric 
polarization,  and  OB  the  magnetic  induction,  which  in  a 


Fio.  129. 

non-crj^stalline  medium  is  parallel  to  the  magnetic  force 
and  therefore  (see  page  470)  at  right  angles  to  OP  and 
OA,  By  what  we  have  just  proved  the  electric  intensity 
is  at  right  angles  to  OB  and  OA,  and  therefore  along  OC. 
Now  in  a  non-crystalline  medium  the  electric  intensity  is 
parallel  to  the  electric  polarization;  hence  OP  and  OG 
must  coincide  in  direction ;  hence  the  Faraday  tubes  move 
at  right  angles  to  their  length. 

Again,  if  E  is  the  electric  intensity,  by  what  we  have 

just  proved 

E^BV (1). 

But  if  H  is  the  magnetic  force,  ^  the  magnetic  permea- 
bility, 

and  by  Art.  262 

H^4tirVP  (2\ 

where  P  is  the  electric  polarization. 
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Hence  by  (1)  and  (2) 

K  ia  the  specific  inductive  capjicity  of  the  dielectric 

47r 
we  have  V^^ljftK,    The  tubes  therefore  move  with 
le  Telocity  l/^/fxK  at  right  angles  to  their  length. 

i.    Evidence  for  Maxwell's  Theory.     Wc  Nhall 
losidfr  thu  cvideiicu  furui.sliwl  by  expfrimoiit  iia  to 
le  truth  of  Maxwell's  theory. 

We  have  already  eeea  that  Maxwell's  theory  agrees 
ith  facts  as  far  as  the  velocity  of  propagatioo  through 
r  ia  coneomed.  We  now  consider  the  case  of  other 
ilectncB, 

The  velocity  of  light  through  a  noii-mi:^etic  dic-loctric 
lose  specific  inductive  capacity  is  £'  is  ou  Maxwell's 
jry  equal  to  IjjK. 


Hence 
ilocity  of  light  in  this  dielectric 


velocity  of  light  in  air 


V- 


specific  inductive  capacity  of  air 
ipecific  inductive  capacity  of  dielectric ' 

at  by  the  theory  of  light  this  is  also  equtil  to 
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where  n  is  the  refractive  index  of  the  dielectria    Hence 
on  Maxwells  theory 

n'==  electrostatic  measure  of  the  specific  inductive  capacity. 

In  comparing  the  values  of  n*  and  K  we  have  to  re- 
member that  the  electrical  conditions  under  which  these 
quantities  are  on  Maxwell's  theory  equal  to  one  another, 
are  those  which  hold  in  a  wave  of  light  where  the  electric 
intensity  is  reversed  millions  of  millions  of  times  per 
second.  We  have  at  present  no  means  of  directly  measur- 
ing K  under  these  conditions. 

To  make  a  fair  comparison  between  n*  and  K  we  ought 
to  take  the  value  of  K  determined  for  electrical  oscilla- 
tions of  the  same  frequency  as  those  of  the  vibrations  of 
the  light  for  which  n  is  measured.  As  we  cannot  find  K 
for  vibrations  as  rapid  as  those  of  the  visible  rays,  the 
other  alternative  is  to  use  the  value  of  n  for  waves  of  very 
great  wave  length ;  we  shall  call  this  value  n^. 

The  process  by  which  n^  is  obtained  is  not  however 
very  satisfactory.     Cauchy  has  given  the  formula 

connecting  n  with  the  wave  length  \,  which  holds  accurately 
within  the  limits  of  the  visible  spectrum,  unless  the  refract- 
ing substance  is  one  which  shows  the  phenomenon  known 
as  *  anomalous  dispersion.'  To  find  w^  we  apply  this  em- 
pirical formula  to  determine  the  refractive  index  for  waves 
millions  of  times  the  length  of  those  used  to  determine 
the  constants  A,  B,  G  which  occur  in  the  formula.  For 
these  reasons  we  should  expect  to  find  cases  in  which  K 
is  not  equal  to  nj^,  but  though  these  cases  are  numerous 
there  are  many  others  in  which  K  is  approximately  equal 
to  n' .     A  list  of  tliese  is  given  in  the  following  table : 
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Name  ot  Babstaitoe 
Paraffin 

Petroleum  spirit 
Petroleum  oil 
Ozokerite 
Benzene 
Carbou  bisulphide 


2-29 

S022 

1-92 

1-922 

2or 

2075 

213 

2086 

2-38 

2-2611* 

As  examples  whoro  the  relation  does  uot  hold,  we 

Glass  (extra  denae  flint)  lO'l  2-924» 

Calcite  (along  axis)  75  2 197» 

Quartz  (along  optic  axis)       4  55  2-41* 

Distilled  water  76  1-779* 

Maxwell's  Theory  of  Light  has  been  developed  to  a 
considerable  extent  and  the  consequences  are  found  to 
agree  well  with  experiment.  In  fact  the  electro  magnetic 
ia  the  only  theory  of  light  yet  advanced  in  which  the 

difficulties  of  reconciling  theory  with  experiment  do  not 
seem  insuperable. 

267.  Hertz'i  Ezpeiimentfl.  The  experiments  made 
by  Hertz  on  the  properties  of  electric  waves,  on  their 
reflection,  refraction,  and  polarization  furnish  perhaps  the 
most  striking  evidence  in  support  of  Maxwell's  theory, 
as  it  follows  from  these  experiments  that  the  properties 
of  these  electric  waves  are  entirety  analogous  to  those 
'  light  waves.  We  regret  that  we  have  only  space 
exceedingly   brief  account  of   a   few  of  Hertz's 


?  the  values  of  n 


I  llie  refraotiye  inilcii    for 


a  Ughl. 
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beautiful  experiments;  for  a  fuller  description  of  thtsf^ 
and  other  experiments  on  electric  waves  with  iheir 
bearings  on  Maxwell's  theory,  we  refer  the  reader 
to  Hertz's  own  account  in  'Electrical  Waves'  and  to 
RecetU  Researches  on  Electricity  and  Magnetism  bj 
J.  J.  Thomson. 

We  saw  in  Art.  243  that  when  a  condenser  is  dis- 
charged by  connecting  its  coatings  by  a  conductor,  elec- 
trical oscillations  arc  produced,  the  period  of  which  i( 
approximately  lir  JW  where  C  is  the  capacity  of  ths 
condenser,  and  L  the  coefficient  of  self-induction  of  the 
circuit  connecting  its  plates.  This  vibrating  electrict( 
system  will,  on  Maxwell's  theory,  be  the  origin  of  electrics 
waves,  which  travel  through  the  dielectric  with  the  v 
locity  V  and  whose  wave  length  is  ^irVjLO.  By  nsii 
condensers  of  small  capacity  whose  plates  were  coimecte 
by  very  short  conductors  Hertz  was  able  to  get  electrics 
waves  less  than  a  metre  long.  This  vibrating  electrio^ 
system  is  called  a  vibrator. 

Hertz  used  several  forms  of  vibrators;  the  one  uset 
in  the  experiment  we  are  about  to  describe  conaifits  ol 
two  equal  brass  cylinders  placed  so  that  their  axes  an 
coincident.  The  two  cylinders  are  connected  to  llii 
two  poles  of  an  induction  coil.  When  this  is  in  actiod 
sparks  pass  between  the  cylinders.  The  cylinders  contf 
spond  to  the  plates  of  the  condenser,  and  the  air  bs 
tween  the  cylinders  (whose  electric  strength  breaks  doii 
when  the  spark  passes)  to  the  conductor  connecting  t 
plates.  The  length  of  each  of  these  cylinders  is  abc 
12  cm,,  and  their  diameters  about  3  cm.;  their  sparkis 
ends  arc  well  polished. 
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To  detect  the  preaeiice  of  the  electrical  waves.  Hertz 
i  very  nearly  closed  metallic  circuit,  such  as  a  piece 
f  wire,  bent  into  a  circle,  the  enda  of  the  wire  being 
idingly  close  together.    When  the  electric  waves  strike 
I3t  this  detector   very  minute  sparks  pass  between 
B  terminals ;  these  sparks  serve  to  detect  the  presence  of 
)  waves.     Recently  Professor  Lodge  has  introduced  a 
pl  more  sensitive  detector.     It  is  founded  on  the  fact 
revered  by  Eranly  that  the  electrical  resistance  of  a 
mber  of  metal  turnings,  placed  so  as  to  be  loosely  in 
ntact  with  each  other,  is  greatly  affected  by  the  impact 
I  electric  waves,  and  that  all  that  is  necessary  to  detect 
raves  is  to  take  a  glass  tube,  fill  it  loosely  with  iron 
rs,  and  place  the  tube  in  series  with  a  battery  and 
■galvanometer.     When  the  waves  fall  on  the  tube  the 
istance,  and  therefore  the  deflection  of  the  galvano- 
meter, is  altered. 

The  analogy  between  the  electrical  waves  and  light 
waves  is  very  strikingly  shown  by  Hertz's  experiments 
with  parabolic  mirrors. 

If  the  vibrator  is  placed  in  the  focal  line  of  a  parabolic 
cylinder,  and  if  the  Faraday  tubes  emitted  by  it  are 
parallel  to  this  focal  line ;  then  if  the  laws  of  reflection 
of  these  electric  waves  are  the  same  as  for  light  waves, 
the  waves  emitted  by  the  vibrator  will,  after  reflection 
I  the  cylinder,  emerge  as  a  parallel  beam ;  and  will 
^refore  not  diminish  in  intensity  a»  they  recede  from 
(  mirror.  When  such  a  beam  falls  on  another  para- 
:  cylinder,  the  axis  of  whose  cross  section  coincides 
I  the  axis  of  the  beam,  it  will  be  brought  to  a  focus 
e  focal  lino  of  the  second  mirror. 


The  parabolic  mirrors  used  by  Hertz  i 


i  mad" 
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sheet  zinc,  and  thoir  focal  length  was  about 
The  vibrator  was  placed  bo  that  the  axes  of  t 
ders  coincided  with  the  focal  line  of  one  of  the  mirrors 
The  detector,  which  was  placed  in  the  focal  line 
an  equal  parabolic  mirror,  consisted  of  two  pieces  of 
wire ;  each  of  these  wires  had  a  straight  piece  aboi 
50  cm.  long,  and  was  then  bent  at  right  angles  so  as 
pass  through  the  back  of  the  mirror,  the  length  of  the 
bent  piece  being  about  15  cm.  The  ends  of  the  two  pieces 
coming  through  the  mirror  were  bent  so  as  to  be  ex- 
ceedingly near  to  each  other.  The  sparks 
between  these  ends  were  observed  from  behind  the  mi 
The  mirrors  are  i-epresented  in  Fig.  130. 


^1 


[:^Sffi 


Reflection  of  Electric  Waves. 

To  show  the  reflection  of  these  waves  the  mirrors  w 
placed  side  by  side  ao  that  their  openings  looked  in  the  same 
direction  and  their  axes  converged  at  a  point  distant  about 
3  metres  from  the  mirrors.     No  sparks  passed  between  tl 
points  of  the  detector  when  the  vibrator  was  in  action. 
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p'ever  a  metal  plate  about  2  metres  square  was  placed 

ihe  intersection  of  the  axes  of  the  mirrors,  and  at 

kt  angles  to  the  line  which  bisects  the  angle  between 

V  axes,  sparks  appeared  at  tbe  detector.     These  s])iirks 

■ever  disappeared  if  the  metal  plate  was  turned  through 

mall  angle.     This  experiment  shows  that  the  electric 

9  are  reflected  and  that,  approximately  at  any  rate, 

I  angle  of  incidence  is  equal  to  the  angle  of  reflection. 


Refraction  of  Electric  Waves. 

|To  show  the  refraction  of  these  waves  Hertz  used  a 

e  prism  made  of  pitch.     This  was  about  lo  metres  high, 

1  it  had  a  refracting  angle  of  30°  and  a  slant  side  of 

I  metres.     When   the  electric  waves   from  the  mirror 

ntaining   the  vibrator  passed  through  this  prism,  the 

yks  in  the  detector  were  not  excited  when  the  axes 

[the  two  mirrors  were  parallel,  but  sparks  were  produced 

■en  the  axis  of  the  muTor  containing  the  detector  made 

■■uitable  angle  with  that  containing  the  vibrator.    When 

the   system   was   adjusted   for   minimum   deviation,   the 

sparks  were  most  vigorous  in  the  detector  when  the  angle 

between   the   axes    of    the    mirrors   was   equal   to   22°. 

This  would  make  the  refractive  index  of  pitch  for  iheso 

electrical  waves  equal  to  169. 


Electric  Analogy  to  a  plate  of  Tourmaline, 
,  If  a  properly  cut  tourmaline  plate  is  placed  in  the 
bfa  of  a  plane  polarized  beam  of  light  incident  at  right 
Wies  on  the  plate,  the  amount  of  light  transmitted 
joagh  the  tourmaline  plate  depends  upon  its  azimuth. 
■  paiticiilar  azimuth  all  the  light  will  be  .stopped. 
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while  for  an  azlimith  at  right  angles  to  this  the  maximiim 
amount  of  light  will  be  transmitted. 

If  a  screen  be  made  by  winding  metal  wire  round  a  large 
rectangular  framework  ao  that  the  turns  of  the  wire  are 
parallel  to  one  pair  of  sides  of  the  frame,  and  if  this  screen 
be  interposed  between  the  min'ors  when  they  are  facing 
each  other  with  their  axes  coincident,  then  it  will  stop 
the  sparks  in  the  detector  when  the  turns  of  the  wire 
are  parallel  to  the  ff>cal  lines  of  the  mirrors,  and  thus  Ui 
the  Faraj^lay  tubes  proceeding  from  the  vibrator:  the 
sparks  will  however  recommence  if  the  framework  is 
turned  through  a  right  angle  so  that  the  wires  are  perpen- 
dicular to  the  focal  lines  of  the  mirror. 

If  this  framework  is  substituted  for  the  metal  plale 
in  the  experiment  on  the  reflection  of  waves,  the  sparks 
will  appear  in  the  detector  when  the  wires  are  paraltrl 
to  the  focal  lines  of  the  cylinders  and  will  disappear  when 
they  are  at  right  angles  to  them.  Thus  this  framework 
reflects  but  does  not  transmit  Faraday  tubes  parallel  to 
the  wires,  while  it  transmits  but  does  not  reflect  Faraday 
tubes  at  right  angles  to  them.  It  thus  behaves  towards 
the  transmitted  electrical  waves  as  a  plate  of  tourmaline 
does  towards  light  waves.  By  using  a  framework  wound 
with  exceedingly  fine  wires  placed  very  close  together 
Du  Bois  and  Rubens  have  recently  succeeded  in  polarizing 
in  this  way  radiant  heat  whose  wave  length  though 
greater  than  that  of  the  rays  of  the  visible  spectrum  ia 
exceedingly  small  compared  with  that  of  electric  waves. 

Angle  of  Polarization. 
When  light  polarized  in  a  plane  at  right  angles  to  tha,  j 
plane  of  incidence  falls  upon  a  plate  of  refracting  substanoe 
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and  the  normal  to  the  wave  front  makes  with  the  normal 
to  the  refracting  surface  an  angle  tan""^  /i,  where  /i  is  the 
refractive  index,  all  the  light  is  refracted  and  none  re- 
flected. When  light  is  polarized  in  the  plane  of  incidence 
some  of  the  light  is  always  reflected. 

Trouton  has  obtained  a  similar  effect  with  electric 
waves.  From  a  wall  3  feet  thick  reflections  were  ob- 
tained when  the  Faraday  tubes  proceeding  from  the 
vibrator  were  perpendicular  to  the  plane  of  incidence, 
while  there  was  no  reflection  when  the  vibrator  was 
turned  through  a  right  augle  so  that  the  Faraday  tubes 
were  in  the  plane  of  incidence.  This  proves  that  oa  the 
electromagnetic  theory  of  light  we  must  suppose  that  the 
Faraday  tubes  are  at  right  angles  to  the  plane  of  polariza- 
tion. 

A  very  convenient  arrangement  for  stud3dng  the 
properties  of  electric  waves  is  described  in  a  paper  by 
Professor  Bose  in  the  Philosophical  Magazine  for  January 
1897. 


CHAPTER  XIV. 

TeERMOELECTRIC   CURRENTS. 

Seehbck  discovered  in  1821  that  if  in  a  closed 
circuit  of  two  metala  the  two  junctions  of  the  metals  areftl 
different  temperatures  an  electric  current  will  flow  round 
the  circuit.  If,  for  example,  the  ends  of  an  iron  aud  t-t 
a  copper  wire  are  soldered  together  and  one  of  the  junc- 
tions is  heated  a  current  of  electricity  will  flow  rouiid  the 
circuit;  the  direction  of  the  current  is  Buch  that  the 
current  flows  from  the  copper  to  the  iron  across  the  hot 
junction,  provided  the  mean  temperatm-e  of  the  junctions 
is  not  greater  than  about  600°  Centigrade. 

The  current  flowing  through  the  thermoelectric  eircui; 
represents  a  certain  amount  of  energy,  it  heats  th.. 
circuit  and  may  be  made  to  do  mechanical  work.  Thi 
question  at  once  arises.  What  is  the  source  of  this  enei^j '. 
A  discovery  made  by  Peltier  in  1834  gives  a  clue  to  the 
answer  to  this  question.  Peltier  found  that  when  a  cur- 
rent flows  across  the  junction  of  two  metals  it  gives  rise 
to  an  absorption  or  liberation  of  heat.  If  it  flows  across 
the  junction  in  one  direction  heat  is  absorbed,  while  if  it 
flows  in  the  opposite  direction  heat  is  liberated.  If  the 
current  flows  in  the  same  direction  as  the  current  at  th'.' 
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t  junctioD  in  a  thermoelectric  circuit  of  the  two  metals 
JMt  is  absorbed;   if  it  Hows  in   the  same  direcliou   as 

!  cunvnt  at  the  cold  junction  of   the  circuit   heat   is 

lerated. 

'   Thus,  for  example,  heat  ia  abaorbcd  when  a  cuiTcnt 

W9  acrusa  an  iron-copper  junction  from  the  copper  to 

I  The  heat  liberated  or  absorbed  is  proportional  to  the 

■ftDtity  of  electricity  which  croBises  the  junction.     The 

louDt  of  heat  liberated  or  absorbed  when  unit  charge 

I  electricity  crosses   the  junction  ia  called  the  Peltier 

t  at  the  temperature  of  the  junction. 
I  Now  suppose  we  place  an  iron-copper  circuit  with  one 
faction  in  a  hot  chamber  and  the  other  junction  in  a 
I  chamber,  a  thermoelectric  current  will  be  produced 
ing  from  the  copper  to  the  iron  in  the  hot  chamber, 
1  from  the  iron  to  the  copper  in  the  cold  chamber. 
'  Now  by  Peltier's  discovery  this  current  will  give  rise 
to  an  absorption  of  heat  in  the  hot  chamber  and  a  libera- 
tion of  heat  in  the  cold  one.  Heat  will  be  thus  taken 
from  the  hot  chamber  and  given  out  in  the  cold.  In  this 
respect  Ihe  thermoelectric  couple  behaves  tike  an  ordinary 
heat-engine. 

The  experiments  made  on  thermoelectric  currents 
)  all  consistent  with  the  view  that  the  energy  of  these 
:ent8  is  entirely  derived  from  thermal  energy,  the  cur- 
rent through  the  circuit  causing  the  absorption  of  heat 
nt  places  of  high  temperature  and  its  liberation  at  places 
of  lower   temperature.     We  have  no  evidence  that  any 
Iprgy  is  derived  from  any  change  in  the  moloculai-  state 
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(if  the  metals  caused  by  the  pussagB  of  the  current  or 
fi-om  anything  of  the  nature  of  chemictil  combinatinn  goiu^' 
on  at  the  junction  of  the  two  metala. 

Many  most  important  results  have  been  arrived  ai 
by  treating  the  thermoelectric  circuit  as  a  perfectly  k- 
versible  thermal  engine  and  applying  to  it  the  thuoreuii' 
which  are  proved  in  the  Theory  of  Thermodynamics  (« 
apply  to  all  such  engines.  The  validity  of  this  application 
may  be  considered  as  established  by  the  agreement  be- 
tween the  facts  and  the  result  of  this  theory.  There  an. 
however  thermal  processes  occurring  in  the  thcnnoelectrii 
circuit  which  are  not  reversible,  i.e.  which  are  not  reversdl 
when  the  direction  of  the  current  flowing  through  tbr 
circuit  is  reversed.  There  is  the  conduction  of  heat  alony 
the  metals  due  to  the  difference  of  temperatures  of  the 
junctions,  and  there  is  the  heating  effect  of  the  current 
flowing  through  the  metal  which,  by  Joule's  law,  is  ppj- 
portional  to  the  square  of  the  current  and  is  not  reversed 
with  the  current.  luasmucb  as  the  ordinary  conductiou 
of  heat  isindependent  of  the  quantity  of  electricity  passing 
round  the  circuit,  and  the  heat  produced  in  accordance 
with  Joule's  law  is  not  directly  proportional  to  this 
quantity,  it  is  probable  that  in  estimating  the  connection 
between  the  electromotive  force  of  the  circuit,  which  is 
the  work  done  when  unit  of  electricity  passes  round  the 
circuit,  and  the  thermal  effects  which  occur  in  it.  wp 
may  leave  out  of  account  the  conduction  effect  and  the 
Joule  efiect  and  treat  tbe  circuit  as  a  reversible  engine. 
If  this  is  the  case,  then,  as  Lord  Kelvin  has  shown,  the 
Peltier  effect  cannot  he  the  only  reversible  thermal  effect 
in  the  circuit.  For  let  us  assume  for  a  moment  that  lh<- 
Peltior  eSect  is  the  only  reversible  thermal  effect  in  ttn' 
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i.  Let  Pi  he  the  Peltier  effect  at  the  cold  juiictiuu 
abeolute  temperature  is  T,,  so  that  P,  is  the 
bchftnical  equivalent  of  the  heat  liberateil  when  unit  of 
rtricity  eroascs  the  cold  junction ;  let  P,  be  the  Peltier 
»et  at  the  hot  junction  whose  absolute  temperature  ia 
,  80  that  P,  is  the  mechanical  equivalent  of  the  heat 
lorbed  when  unit  of  electricity  crosses  the  hot  junction, 
a  since  the  circuit  is  a  reversible  heat-engine,  we  have 
e  Maxwell's  Theory  of  If  eat) 
P. 

I  work  done  when  unit  of  electricity  jroea  round  the  circuit 


E={T,-Ti). 


i  the  work  done  when  unit  of  electricity  goes  round 
)  circuit  is  equal  to  E,  the  electromotive  force  in  the 
niit,  and  hence 

P, 
■  T.- 
Tims on  the  supposition  that  the  only  reversible 
irmal  effects  are  the  Peltier  effects  at  the  junctions, 
i  electromotive  force  round  a  circuit  whose  cold  junc- 
is  kept  at  a  constant  temperature  should  be  pro- 
tional  to  the  difference  between  the  temperatures  of 
i  hot  and  cold  junctionii.  Gumming,  however,  showed 
that  there  were  circuits  where,  when  the  temperature 
of  the  hot  junction  is  raised,  the  electromotive  force 
diminishes  instead  of  increasing,  until  when  the  hot  junc- 
tion is  hot  enough  the  electromotive  force  is  reversed  and 
the  current  flows  round  the  circuit  in  the  reverse  direc- 
This  reasoaidg  led  Lord  Kelvin  to  suspect  that 
the  Peltier  effects   at  the  junction   there  were 
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reversible  thermal  effects  produced  when  a  current  flows 
along  an  unequally  heated  conductor,  and  by  a  laborious 
series  of  experiments  he  succeeded  in   establishing  the 
existence  of  these  effects.     He  found  that  when  a  current 
of  electricity  flows  along  a  copper  wire  whose  tempera- 
ture varies  from  point  to  point,  heat  is  liberated  at  any 
point  P  when  the  current  at  P  flows  in  the  direction  of 
the  flow  of  heat  at  P,  i.e.  when  the  current  is  flowing 
from   hot  places  to  cold,  while   heat  is  absorbed  at  P 
when  the  current  flows  through  it  in  the  opposite  direc- 
tion.    In   iron,  on  the  other  hand,  heat  is  absorbed  at 
P  when   the  current  flows  in  the  direction  of  the  flow 
of  heat  at  P,  while  heat  is  liberated  when  the  current 
flows   in   the  opposite  direction.     Thus  when  a  current 
flows  along   an    une<|ually   heated    copper  wire  it  tends 
to  diminish  the  differences  of  temperature,  while  when 
it   flows   along   an   iron   wire  it  tends  to  increase  those 
differences.     This  effect  produced  by  a   current   flowing 
along  an  unequal ly  heated  conductor  is  called  the  Thomson 
effect. 

Specific  Heat  of  Electricity, 

270.  The  laws  of  the  Thomson  effect  can  be  con- 
veniently expressed  in  terms  of  a  quantity  introduced  by 
Lord  Kelvin  and  called  by  him  the  *  specific  heat  of  the 
electricity  in  the  metal.'  If  <r  is  this  *  specific  heat  of 
electricity,'  A  and  B  two  points  in  a  wire,  the  temperatures 
of  A  and  B  being  respectively  ^  and  f,,  and  the  difference 
between  t^  and  t^  being  supposed  small,  then  <r  is  defined 
by  the  relation, 

<r(^  —  ^)  =  heat  developed  in  AB  when  unit  of  electricity 

passes  through  AB  fix)m  A  to  B. 
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The  study  of  the  thermoel«ctnc  properties  of  c^n* 
dnctors  is  very  much  laciiit&ted  by  tbe  use  of  the  ihfsnno* 
dectric  diagrams  introduced  by  Professor  Tail.  Buft/t* 
Jiroceeding  to  describe  them  we  shall  cnuDciat«  twA 
resalt«(  of  experiments  made  oo  tfaennoeUctric  circuil 
kbicb  are  the  foundation  of  the  theory  of  theaw  circaJU. 

The  first  of  these  is.  that  if  £,  is  the  el«ctroni/rtivff 
brce  round  a  circuit  when  the  tenperstim  of  the  cold 
UDCtion  is^  and  that  of  the  hot  junction  ^,£,  the  electro* 
ttotive  force  round  the  same  circuit  when  tho  tcmjMtrulrira 
of  the  cold  junction  is  1^.  and  that  of  tht  hot  jiinf^tion  (, 
then  E,  +  Et  will  be  the  electromotiv«  force  ruurid  Uio 
nrcuit  when  the  temperature  of  the  u^ld  jimctiini  la  (^, 
od  that  of  the  hot  junction  t,.  It  fullowN  from  lhi» 
esult  that  E,  the  electromotive  forc«  routnl  n  I'jri'iilft 
e  junctions  are  at  the  temperatiiron  /,  ninl  'i,  l« 
iqnal  to 

f'^Qdl. 

■where  Qdt  is  the  electromotive  forc«  round  tin-  I'lhtiilt 
(Irhen  the  temperature  of  the  cold  junctirm  J*  /  ■  Jiff. 
iiud  the  temperature  of  the  hot  junction  f"  *(  1'''  *l'lii 
joantity  Q  is  called  the  thermo«h^jW|"'**'''  "I  ill. 
iicuit  at  the  temperature  t. 
The  second  result  relntea 
ound  circuits  made 
unctions  are  kept 
I  stated  as  foil 
mud  a  circuit  for 
circuit  formed 
»tromotive  for 
T.  E. 
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le  electromotive  force  round  the  circuit  (i.e.  the  work 
>ne  when  unit  of  electrical  charge  passes  round  the 
rcuit)  is  represeDted  by  the  area  EFQH.  Consider  now 
le  thermal  effects  in  the  circuit,     We  have  Peltier  efiFects 


L.  L, 


b  the  junctions;  suppose  that  the  mechanical  equivalent 
F  the  heat  absorbed  at  the  hot  Junction  when  unit  of 
lectricity  crosses  it  is  represented  by  the  area  Pi,  let  tl»e 
lechanical  equivalent  of  the  heat  liberated  at  the  cold 
mction  be  represented  by  the  area  /*,.  There  are  also 
ie  Thomson  effects  in  the  unequally  heated  metals; 
jppose  that  the  mechanical  equivalent  of  the  heat 
berated  when  unit  of  electricity  flows  through  the  metal 
i.  from  the  hot  to  the  cold  junction  is  represented  by 
le  area  .ff,,  and  that  the  mechanical  equivalent  of  the 
jat  liberated  when  unit  of  electricity  flows  through 
from  the  hot  to  the  cold  junction  is  represented  by 
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the  area  }{■,.     Then  by  the  First  Law  of  Therm odynamia 
we  have 

&rG!xEFGH=P,~P,-¥K,-K, (IX  | 

The  Second  Law  of  Thermodynamics  may  be  expre 
in  the  form  that  H  H  be  the  amount  of  huat  absorbedj 
in  any  reveratblo  engine  at  the  absolute  temperature  t, 
then 


■■(2).  J 


In  our  circuit  the  two  junctions  are  at  nearly  the  same 
temperature,  and  we  may  suppose  that  the  temperature 
at  which  the  absorption  of  heat  corresponding  to  the 
Thomson  effect  takes  place  is  the  mean  of  the  tempera- 
tures of  the  junctions,  i.e.  J(OL,  +  O/,,). 

Hence  by  the  Second  Law  of  Thermodynamics, 
have 

01,     OL,     i(OL,  +  OL,)" 
Hence  from  (1)  and  (2)  we  get 

or  since  OX,  is  very  nearly  equal  to  Oi,  and  therefore  f 
very  nearly  er[ual  to  P^,  this  gives  approximately 

area BFOff  =  ^(0L,-  OL^. 

But  when  OL,  is  very  nearly  equal  to  OL^.  the  i 
EFGH=QH(OL,-OL,), 


are&EFGI{  = 
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lih&t  P,  is  represeDted  by  the  area  GHUV.  Now  P,  is 
t  Peltier  effect  at  the  temperature  represented  by  OA. 
J  we  see  that  at  any  temperature 

Btier  effect  =  (thermoelectric  power)  {absolute 

temperature), 

P=Qt. 

1  C  ia  the  absolute  temperature. 

[  By  the  defiuition  of  Art.  270  we  see  that  if  a^  is  the 
icific  heat  of  eluctricity  for  the  metal  A,  as  that  for  B,, 

But  by  (1) 

area  /'JFQH  =P,-P,  +  A',  -  A\ , 

P,  =  area,  OHVU, 

P,  =  area  FEST. 

K,~K,  =  area  SEHV  -  area  TFG  U 

=  (tan  (9,  -  tan  B^)  OL^  x  L^Lu 

6^  are  the  angles  which  the  tangents  at  E  aud  F 
E^be  thermoelectric  lines  for  .d  and  .fi  make  with  the  axis 
ng  which  temperature  is  measured.     Hence 

ff,  -  0-,  =  (tan  tf,  -  tan  ^,)  OA (3). 

I  When  the  temperature  interval  i,/^  is  finite  the  areas 
bifrand  FESL  will  still  represent  the  Peltier  effects 
■  the  junction,  the  area  TFQU  the  heat  absorbed  when 
Bt  of  electricity  flows  along  the  metal  B  from  a  place 
Vre  the  temperature  is  OL,  to  one  where  it  is  OL^. 
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The  preceding  results  are  mdepeudent  of  any  aasump>l 
tion  aa  to  the  shape  of  the  thenuoelectric  liaea  The 
results  of  the  experiments  made  by  Professor  Tait  and 
others  show  that  over  a  considerable  range  of  tempera^ 
tures  these  lines  are  straight  for  most  metals  and  allo^B. 
while  Le  Roiix  has  shown  that  the  '  specific  heat  of 
electricity '  for  lead  is  excessively  small.  Let  us  assume 
that  it  is  zero  and  suppose  that  the  diagram  represents 
the  thermoelectric  lines  of  metals  with  respect  to  lead: 
then  since  these  lines  are  straight,  6  is  constant  for  an]^ 
metal  and  <r,  vanishes  when  it  refers  to  lead,  the  value  of 
<r  the  '  specific  heat  of  electricity  *  in  the  metal  is  by  (3) 
given  by  the  equation 

o-  =  tan  6 .  t, 
where  t  denotes  the  absolute  temperature. 

The  themioelectric  power  Q  of  the  metal  with  respect 
to  lead  at  any  temperature  t  is  given  by  the  equation 

Q  =  tm0{t-  ic), 
where  t,   is  the  absolute  temperature  where  the  line  of 
the  metal  cuts  the  lead  line ;  t,  is  defined  as  the  neutral 
point  of  the  metal  and  lead. 

Let  us  consider  two  metals;  let  0,,  ff^  be  the  t 
their   lines  make  with  the  lead-line,  and  t,  and  t 
neutral  temperatures,  then  Q,  and  Q,  their  thermoelectric 
powers  with  respect  to  lead  are  given  by  the  equations 
Q,  =  tau  0,  ((  -  (,), 
Q>  =  tan  5,  ((-(,); 
hence  Q  the  thermoelectric  power  of  a  circuit  consistij 
of  the  two  metals,  is  given  by  the  equation 
Q  =  (tan  e,  -  tan  ^,)  (( -  T,). 


le  anglelfl 
I  t,  tb&im 
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where  Tg  is  the  Deutral  temperatui-c  for  the  two  metal.i 
1  is  given  by  the  equation 

J,  _ti  tan  0i  —  ti  tan  S, 
' ""  "tanfl, -  tan eV   ' 
electromotive   force   round  a   circuit  formed   of 
!  metals,  tho  temperaturea  of  the  hot  and  cold  j«nc- 
,  t,  respectively,  is  equal  to 


K 


Qdt  =  (tan  e,  -  tan  0,)  (T,  -  T,)  (i  {T,  +  T,)  -  TV). 


This  vanishes   when   the  mean  of  the  temperatures 

'  the  junctions   is   equal  to   the   neutral  temperature. 

r  the  temperature  of  one  junction  is  kept  constant  the 

Ktromotive  force  has  a  maximum  or  minimum  value 

1  the  other  junction  is  at  the  neutral  temperature. 

In  Fig.  133  the  thermoelectric  lines  for  a  number  of 
jetals  are  given.  The  figure  is  taken  from  a  paper  by 
[oil,  Wiedemann's  Annalen,  vol.  53,  p.  874.  The  abscissffi 
Ipresent  temperatures  each  division  being  50"  C,  the 
dinatea  represent  the  E.M.F.  for  a  temperature  diflFerence 
f  1°  C.  each  division  representing  25  microvolts.  To 
if.p.  round  a  circuit  whose  junctions  are  at 
:gree3  we  multiply  the  ordinate  for  i((|  +  t,) 

» by  <(■-«. 
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